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ABSTRACT. 
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the membrane theory Co be deduced from che three-dimensional case 
are pointed out. 
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1. - INTRODUCTION 

A shell is a body which occupies in space a volume bounded by 
two curved surfaces and such that the distance between these two 
surfaces is small in comparison with its other dimensions [18]. 
This dimensional feature allows simplifications in the three-dimensional 
model for linear elasticity. It is shown in sections three and four of 
this paper how Kirchhoff-Lovefs kinematical assumptions lead to the 
well known Budiansky-Sanders's model [5 3. In particular it is explained 
how the existence and uniqueness of a solution is a consequence of the 
three dimensional Korn's inequality. In section five the membrane model 
is deduced from the B.S. model by an asymptotic expansion. The small 
parameter being the thickness of the shell, (assumed to be uniform 
for the sake of simplicity). The mathematical study of this model is 
done in section six and seven. The existence and uniqueness of a 
solution is proved for a uniformly convex membrane shell. 

The forthcoming section is devoted to the notations used in the 
sequel and is basic to the understanding of the other sections. 

2. - NOTATIONS [21] 

Let us consider a smooth surface imbedded in R , say u . He assume 2 that there exists a map <p from an open set 2 of R onto u which is at 
3 2 

least C . The plane (R- containing 5 will be referred to a system of 1 2 3 coordinates (0; Ç , Ç ), and R is referred to (0; x,, x., x,) . 

Furthermore, the boundary? of 3 corresponds by (p to the boundary •>. 
of u. 

To the map (0 corresponds a curvilinear system of coordinates on u 
1 2 such that at any point m » <p (ç , Ç ) of oi the vectors tangent to the 

coordinates lines are : 

ace » m ,a : a » I . 2 , (where, a stands for •.) 
' if 



We assume that the vectors a a are linearly independent and span 

the tangent plane T 0») at m to a. The unitary normal at m to u is 
m 

denoted by N » N(m). 

In the following, Greek, indices will belong to the set {1,2}, and 

the summation convention will be assumed. Let {a } denote the dual 

basis of (a } defined by a aa, " o° , (Kronecker's symbol). For any 
ot op 

smooth function g defined on u, we set : 

(2.,) H - - ^ a a - g,« a° 
3 m 3 Ç a • 

Let n « It(m) be the projection from R on the tangent plane T (u). 

- Clearly, for any point m of tu, the following identity holds : 

(2.2) Id - It + N N, 

3 -
where Id is the identity in K and N is the transpose of X. 

3 ' 
With use of (2.2), any vector field v of R defined on u can be 

decomposed into a tangential component v • Hv and a normal component 

The derivative of v with respect to the points of <" is defined by 

(2 .3 ) 
3 V . a v . _ £ . . _ £ a ° am 3 ç a 

If we se t 

a v . - v a , t o 

then 

(2 .4) &-v. . . 8 o S 
a + v . a „ a . 

a ,S 

The C h r i s t o f f e l symbols r ' « are def ined by : 
ctp 
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or else : 

11 ao,B * r»8 V 

<S - a" aa,6-

The covariant derivative of v is then, by definition : 

(2.5) H£-C,».6TV*X).a.B-vV0.8. 
The transpose of v , denoted v can also be represented in the 

basis a 

where 

and 
3 

8aB " * aa' *B'* (*calar product in |R ). 

A. simple exercise [6 ] shows Ehat : 

( 2 - 6 ) va|6 " Va,8 - r
0 S v X " «axels' 

\ 3 v t 
where v i are the components of the matrix H-r— in the basis (a }, 

defined by : 

v | 6 " V ' 6 + r « 8 V • 

We have for instance :. 
y v - (va a ) . (vp a g ) - v o v p a a g - v a v . 

Tlie derivative -— of the unit normal N to the surface u is called dm 
its curvature operator. 
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He can easily prove it-is a symmetrical endomorphism of T ( u). 
We usually set : 

(2.7) T^--b°a aB. 

Later on, ve shall make use of the covariant divergence of a 
tangential vector field on u or field of endomorphisms of T (w) . 

For any vector field v - v aa, lee us define C6]: 

C2.8) div v X—rTr (v a|g| l / 2),a, 
' III ' 

which is 3 scalar function on ». 

Similarly, for any field T of endormorphisms of T (w), 
T " T° a a , let us define [6]: S a 

(2.9) ^ - i ^ T 7 T < - < l * l , / 2 ^ . ° ) + r ^ 

which is a covector, ie. a linear form on the vectors. 

In formulas (2.8) - (2.9), |g| is the determinant of the tensor g 

In order to state our problem, we shall now define several spaces 
of functions defined on u. 

First, we sec : 

(2.10) L2(o>) - (f : f - f Oft L 2(5 )}, 
with the norm : 

1/2 
I'll 1/ 2 • t / I « I 2 u i , / 2 > 

Next we introduce : 

(2.11) Ĥ . - (v c - v a a a : v a « L 2(u)), 



with the norm defined by : 

1/2 , . 1/2 

B t 

which is equivalent to : 

||v || - {/ v v E } - { I » v°> , 
H 'a Jm 

1/2 
{ s I k l 2 > 
a-1,2 L (u) 

Using already introduced spaces, we define : 

(2.12) H'(U>> - {f e L 2 M ; || c- H t ) , 

which will be equipped with its natural norm : 

H'(«i) l/(w) t"° «t 

The tangential stress space is defined by : 

£t " < T " TB % 3 $ i T ° S e L 2 ( U > ' TI2 " T2I }-

and provided with the norm. 

(2.13) || t|| . " {/ Tr (T T ) } ' / 2 

~t ' / . 
where we have set : Tr(c . T) • o? T for arbitrary elements o, T of the 

S a 

The space of tangential displacements will be 

V £ - <vt - v° * Q ; v° c HJ(<J)> 

provided with the norm : 

i i v t i i y - < i i m , > , / 2 

C ~c a»l,2 H (<*) 



If we set : 

1 3 v t 3 V C 

it is proved in [7] that the mapping : 

(2.15) v t e V t - { J Tr(T(v) . YCV))}
1'- 2, 

u 

is a norm on V equivalent to the one defined in (2.13) as soon as Che 

ChrisCoffel symbols r\ are small enough in e norm. The proof is based 

on 3 result due Co P. Rougée C20] and on a comparison uith an eigenvalue 

problem. 

Finally we set : 

<2.I6) H*(") - {f : f - f o.pg H*(<S))< 

with the norm : 

11*11 2 "11*11 2 
lT(w) IT03) 

Referring again to [13], we note that this space can also be 

equipped with the equivalent norm : 

(2..7) f* ||n|j(g)|| £ t, 

if the ChrisCoffel symbols are small enough in & norm. 

With the preceding notacions, we have : 

where g° Y is the inverse of the metric tensor g (i.e. g a Y g * fi"), and : 

( « a Y f . - ) | B - ( « ^ f . . > f B * r ] ; B B « r £ > a . 

We now incroduce the closure H e of the open sec Cl'~ occupied by the 

shell ; 



(2.18) (5e - (M £ B?i OM » on + x X where - e S « , S E 
- 3 

and m is a point of the surface tu; 0 being any origin in R ). 

The real number e is half the thickness of the shell. It is assumed 

to be constant and strictly positive. We suppose that e is small enough 

such that to any point M of ÏÎ corresponds a unique couple (m, x~) of 

the set î < [-s, e], satisfying 

OM = om + x, S. 

At each point M of Si we have the identity 

(2.19) I 3 - It + N H, 

3 
where I, is the' identity in IR and N the transposed of the vector N. It 

is to be mentioned that as II. is an orthogonal projection we have : 

IT. - II.. 

Let v be a vector field defined on ft . Ac each point M of ft , v(M) 
3 

is a vector of IR . Because of (2.19), we can split v into a tangential 

component : 

(2.20) v - It v. 

and a normal component : 

(2.21) v 3 - 5 v. 

Thus we have 

(2.22) v - v • v 3 S. 

In a similar way any symmetrical endomorphism field of IR , say T, 

can be split into three components : 

(i) r t - ir i t , 

which is at each point (m, x,) of n1' a symmetrical endomorphism of T (u) ; 

(ii) T . - II T N, 



(iii) T » N T N n 

which a scalar. 

Hence : 

(2.23) T — T + t N N + S T + T N. 
• t n s s 

The curvature operator of the surface to denoted by — is a 

symmetrical endomorphism of T (to). Hence it admits two real eigenvalues 

say ̂ — and — where R; and R, are the principal radius of curvature of 

the surface u at the point 1 of «. 

The thin shell theory ui assumes that : 

(2.24) « « * ( 1 ï l l r . 7 ï l r ) « 1. 

If we define a symmetrical endomorphism of T (u) by 

(2.25) U.I 2*x 3|£ 

where I- is the identity in the tangent plane T (u); then the thin shell 

assumption implies that : 

u--X 2- X 3i +^(||,
2

+... + (- X3)n(||)
n

+... 

We shall also make use of Che formula : 

det u . . • x 3 Tr(f£) * x* det f£. 

derivative of g denoted ̂  is a linear form on R . From the equality : 

OM « om + x, N, 

we obtain by differentiating : 

3 M 
dM " do + x, T — dm + N dx,, 
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where (dm, dx,) denotes any element of the set T (a,) x JR. which is the 
J _ m 

tangent space to the manifold oi * f-e, e] at (m, x , ) , and dM the 

corresponding element of the tangent space T f [ W
e ) at the point M 

defined by : 

OM • om + x, N 

Hence on one hand : 

(2.27) H d M =• ydm, 

or else under the thin shell assumption (2.24) : 

(2.28) dm • u~' n d M 

and on the other hand 

(2.29) dx 3 - N d M. 

Then setting by definition of ^* and -rS 

3M 3m 3Xj 3 

we d e d u c e 

<2-3°> . H - f £ » " « * ! î , 5 

Let us now denote by v a vector field of IR defined on n E. Then the 

derivative rr? is an endomorphism of R . 

Following the steps (2.27) - (2.28) - (2.29) - (2.30), we have : 

21 dM - |i dm • |2L dx„ 
JM 3m ax, 3 

then : 



and finally from (2.22) : 

If we notice that : 

3ÏÏ ( v3 N ) * V3 3= + N 1 = ' 

we deduce chat : 

3M 3m H 3x- 3 3m M 3m 3x-

Making use of (2.19) we also have : 

s- '&" - , " - - *&» - , «-£p- '3S»- , «* 
• * r » » • i q » •• 

But from : 

N v £ - 0, 

we dciuce by differentiating 

t 3m 3o ' 

and we obtain the final expression : 

3 V 3 - 3 V 3 -1 

3 
In particular if o denotes any symmetric?1 endomorphism of IR we 

can write : 

(2.32) TrC» fg) - 7t(ot n ̂  u"1) * V3 Tr(oc g a"1) • 5 § Y j(v) * a a y a(v). 



where we have sec : 

, . 3 v t -1 ^ 3 3N -I 

(2.33) I ^ 

V v ) ' 3x7 ' 

and o , a , a are defined in (2.23). 

In order to complete this set of notations let us remark that £ is 

a "smooth function" defined on fi we have : 

(2.34) r f(M) dn e - I J f(o, x 3) det u dm dx. 

Ja£ '" 1 
- / / £(î', Ç 2, x 3) det ulg|

?dç' dç 2 dx-, 

where |g| is the determinant of the tensor g .. 

He are now able to formulate the three dimensional model in linear 

elasticity, for the shell occupying the set p. . 

The displacements of the points of tl are denoted by u. 

The stress field denoted by 0 is symmetrical; (i.e. a - a ). The 
applied forces are of two kinds : 

(i) body forces, the density vector of which is f and surface forces 

acting on the upper and lower boundaries r + and I"_ . Their density are 

denoted by g and g~. The shell is supposed to be fixed on its lateral 

boundary r! > y «]- c, si' 

Kence 

u » 0 on r E. a 

The constitutive equation we are considering is a linear relationship 

between the stress o and the linearized strain : 



Y < u ) " 2 (3M + 5M> 

It is known as Hooke's law and can be written : 

(2.35) -i-̂ -ii o - ̂  Tr(o) Id - Y(u) , 

or else 

T T T ^< u> + T ^ T v T r ( Y ( u ) ) I d ) -

where £ f (respectively v), is the Young's modulus (respectively Poisson's 
coefficient).It corresponds to isotropic homogeneous material. 

They satisfy for mechanical reasons [14] 

(2.36) E » 0, 0 < v < j . 

Let us define Che set of admissible displacements by : 
i 

V_ • (v - (v ), (in the system of coordinates (0; x , x , x )); 
v Le H'(J! E); V 1 - 0, on r c}, 

and the stress fields set by : 
! 2 3 £ e * (T » (T..); (in the system of coordinates (0; x , x , x )), such 

that T i. t L2(fle) and T „ - T „ } . 

Then we introduce a bilinear form B(.,.) defined over J » V by 

B(T, v) - - f Tr( T . |£). 

The Principal of Virtual Work [12] [2.] t can be written when the 
displacements are supposed to be small enough : 

(2.37) v.v e V , B(o, v) - F(v (v) - - f f v - ( I* v. 

If we set for arbitrary elements T, a of the space Z1 
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a(o, T) - f ~ ^ - Tr(o . T) -\lr:(.o) . Tr(t), 
JqS t 

then both equations (2.35) and (2.37) can be resumed in Hellinger-Reissner' s 

Principle which consists in finding an element (a, u) in the space 

I * V such that : 

1 I ï t s I e, a(o, T) + B(T, u) - 0, 

(2.38) j 

2 ( V v £ V E , B(<r, v) - F(v). 

The classical variationnal formulation of the equation'of elasticity 

where only the displacement u appears is obtained by eliminating a from 

the first equation (2.38). 

The existence and uniqueness of a solution (a, u) to (2.38) is very 

classical. With the Hellinger-Reissner's Principle it can be obtained 

from Brezzi's Theorem [4], that we recall hereafter. 

THEOREM 2.1 (Brezzi) • Let I and, V be two Hilbert's spaces with noms 

II- ILçand II • Iljf 

Let a : J i [ + 1; B i £ x V » R ; F : V-»IR;g : £ -* IR be bilinear and 

linear continuous foras satisfying : 

(2.39) Y T e £ J a(T, x) > C || T|| ? , 

(2.40) V v e V; sup B f c | | V ) î C | |v | | y , 

(C denoting strictly positive constants independent on T or v) . Then 

there exists a unique element (a, u) in the space Z * V such that 

V t f ï , a(o, T) + B(t, u) » g d ) , 

V v e V, B(o,v) - F(v). 

In the case of the elasticity we set g - 0, £ " £ > 2 * 2 

and a(.,.)F B(.,.), and F(.) are defined above. Inequality (2.39) is 

a consequence of (2.36) and (2.40) is a consequence of Korn's inequality [il 
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In the following sections we make use of the spaces 

vt " { v e X E! N v - 0} , 

V E - {v « V E ( il v - 0} , 

I E - {T e Ze; n o N - 0, 5 a II - 0, 5 o S - 0}, 

with Che norms induced by V' or J . 

3. - THE KIRCHHOFF-LOVE'S ASSUMPTION 

In order to simplify the model (2.38), Kirchhoff and Love [14] 
have introduced kineioacical assumptions which should be satisfied 
by the solucion u of (2.38) for a chin shell. 

This assumpCions is : 

i Y 5(u) - 0, 
(3.S) J 

' 1 Y n(u) - 0, 

where (see section 2) : 

1 3 u t V U ) " 3^ * -
3u, 
3m 

-1 3N 35 V 
1 3 u 3 1 3 u 3 

As we shall see this is Che only mechanical assumpCions needed for 
deriving Che Budiansky-Sanders's model from Che cbree dimensional one. 
First of all we have to characterize Che Kirchhoff-Love displacement 
field. 
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THEOREM 3.1. Let us denote by VJL the Kirchhoff-Love displacement 

field defined by : 

VÎ, - {v e V e, such that: y Cv) - 0, Y (v) - 0). 
*"ttL ~ s n 

Then vfL «hich can be equipped with the norm of V (because it is a closed 

subspace), is isomorphic to the space : 

VIe » {v » (v , v.); such that v, e H (u) and — t J ^ « J o 3v 3 

vt * u~t ~ x 3 3m~ W h e r e ~t e V * 

which is equipped with its natural norm : 

•»»{||v,|| 2

2 • ||» e||* ) ' 2 

• * H^(u) C ~t • 

Proof : There will be two steps. 

STEP 1. Let us solve the equations (3.4) for an element v of V . From 

the second equation we deduce that v. is independent of the coordinate 

x,. Then the first equation leads to : 

1 

3x3 

3N -1 
S vt " - " 

3v3 

3m ' 

or else : 

-1 3 v t -2 3N 
u S vt " - " 3m" 

and then because -r— 
dX-

-1 3N 

3 , - 1 , -2 3 V 3 

8 ^ <« V " " » 3ÏT " 

This is an ordinary differential equation with respect to the 

coordinate x,, where the unknown is u u t. 
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The general solution is the sum. of a particular solution and an 

-i "^7. 
element u independent on x_. One can check that - x, u r — is 

precisely a particular solution and therefore : 
4 u 2r *3 3o 

Then it is clear that the elements of V are the same as those 
of 2 . We have therefore algebraically : 

V e - V e 

STEP 2. Let us denote by j the natural embedding from W into V both 
equipped with their respective norm. It is clear that j is linear and 
one to one. From step one it is also onto. Hence from Banach's 
Theorem [22],j is an isomorphism and this completes the proof of Theorem 
3.1. 

• 

We define now the space of stress fields which have no normal 
components by : 

(3.6) r* - Iz e £ e i i g - B a S - 0, x n - 5 r S - 0}, 

and which is equipped with the norm of E. 

A key point in the sequel is the : 

THEOREM 3.2. There exists a strictly positive constant C such that for 
any element v in the space V* we have : 

0.„ sup ifcfl , C [Ml 

Proof : First we notice that for any (T, V) in the space Z * V we have 
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- B (T, v) - I {Tr ( T t . Y t ( v ) ) + CTS . 1f s(v) + o n . Y n <v)} 

where 

3 v t - I t - I 3 v t „ , . .. 3N -1 

(3 .8) sup H l ^ 2 C { | | v J £ * | | v 3 H 2

2 i 

4. - THE KIRCHHOFF-LOVE SHELL MODEL 

If we introduce the Kirchhoff-Love assumptions; the approximated 
model is defined as follows. 

The displacement u is an element of the space VJL and cbe couple 
(o , u ) of che space £ * %„. .should satisfy the equations : 

<4.n ( v T t € £t ; a ( o f V + B ( V u > - ° . 

C>.2) ( V v c V e ; B(ff°, v) = F(v), 

1 

and Tf (v), y (v) are defined in (3.5). 

Hence for any element v in the space V we have : 

B(T, V) B(T, v) 
s u p

e TTTiT7 " s u p

e TTiTT 
T £ £ t ~ T ~ ~ 

and the Theorem 3.2 is a consequence of (Corn's inequality, (section 2). 

I 

REMARK 3.1• As a consequence of both Theorems 3.1 and 3.2 there exists 
a constant C strictly positive such that for any element v - (v , v^) of 

the space V„_ vith v.. - yv - x» ——. . we have : 

1/2 
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where : 

o o 
o t - n o- H-

REMARK 4.I. He don't assume that che stresses are plane (ie. a and cr° 
~*~~~"-̂ —̂™ s n 
are noc null). But the conscitucive equation (4.1) is a weaker form 

of (2.38). because we consider only Che projection of (2.38). on Z. 

The main resulc of this section is the : 

THEOREM 4.1. Let us assume that the medium surface of the shell m and 

the forces applied are "smooth enough". Then equations (4.1) - (4.2) 

admit a unique solution (o , u ) in the space Z~ x £_, . 

n 
Proof : There will be three steps for the sake of clarity. 

STEP 1. Let us restrict in the equation (4.2) the elements v to the 

space VjL . We have then : 

V v £ V^, B(„°, v) - F(v). 

We consider the following problem : 

find (o , u ) element of the space E* x VÎL such chac : 

(4.3) V T t € Sc

t, a(a°, T t) • B ( v u°) - 0, 

(4.4) V v £ V^, B(a^, v) - F(v). 

We shall deduce from Brezzi's Theorem [4], che existence and uniqueness 

of a solution to the equations (4.3) - (4.4). 

It is clear that a(.,.) and B(.,.) are respectively two bilinear 

biconcinueous foras on Z x s and Z x v . The coercivicy condition for 

a(.,.) is clear because Z"c is a subspace of S , and for B(.,.) it is given 

by Theorem 3.2. 



is also linear and continuous on the subspace V~- of V . 

STEP 2. We have determined at step 1 an element (a°, u°) such that Che 
equation (4.1) would be satisfied. We are now going to decermine a 

_ s 
and o such that Che equation (4-2) would be satisfied for any v in Che 
space V and not only in ILr.-

Explicating (4-2) we obtain first : 

4-5) V v e « £: f 5° v,(v t) - / f c v t • J £ v e - J Tr" <cr° H \ 
h. Jae l* - a e 

3 1 

and because 

, « 3 v t -1 3N 3 , - 1 . 

setting q » u v , the equation (4.5) leads to : 

<4-6> * «c cfc j e ~°1 " 4 ( < , t ) * / B« '*' " "t * / P « u r « ^ " "< 

" / T r <°C ff 3m"<» «t> M _ 1 ) 

Then a simple computational procedure leads to the differential 
equation (see the introduction). 

-(u o° det u) » u<r det u + div (p - 1 a t det u) > , , . )t t J" 

(4.7) ^ °s " " 8t w h e n X3 * " C' 

»° + 
O m a S *t 

From the first two relationships we deduce that : 
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D - y - 1 ( 3 / ^ _. o \ 

(4 .8) 0° - - g„ / J f * div(u o dec U) 
s s det u - e \ / 

For x , • + e we have 

a,C+ e) - - g 
s c det 

, / u f + d i v ( u a det |i) ; 
l e tu ]_e y t x. j 

mult iplying th i s re la t ion by M V for any v in the space V we obtain : 

if ~<™ u *t " " . if ^ " v~t - /„« ? t u 2t + / / *K a l=<» *t> ""l)-
which i s equal to 

If «t " t̂ 

because of the equation (4.4) where we choose v • (u v . 0). 

Therefore : 

and the equation (4.5) is always satisfied with o defined in (4.3).' 

Furthermore the smoothness of the data allows us to assume that o has 
2 E * 

its components in the space L (Ï2 ) . 

STEP 3. Expliciting (4.2) we have then : 

''•''•l/-%-L'^-L-J*'-l/- U 3a 
(T ' 'Q' 

which leads to 

S ^ ' O - V * (y"' 0°detu) 

(4.9) i °n " ~ 83 " h e n x3 = " e» 

o + . 
0 » g, when x, » e 



The first two equations (4.9) give' : 

gj + — / ' "dlv^u"' cr° det u) 
det u -e 

and therefore : 

(4.10) o°(+s) - - g~ + / 'div"(u"' a" det u) 
1 ,+e ̂ > ^ _ 

(-so - - g : + — / d i v < u 

3v, 

dec u -e 

Multiplying this relation by v, we obtain : 

Co.. [ - t -o -1 a v 3 
/ r E ° n ( + E ) v3 " " / re 83 v3 ~ / / • u Im"' 

which is equal to : 

because of che equation (3.4) where we choose v " (- x, -—, v,). 
J 901 i 

Finally 
o, . + on(+e) - g j 

Here again the smoothness of the data allows us to assume that a is an 
element of Che space L (fl ). 

Finally Che equation (4.4) is satisfied for' any v in Che space V 
and the proof of Theorem 4.1 is completed. 

S. - THE BUDIANSKY SANDERS' SHELL MODEL 

The problem of which (o , u ) is Che solucion is in face three 
c -i 

dimensional because of the presence of u and det u in the expression 
of B(.,.). 

As the thickness is small compared to the radius of curvature of at, 
3N. 
3m; 
3N (it does not mean that c is small with respect to be derivatives of T — ) , 

ve can write : 
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» " I + *3 H " "• 
and 

u _ I =• Id, 

det u = 1• 

This approximation leads to an approximation of the Kirchhoff-Love's 

model which is known as Budiansky-Sander's one and which is bidimensional 

in the sense that the unknowns can be expressed with respect to a finite 

number of functions defined on». 

We set for arbitrary elements o ; t ; v 

•°Co t . Tt> - / ^ / ^ T r T r ( 8 t • V - ï t r < « t ) . Tr(x t ) , 

B°(T t, v) - - / ^ j \ r . <xe « £ > • Tr ( t , g ) V3. 

The BudiiMky-Sanders's model consists i s finding an element (o , u ) 

in the space Z * ,V„, such thar : 

(5.1) 

(5.2) 

Y T e € J*. a°(o°°, t e > • B 0 ( r t , u°°) - 0, 

V v € V^, B°(o~ , v) - F(v). 

The shear stress a and the normal component a being still given 

by the formulas (4.8) and (4.10). 

THEOREM 5.1. Under the same assumptions as in Theorem 4.1 t there exists 

a unique solution (0 , u ) in the space £ * VL to the equations 

(5.1) - (5.2). 

Proof : Once more it is a consequence of the Brczzi's Theorem C43 for 

which we have to check the coercivity of the bilinear forms a°(.,.) 

and B°(.,.), (section 2). 



First œ have for any element x in £^ 

a 0 < W " / / 6 x T r ( T t T t ) ~~Tr ( V 2 

Next for any element v in the space JJÎL 

+e 3v 

LL7z CT- n ^ + Tr C^T-) ** 
3v 

.* « - « l l l U l l l ) C- »up -0 
' o e * o c 

<> - « l l l f S I I D C sup 
Bh„, v) 

it 

and from Theorem 3.2 this last quantity is lower bounded by C ||v|| 

The proof of Theorem 5.1 is then obtained from Brezzi's TheoreuG 4]—. 

A direct proof (which does not tise the three dimensional Xorn's 

inequality) has heen given in [3J for a slightly different model known 

as K.oiter's model. 

* Ve have set : 

MI 3H in ,_ ,3N 3N.J / 2 

HI^III - sup{Tr (— . ̂ j)) a n d therefore : 
m«t) 

un - . m — « mum . 



We give now an explicit form of the Budiansky-Sanders shell model 
as defined in (5.1) - (5.2) using a curvilinear system of coordinates 
(see section 2). 

The tangential stress field o will be written 

/e o\ OO O $ 
(5.3) °t "°6 aa a ' 
Che tangential displacement 

(5.4) u„ - u a 
c a 

which is such that 
OO 

(5.5) u t - u u e - x 3 — - {(os - x 3 b g) »" - x 3 S u 3 j. B! a a 

ther -' -re 

(the upper script index , is omitted on the components for sake of 
clarity in the notations). 

. We set • 
00 j 00 

(5.6) Y(u°°).^(K^ + - f e - I r ) . ^ a a a 6 , 

w i t h Y o B - i ( u o | B + u B | a ) , 
and 

,- _. , oo. , oo. , 3N oo a 6 (5.7) X(u ) - y(u ) t | ; » 3 " X B
 3a a ' 

*aB " YaS _ baB »3' 



Introducing the tangential rotation 6 by 
•3^00 

(5.8) 9°°-f£ u°° - ̂  - 9° a . 
dm t on a 

we have : 

9 - - CbB u • g u 3 j B ) 

and che change of curvature operator is defined by : 

(5.9) 0 (u ) - y(9 > »p f l a a , 

with 

paB " " T { b a Y H Y| 6
 + V | B »** » 3 Y ^ |a * bSv|B » T } " U3 Ja6 " 

Then equation'(5.1) which can be also written : 

(5.10) L p . 0°° - £ ,,(„«», I d . ,(„«», + X j p ( o ~ j 

leads to : 

He usually set : 

nB " 2T J_ °B d*3 
(5.11) 

c • n » . - 2 - ^ x 3 a i d x 3 

which are called the resultant stress and bending moment. 

Then equation (5.2) can be written : 
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(5.12) Vv - ( v a , v 3 ) € ( H ^ U ) ) 2 * H*(a>), 

' t i l ' " ' Kl M * M ' (il . * 

where Xg( v ) a t l £ * P ^ v ) a r e c ^ e components of x^ v ) a n < * P ( v ) a n < * where 
we have s e t ; 

* •^^' î - - *S> 
— fl 

(5..3) + i | J _ (6* + e b ° ) | ^ e b j | , 

^ k / > 3 > u 3 u i . 2 e 

A - e

 3 U 3 M 2 
M - ^ 

(the notation [da| , denotes the determinant of a tensor d a ). 
' B' 0 

The Budiansky-Sanders's model consists in finding an element 
a 1 "> •> 

u - (u , u,) in the space (H (u))~ * H"(u) satisfying (5.11) and (5.12). 

For a homogeneous material which follows the Hooke's law, equations 

(4.11) can be explicited as follows : 

n8 " - ^ 2 t(l-v) Y * v y» «"} 

CS.14) 

< V KI-V)P«- + « PU a»} 

where E and v denote the Young's modulus and Boisson's coefficient. 
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REMARK 5,1. Error estimates between the three dimensional solution (a, u) 

and (a , u °) can be obtained via the asymptotic methods [7], the 

discussion rests on the boundary conditions on r on the regularity of,the 

medium surface u and on Che forces applied as well. 

It would be too long to detail these results here. We mention a 

basic discussion concerning the validity of shell models by 

M. Dikmen [10]. 

6. - THE MEMBRANE THEORY FOR A THIS ELLIPTIC SHELL 

We analyze in this section the asymptotic behaviour of the Budiansxy-

Sanders' shell model when the thickness is very small when compared to 

the other dimensions of the shell (radius of curvature, maximum length . . . ) . 

For sake of simplicity »c consider as before that Che membrane shell is 

made in a material which obeys Hooke's law. But the results could be 

extended to various materials. 

The equations (4.14) and (4.12) can then be written in a variational 

form a» follows. We define for arbitrary elements (n , p ) and (a , q ) 

of the space £ « £ , the following bilinear forms : 

V V V • / -T* T r { n t Pt> " I T r ( nt> T r (Pt>-

(6.1) 

*2<v V • / -T1 T r (»t V - i T r ( B t > T r <v-

and for arbitrary elements (n , m ) of the space £ t * JL and v « (v , v.) of 

the space V' x H (ai) : 

7 W *î " " ' / T r2<\ " IT» " / Tr2(at $ V3 / W 
(6.2) \ 

^b 2 (m £ , v ) - - j / T r ( B t n | j ( f v t ) ) 

? I T t K"lse) 
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With these new notations the problem (4.1) (4.2) can also be written 

as follows : (the old upperscript must be forgotten from now on), 

find (n c, m t ) , (u t, u 3) « £ t * £ t * £ t * H ^ C ) , 

such chat : 

f P t « £ £ . a
0 ( n t . P t) + V p t * u> " °» 

(6-3) M q t « I t . a 2(m c, q t> + b 2(q t > u) - 0, 

V v - (vc, v 3) e 2 £ x H^(<?), b o(n t,v) + c 2 b ^ . v ) = F(v; 

The advantage of this notation is that the small parameter e appears 
explicitely. 

Ue set a priori : 

tc i \ / \ y o _o o o. ^ 2/ 2 •* 2 2 2» 
< 6- 4) (n t. m £, jjt, u 3) - <n t, m E > u c, Uj) + e (n t > m t > u £, u 3) * . 

Introducing the expression in (6.3) and by equacing the terms of sare 
power in e in the resulting expression, for arbitrary elements (p , q , v) 
we obtain : 

(6-5) 

a o < a t ' p t ) * b o ( p f u 5 - 0, 

*2 ( v V * Vv u C ) " °» 
b (n", v) - F(v). 
o t 

The first question concerns the existence and uniqueness of a solution 
to the equations (6.3). 

This is a non trivial problem and it is very connected to the nature 
of the medium surface a, (parabolic, hyperbolic or elliptic). Whatever the 
case the second equation (6.5) leads to the relation : 

(6.6) 
(!-«') 

y- (O-v) P(u ) + v Tr(p(u )) Id}, 
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and (n , u ) are to be determined from the first and the third equation 

(6.5). . 

From the third equation (6.S) we deduce in particular that : 

(6.7) Vv3 « H > ) . / Tr (n° £> » 3 - / * S - / rf v . 

where F̂  and have already been defined in (5.13). 

o l s l 3N ̂  o p ̂  o 

(6-8) n° • „ to + St ' \ + »t 
r l3m ' 3mJ 

where 

<6-9> ^ . ( S t l s 5 " 0 ' 

we introduce the space of tangential stress field satisfying (6.9) by : 

(6.10) î t - t T t « * f T r < T t l f > - 0 } -

Then the first equation (6.5) can be split into the following two 

relationships. 

U> V t t € y t a o(n£, r £) + b Q ( T t > u°) - 0, 

and 
/•'\ r o 3N» ̂  , ,3N , o. A ( l l ) W ai> + VaS- u > " °-

The last one enables u, to be determined by : 

<6...) 4 - ( ^ T ' K l s > - - r T r <-?*<!=> 

3m 3 m 3nx 3m 

Then we have to solve the following systera:find (nj, u ) e y x 2 C 

such that : 
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T t £ ït • Vat- \) * V v # " " V"1?' V> 
(6.12) 

V 2 t « X° . b 0 C S °, Z t ) - - b0(nP, v t ) " / F t • v t , 

where F « F a a , F a being defined in (S.I3). 

One can check straight forwardly that if there exists a solution 

then the component n is unique. 

But that is not so clear as far as the component u is concerned. 

This leads to the concept of inextensional movements [14]. 

We say that v is an inextensional displacement field if : 

(6.13) v T t e 2° b o(T t, v e) - 0, 

another way to write (6.13) it : 

Using a system of curvilinear coordinates (6.14) can also be written 

( 6-' 5> '.|a* V8|a- 2 ( bo8 b6 ' W ^ S b5> " ° 

where ve set : 

>S A}/«* 

If we consider the system of coordinates generated by the lines 

of principal curvature C13], (6.IS) leads to : 

R l R 2 / i l l „ *2I2 , „ 

(6.16) < " , | 2 + V 2 | l " ° 

R ? R 2 / i l l , v 2 | 2 , „ 
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where y and s- are the two eigenvalues of the curvature operacor. 
Ic is a basic point of Che membrane's theory that for a given shell 
the boundary conditions should be such chat no solution of (6.14) 
would be admissible. Otherwise the membrane's theory should be 
rejected. Non linear models should then be used. 

AS a matter of fact non linear terms would become predominant 
and the hypotheses of small displacement is certainly not valid. 

In order to prove an existence and uniqueness Theorem for the 
equation (6.12) we make use of Brezzi'5 Theorem Ci]. Because the 
bilinear form a (.,.) is obviously coercive on the space I we have 
only to prove the so-called Brezzi's condition i.e. for any v in Che 
space V : 

b Or,, v j 
(6-17) sup "•• '„ C * C | | v J | v 

V?t " l \ ~t 

where C > 0. 

This inequality is not always true. It will be proved for an 
uniformly elliptic medium surface in Theorem 6.2. Inequality (6.17) 
will ensure when satisfied that the shell does not admit inextensional 
movements and we have as a consequence : 

THEOREM 6.1. If the medium surface ID of the shell is such that (6.17) 
is true, then the membrane equations (6.12) have a unique solution 
(n , u ) in the space y * V . 

I 
In order to satisfy (6.17) we assume first that the medium surface 

of the shell is uniformly elliptic. If we denote by s~ and =— the two 
I 2 3N 1 1 eigenvalues of the curvature operator -r-, it means that s— and =— have 

dm Kj K^ 

the same sign and that everywhere on u we have : 

(6.18) min(||-|; |̂ -|) i O O . 

where C is a strictly positive constant. 



The surface curves which are tangent at each point of <u to the 
3N eigenvectors of -j— are called the lines of curvature. 

In the theory of surfaces it is proved that every surface can be 

referred to lines of curvatures, i.e., the lines of curvature of any 

given surface can be used as curvilinear coordinates of that surface. 

The coordinates curves are thus, in general, uniquely determined. The 

exceptional case arises when the surface has regions of constant 

curvature. Such regions represent parts of a sphere and on a sphere 

every curve can be considered as a line of curvature. 

It is now proved that the inequality (6,17) is satisfied for a 

surface u satisfying (6.18). For this purpose the following functional 

space is introduced : , 

. _ Tr(M Ki-E) 
(6.19) £ -(vt t Ht; „ _ l + _ £ n - 2 f T r (|N ^ « *f ' 

3m da 
It is equipped with its canonical norm 

Tr(H.n£> 
(6-20) ||vcH«r - <l|vt|| I • ||t £ V £ n - 2 g . £ J " il £ t> 

Sm " 3mJ 

The first result proved hereafter concerns Che definition of a 

trace on the boundary y of u of an element v in the space îî£. 

THEOREM 6.2. Let v » v° a be an element of the space 8£ defined in 
— — _ — — — M — — — c GL ' ""t 

(6.19). Then the restriction of v° (or v ) , to the boundary Y of m is 

-1/2 continuously defined as an element of H (y). 

Proof : Let v * v a_ be an element of the space 2/. The components 
S t 2 
v , or v , are elements of the space L (tu). But expressed with respect 

° 1 2 2/ 
to the coordinates (£ , Ç ),v are also elements of the space L (2). 

_ Tr(H „ il£» 

using a aystnm of curvilinear coordinates we obcain 
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(6.2:) Y ~(v ) - b „. £ L \.ui) • 
'aS^t' b" v b 

vv 
and for Che system of coordinates generated by the lines of curvature 

the curvature tensor is diagonal and Che equations (6.21) can be 

expliciced as follows : 

Rl R 2 /lll, v2|2, T 2 . , 

(6.22) 
'l|2 + V2|I e L ( u ) 

Rl R2 Vlll V2l2 2 
R2 *2!' "*î+»| R 

One can observe chat the chird equation (6.22) is equivalent to Che 
2 

first one. Because v « L (ju) and : 

va|6 - v Œ i g - r£ sv x, 

Chen from (6.22) we obtain : 

1 R, V l ), • ! , » „ . 1%), 

'1,2 ' "2,1 
c L'(«). 

1 2 Taking the derivative of these equations with respect Co 5 and £ 

we deduce on the one hand 

R 

R2 
(6.23) 

% r * i . j ) ! ' + »i.22 «•" '«>» 

v. e L (Û), 

and on the other 

(6.23)2 

(Î7V2.2>- 2 + v 2 , l . «""'«>• 

v 2 e L (iî). 

As R. and R_ have the saaie sign, and satisfies (6.18), v a are 

solution of an elliptic problem (set on £') . 
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2 1 For any function <p element of the space H (<Û) n H (3), we define 

the concinuous linear form. 

R R 

1,(0 - - < < Î Ç ' , , , ) . • + V,,22'?' > + < V 'R^'I 5' 1 + P.22* 

where <, > denotes the duality between &(âr) andJ0(<3). For any function ç> 
2 

element of the space H (£) we have L. dp) • 0. Hence L. (<j0) depends only 

on T*. (normal derivative of 0 on the boundary y of û ) . an ' 

Let g be an element of the space H (?). There exists [17] a 

continuous mapping from H (?) into U Cur) n U 03) , say .io, such that : 

b • (b ) denoting the unit outward normal to the boundary Y ) . 
<x 

1/2 We define a linear form on H (Y) by : 

.^(g) " L, (^j(g)) 

which is clearly continuous, (because of the continuity ofi&). Therefore 

: ap«it;e 

say that the trace of v. on the boundary 7 of jjj is £.. 

jS. can be identified with an element, say, I. of the space H (7). Ve 

Because of (6.24) we check scraight-forwardly that this definition 

is identical to the classical one when v. is smooth. 

It is clear that the trace of v. can also be defined in a similar way. 

From : 

R. 
(6.2S) <v ,g> . • ,, -J?.<g) - <v (^-j£(g),.),. +^.(g),„> 

1 H , / 2 ( Y > H , / 2 ( y ) ' ' R 2 ^ I 1 1 -2 

R. 

"^'l.l'-l •*l,22'3 (« ) > 

we deduce 



» • » > ! I W . H - , / 2 - - « P - ^ l i ^ a - 1 / 2 ( î ) » H , / 2 ( Î ) * c ( | | v , | | 2 -
H ( Y ) g £ H

1 / 2 ( y ) (LU 1- W) 
H ' / Z ( Y ) 

K 2 ' • ' ' ' ' • • " H ' © ) 

and in a s imi lar way : 

«•»>2 I M H - , / 2 ( ? ) * « ||v2!! ^ H (!i v 2 j 2 , > 2 + v 2 > u D B . | t f ) J . 

Combining (6.26) - (6.26). and using the fact that the derivation 
2 -1 is continuous from. L Q) into H (û); we deduce the continuity of 

trace of v element of !j£* into (H~ (?)) . This completes the proof of 

theorem 6.2. 

He define now the space : 

(6.27) tft - (vt e-Uf; v £ r 0 on y} , 

and W is closed subspace of ttj" from theorem 6.2. The next result is 

very similar to Korn's inequality [II]. 

THEOREM 6.3. Under assumption (6.18) the spaces V and U are isoporphic. 

B 

Proof. Let us denote by j the natural embedding from V into W , (it is 

clear that V c W_). As j is linear, one to one and continuous we shall "t *"t 
prove that j is an isomorphism iff we prove that j is onco, (Banach's 

Theorem [22]). Let v. « v a a be an element of W.. 
t Gt "t 

2 * 
On the one hand v is an element of the space L (û) and v » 0 on y. 

• a a 
On the other from (6.22).' 



R 1 - 1 

v, £ L (û), 

v 2 <r L
2(5). 

Let us introduce the element v of the space H (û) such that : 

Rl El 
C R̂ " — 1.13 .1 + -1,22 * " ( R j Vl,l ),l " Vl,22* 

Because the operator A » 2_ (=— —V(.)) - 3 , , is elliptic, 
3Ç 1 R 2 35 ' 0 « Z 

then v. is uniquely defined. He set 

(6.28) » , - » , - x, 

Thus : 

/ » , « L 2 0 , 

j A w, - 0 , 

[ 
\ w. « 0 on y. 

2 

We assume now that the operator A is an isomorphism between L (0) 

and H (S) n H (3). This is in fact a regularity assumption. It is 

satisfied as soon as R are elements of the space 5 (û), (this is 
a 3 

satisfied as soon as the map <p is an element of the space <3 (û)). 
The regularity of the boundary 9 is also needed (tf ), unless û is a 

convex set Cl7], 

2 ' 1 2 
Let f be any element of the space L. (2) and <p the element of H Q(5) n H : 

such that k<p-- f.. Then from (6.25) : 
<w., f> » <w., A ^ > "-<A»|,f> ' 0 

(where <, > denote the duality between^9C5)) and.O'(â)). 
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As a consequence we deduce Chat w. » 0. Hence from (6.28) v. belongs 
I to the space H (jj). A similar proof ensures that v_ is also an elemenc of » o *• 

Che space H (£) and cherefore v • v a is an element of V . The embedding 

j is thus onto and because of Banach's Theorem [223, is an isomorphism 

0 
between V and W 

REMARK 6.1 • The proof of Theorem 6.2 rests upon the fact thac v » 0 

on Che boundary of 5. Otherwise Che crace of v is only an elemenc 
-1/2 a 1 

of H (-y), and v would noc be in general an elemenc of che space H (û). 

In order to prove the inequality (6.17) for a uniformly ellipcic 

surface ">, we prove now : 

THEOREM 6.4. Under the assumpCion (6.18) and if Che ChrisCoffel' symbols 

oB 
r - are small enough in —» norm, Chen che mapping 

T r ( — n ?.)) 
3v„ 3v„ _ l S _ _ ? m _ ! l 

<6-»>'««ï_* llniîr+3ïrn-2!_- rr(£i.M) ' V 
9m, 9m 

is a norm on Che space V which is equivalenc Co Che canonical one defined 

in (6.20), (because of Theorem 6.3). 

Proof. The way Che proof is given is very classical, (G. Duvaut, J.L. Lions 

CI I]), We first prove chac (6.29) defines a norm and by a compactness 

resulc we escablish the equivalence between Che norm (6.29) and (6.20). 

STEP I • Lee. us consider the equation 

— Tr(H _ , 

3V 3vt I ? " IS - °-
n i m - + 3 m - n - * 3 m - Tr(|£ . « ) 

Writing this relation in a system of coordinates generated by che 

lines of curvatures we obcain (see 6.22) : 
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, _ fl_îl_ <ILL± + lill., - o. 
I' R 2 * R 2 h V ' 

\ vl|2 + v2|l " ° -

This is equivalent to : 

Rl vlll _ R 2 v2|2 - ° -

V l | 2 + v2|l " ° " 

From the formula : 

vo|B " Va,8 " roB VX ' 

we deduce 

! R, vi.' V2,2 * R rll VX " '22 V 

I V l , 2 + V 2 , . - 2 ri2 VX • 

And finally, we obtain : 

R R 
(6.30) - < ( ^ v , f , ) M *v,.,2) - ( r * 2 v x - ^ r}, V M -2(r* 2 V ' 2 » 

R R 
(6.30 - «=iv, , ) . , • v, ,,) - <r\-v. - ^ r* ».)., -2(r* v.),i. XR7 V2,2"2 T "2,11' v'll "X R7 '22 "\J'2 12 VÀ' 

Let us now introduce two bilinear forms defined for arbitrary 
elements u , v of the space 7 , by : 

(6.31), a(ut, ve> - J__R, u,, v ^ 
u R„ ' + U 1 , 2 V . , 2 

I. h U2,2 V2,2 + u 

u R. 2,1 v2,l' 

and 
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(6.3.)2 b(uc, v c) - ( (R, r», - R 2 r*2> «rfïî.2 - ÎI
-.') 

J u Rl . R2 

where 

a a 
u_ • u a , v_ - v a . 
t a t a 

Equations (6.30) - (6.31) are equivalent to find an element u in 

the space V , such that : 

<6.32) V v t « V t, a(ut, v t) - b(ut, v t ) . 

Because the radius of curvature R and R, have the sane sign and 

satisfy the inequality : 

min (|R,|, |R2|) i C o > 0 

on the whole domain w, the bilinear form a(.(.) defined in (6.31). is V 

elliptic, i.e. there exists a strictly positive constant X such that : 

(6.33) V u c € V t, a(uc, u t) a X Q ||uj * . 

Buc if ve sec : 

H - max(max(|R, r^, - R 2 r^2| , 2 | v\2\ , 2\T]2\ », 
X L"(u) . L V U ) L"(U) 

then there exists a strictly positive constant X. such that : 

(6.34) bCu , u ) S H X, ||u || ||u || 

x t s t 

Comparing (6.32) - (6.33) and ((6.34) we deduce : 

ll»tll ^r-! lu t ! l 
V o C H t 

X, 
and if H — is smaller than I. We must have u • 0 which proves that 

\> 
(6.29) defines a norm on the space V E. it is worth noticing that the 
condition : 



1 
- x " , ' . 

x l 

has a sense. It means that H and T — does not vanish at the same time. 

This is a consequence of the following two properties : 

X\ 
(i) the functions H and r— are both continuous with respect to 

the nap <p, 

(ii) when a is planar (i.e. <p is linear), then E » 0 and -r- > 0. 
o 

STEP 2. We know that V can be equipped with the norm (6.20). Hence the 

equivalence between (6.20) and (6.29) rests on the inequality :-
_ .8» 3 v t . 

3 v , . 3 v < - i n 3 l B 3 m 

C6-35)Vv t ev t , ||v t|| s c | | n ^ - ^ n - 2 1 | 3 }, „ II 

where C denotes a strictly positive constant which of course should be 

independent of v . 

Let us assume that (6.25) is not true. Then of any integer n, there 

exists an element v of the space V such that : 

(i) K|| • I. 

3v" 3v" 

("> \\v-sr* »£*-*£ 
* « • - & » 

3m 3m >• Tr(f.g> ",'i 
From (i) and the weak compactness of the unit ball in an Bilbert 

2 1 
space [II] and from the compact embedding of L (u) into H (m) , we deduce 
that we can extract a subsequence still denoted by v such that : 

a) v° * v* in fjt strongly, 

b) v" •<• v c i n ï c

 w e a l c l y ' 

and 

file:////v-sr*
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3v" 17 3 N

T r < l i n & . . 
l3m ' dm' 

As a norm is a convex function, it is also semi-continuous for the 
weak topology [22]. 

Hence : 
3v 

3v* 3v* ,„ Tr(|£ It •?-£•) 
3m 3m 3m _ _,3N 3N 

l3m 3mJ *>t 

3v" 3v" T r ( | E n _ £ ) 
S Urn inf ||TT —£. + ~± It - 2 |£ 12 IS—I 

11 3m 3m 3m T,.f.3£ 2£l ' 
l r v3m - 3m; 

From step 1 we deduce that v « 0 and the contradiction appears 
between a), and (i). This completes the proof of Theorem 6.4. 

a 

As a consequence of Theorems (6.2) - (6.3) - (6.4) we formulate : 

•THEOKEM 6.S. Under the assumptions (6.18) and if the Christoffel's symbols 
are small enough in (j norm, then inequality (6.17) holds. 

7. - A COMPARISON BETWEES THE BuPIAMSKT-SAHDERS' SHELL MODEL AMD 
THE MEMBRANE MODEL 

The equations (6.5) constitutes the membrane model for a thin shell. 
As a practical rule the solution of this model is done as follows. 

The tangential components of the displacement, u and the resultant 
tangential stress n are solution of the equations (6.12). 

The normal displacement'is then given by (6.11) and the bending 
moments are given by (6.6). In this section we aim at giving a convergence 
result between the solution of the Budiansky-Sanders'5 model and the one 
of the membrane model. This will give a sense to the assumed asymptotic 
expansion (6.4). 
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Error estimates would be much more complicated because of a boundary 

layer effect wich appears or the displacement u, [7], [16], 

THEOREM 7.1. Pnder the assumption of Theorem 6.1 the following convergences 

occur when E tends to zero : 

a t •* n t — ^t s t r o n E l v ' 

(7.1) ^ tj •* u° in V strongly, 

i, •» u, in 1 (ii) strongly. 

where (n , u , u.) is the solution of the B-S' model defined in (5.11) -

(5.12) and (n , u , u.) is the solution of the membrane model, definsd in 

(6.5). 

ft 

REMARK 7.1. The convergence of the bending moments is a consequence of 

(7.1) and of the following equality valid for any e: 

m, - £ _ Ul-v) p(u) + v Tr(p(u)) Id). 
' (l-v ) • 

But this convergence is very weak. The expression of p(u) involves 

second order derivatives of u.. From (7.1) we can only deduce the 

convergence of the components of m to the ones of m in the space 

H (û). As a consequence we observe that a meobrane adnits concentrated 

bending moments (i.e. Dirac's distribution). It is also the case for ins

tance when -2-- is discontinuous, (see 5.9). 

am 

froof of Theorem 7.1. There are three steps. 

STEP I• "A priori Estimate". Let us consider the equations (6.3) of 

which (n , a , u , u.) is the unique solution in the space 

*T *wt "*t O 



fPt- * £ t . » 0Cn t, p t) + b Q(p t, u) - 0, 

(7.2) } Vq t £ £,. , a 2Co t, q £) + b 2(q t, u) - 0, 

Vv - (v , v.) e V x H 2(u), b (n_, v) + E 2 b,(m. v) = F(v) 

Choosing p * n , q * a and v » u we obtain by combining the 
equations : 

2 a (n., n ) + e a-(m. , m ) - F(u) 
O t t £ t t 

or else because of the assumptions on the applied loads : 

( 7 . 3 ) | | n t | | 2

 + e 2 i | m t | | 2 * C( HJJJI • | | » j | | ) . 

h h xt L2f<u) 
Let us come back now to the first equation (7.2). If we choose 

for- p any element of the space y defined in (6.10), we obtain : 

YP t « Z t V p f u ) S C H nt" ' ' | p J 
£ t I t 

or else 
bo (Pt' u ) 

S U P n„ i i — s c llv 

and from assumption (6.17) with u • (u , u,) : 

(7-4) | |» ell * C | | n | | . 
Xt . it 

3N We now choose p « u- — and we obtain from the first equation (7.2) : 

which leads to Che following relations because of Che assumption (6.IS) : 
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(7.5) | u 3 l | . * C< ||n || + ||u || ) . 
2 r v 

ITfoi) ~t *t 

Finally from (7.3) - (7.4) and (7.5), we deduce there exits a 
constant C independent of e such chat : 

C7.6) ' lln-H +.II-J ' +||j,t|| •H»,» * C . 
£ t £t 2 t L2(u) 

STEP 2. "Weak convergence". The unit ball of an Hilbert-Space is weakly 
compact [22], Hence from (7.6) we deduce there exists subsequence still 
denoted (n , u , u~) such that when e goes to zero : 

a + n in Z weakly, 

JJt- •* H. i° 2. weakly, 

* 2 u, * u, in L (u) weakly. 

By taking the limit in the first equation (7.2) : 

(7.7) Vp t e £ t, ao(n;, p e) • b o(p t, „*) - 0, 

(remembering that in the expression of b (...) given in (6.2) ther» is 
no derivative of u,). 

The third equation (7.2) leads to : 

(7.8) Vv -(vE, v 3) e V t x H*(w), bQ(n*, v) - F<v), 

2 (because from (7.6), e m tends to zero). 

The relationships (7.7) - (7.8) are nothing else but the membrane 
equations. Hence (n , u c > u,) • (n , u u.) and from the uniqueness 
of the solution we conclude by a standard justification CI I], that all 
the sequel (n , u , Uj) tends weakly to (n°, u°, u?). 



(7.9) C | | n t - n ° | | * « 0< Be " »t' »t - " ? 

STEP 3. "Strong. Convergence". From (7.2) - (7.7) and (7.8) we obtain 

2 

St 
- - b (n - n°, u) + b (n - a°, u°) 

o t t o t t 

- e b 2 (m t > u) + b o ( n t - n £ , u ) . 

As a consequence of step 2 and (7.6) this last expression tends to 
zero with e. 

Hence 

(7.10) lim ||n, - n°| | - 0. 
€ "° it 

Then from : 

(7 .10 V x t c Zc , b 0 ( t t . u - u°) - - a(n t - n°, y . 

First -of al l we deduce with (6.17) : 

b ( -" °t 
C ! | u t - u ° | | S sup. ' Y ! " S C | | n e - n ° | | 

Xt V * e M t , £ t 

and therefore 

(7.12) lim ||u. - u°IL - 0. 
e-H) ~ E ~ t 2 C 

If we set T • (u, - u_) -r- in (7.11) we obtain 

(7.13) / ( u 3 - u ° ) 2 T r ( M M ) S ; 

S C ( | | n t - «"H + | |u t - j£ | | v > » u 3 " u 3 " 
h . ~t L2(u.) 

Finally from (6.18) - (7.10) - (7.12) and (7.13) we conclude 

lim |K " u p - 0 
e-*0 .2, , 

L (u) 
and this completes the proof of Theorem 7.1. 



8. - CONCLPSIOH 

An answer is given in this paper to the following three questions 
which arise in thin shell theory : 

(i) what are the assumptions needed for deriving the Budiansky-
Sanders ' model from the three dimensional one ? 

(ii) what is the behaviour of the Budiansky-Sanders ' model (in ' 
solution), for a very thin shell, (membrane Theory) ? 

(iii) what is a variational formulation of the membrane model, and 
how does one prove the existence and uniqueness of a solution ? 

The answer to the first question is given in section 3 and 4. We 
showed that Kirchhoff.Love kinematical1 assumptions are sufficient for 
deducing'the Budiansky-Sanders model from the three dimensional one. 

The asymptotic behaviour of the Budiansky-Sanders's model lead us 
to Che membrane Theory in section 5 and 7 «here a mathematical justifi
cation is given. The variational formulation was particularly efficient 
for the analysis of the membrane model done in section 6. 

An existence and uniqueness Theorem is given for a uniformly convex 
shell. But the procedure given can be extended to other shapes of shell, 
as for instance shells of revolution. This will be done in a forth 
coming paper. Finally let us outline the advantage of the membrane. 
Theory. Instead of solving Budiansky-Sanders' model which involves the 
bending effects and therefore complicated finite elements [9]. It is 
prcfered to solve the membrane model which involves less variables and 
a lower order of derivatives. 
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