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Abstract

Wo have f'joiTrt (i si>ole relation between the Ciassita!

Wilson Loop and ths angular parallel displacement along a c'o-
- / / • ' ° / ' "e>-

-ed p a t h ( c i r c l e ) " y f o f ^ h e c a s e of t h e i n s t a n t o n - 1 i k e p c t e n t i t ' s

-P.
wR ima r o l a r ã o s imples entre o "loop" de W i l f o n

c l á s s i c o e o deslocamor to p a r ' ' " 1 o angu la r ao longo de curvas f e

chadas ( c í r c u l o s ) para f o t p n c 1 ! " . t i p o i r s t a n t o n ,



Lately, the Wilson 1oop v ' has aroused considerable

interest in Gauge Theories because it is .i gauge invariant quan

tity and it is thought that it can ict as * dynamic?! variable
(? 7 \

c o n t a i n i n g alT i n f o r m a t i o n a b o u t th>? G a u g e F i e l d s v " '.
(8)In a recent paper, Bolli-n, G i m b i a g i ?nd M o m n c r '

computed the classical ifilson loop ?ar the instanton potential

by using the spinor representation of '.-.:<• rotation rroup. In

the first part of this oaper we repeat tho". calculation for the

instanton-1 ike potential using the vecto•• represot<?tion of

the rotation group. This C37cu'ati<>n is jvstified ;̂ y the fact

that 1n this case we have real ^ota^.ionr. :\--\6 this; cilcws us to

bear out the effect of the parallel t ^ a n s p ^ t operator, in the

internal ssace, for instanton-1ike potenti -is, on vectors that

have vanishing temporal componeit*;.

The motivation for :hes< calculations ;s that they

can help us to understand an ev'nturl el is ical theory based on

Wilson loops.

Now, let us proceed ;o tte computation of the classi^

cal Wilson loop in the vector reçreseit ition of the rotation

group.

Consider the nstanton-l i Ve po ;r? ":iiils

1) A - 4 an •- •-• -
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For each a (real number) we have a instanton- l ike po-

t e n t i a l . t?or «=1, e.g , we have the instanton in the vector representation.

The matrices n sa t is f ies the fol lowing re la t ions ,

2)

With

3) n

[0 0 0)
í i
\0 0 -i\
0 I 0\

C 0 i

0 0 0

-I 0 0

0

i

0

-Á.

0

0

0'

0

In the specific case of instantons-1ike potentials

with the center at Xc • Xo = 0 , we have explicitly for X on the

(X , X ) - p^ane,

- ia
r. X n •' Xo

Pi ]
Xo

X7

5) X 2 * X 2 • X 2 + (X 0) 2 • {Xo

1 7 3 «•

If we coniidor now polar coordinates in the (X , X )

plane an! use (2), we find

6)

where

7)

+ n I
1

A }dx
u = B(0,/i) do

rtV

Xo

ft

Xo

Xo

n "J .

Xo

In analogy with Bollini, Giambiagi and Tiomno^ ', we
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consider an angle interval 0. j fl < í. , split it into .V equa

parts (e,-o.]/N and use the relation

8} expQ-t8(G)c(0^] *• exp (- x0n ) exp [[ <t8 {0) d01 exp U'On )

to express the value of exp£-c8(0)cf0 ]] at the corresponding

point» e * n (e,-6.) (« m'1,'2, ..., W ) . Then, taking the limit

H -> oc , the Wilson operator

h
9) We 3 [K) ' ? sxp^ B(0)

is given by

10) W. (A) * í!xp(-ié,n )

By making use of the relation

11) TI». ' r\. [I ' 1,Z,3) (Cf. eq.(3))

we

U)

13) L2 - B,? • 5 2
: • (8,+I)2 , 8(0) •

and

Bi 8 2

14) M • í.n , M, • — , M2 • — » «• '
L L t

Eq. (12) represents the value of the "Integral" (9)

for any arc of radius x with 6; < 6 < 0, .
<*• " f t
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In particular, for a complete circle (0 - f end

6. - 2IT), Eq. (12) reduces tc

If we take the trace of Eq. (15) we get the correspon-

ding Wilson Loop, lamely,

1 6 ) W[JL) ' JfLii (^) * 7 v 2 c r * [?'•{.! .
?T,0

Let us ncv parallel displace throe vectors anc" calcu-

late the cossines of the angles between them and the c'isplaced

ones along circles.

Consider the following normalized vectors.

17)

•" :

• | ; * = • ; o !

I ' ;

If we p a r a l l e l d i s p l a c e o a c h o f the v e c t o r s e l o n g a

c i r c l e , the final v e c t o r s ire jiver by

1 8 ) <(>', ., = W

where

19) W . * V cxp1 J n(o)tfri)

is the parallel displacement operator^' 7 (along circles).

As the vectors •!>.-, and ([,',., have vanishing tempo-

ral components, we ran define real -?.ng1esv'; a,-\ by means of
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20) cc4 a m * *.., a1 ,i. ,

In E<j. (20) we have psed the facts that • //t and <v',

are normalized to one and that the metric has siçn.uure (+•+,+)

In our notation ^i-\> is tre *ranspo«.» o-" <!>... .

By using Eos. (15) and (20) we net

A calculation cf co* n,., (̂  - /.:'."i H vos

J
22) cc<* ex., - I + — T B 2

7 + (Bj+Í !* 1 (<vA|?"f'• ?!
? * I i ? **

I
23) c: R , _ , = 1 * — P 8 , 2 • (B 3+

J
24) co4 n. , » ; + —• (P,r •

Addiig (221, (23) and (24) wo

25) ?: 204 «... - ; + cí»4(2i'/)

4*1 [ " '

Now, c o n p a r i r g ( 2 5 ) a n d ( 1 6 ) . w r o n c i i . " '

3

2 6 ) W - T / i ft? « >: c c ò < í , -,

tq. 'k26) is the* announced re" at ion •v'-.w-"- the classi-

cal Wilson Loo? and the angles of parallel d H p ; " ' ^ n i .

Noti:e tha". E!q. (26) if, valid indcnpfnt'^i . !y of the

value of a, i.e., for the? potentials o* t'ic Mi'^tr" »n, meron and

general instanton-1 i':e potentials. O b s e r v e , hcw(v:-, that the

values of the angles are depenrfent en a. Vie fenow ' t tne values
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of these angles are a measure of the mean curvature. Thus the

field of the instanton, for example, "bends" space in a way

different from that of tie field of merons and other instanton-

like configurations.
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