CBPF-NF-041,781

RELATION BETWEEN THE CLASSICA!. x1 79
LOOP AND THE ANGULAR PARAL!E:
DISPLACEMENT

by

Valdir B, Bezerra*




CBPF-NF-041/81

RELATION BETWEEN THE CLASSICAL 41.50N
LOOP AND THE ANGULAR PARALLEL
DISPLACEMENT

by

Valdir B. Bezerra*

Centro Brasileiro de Pesquisas Fisfcas ~ CBPF/CNPq
Av, Wenceslau Braz, 71, fundos .
22290 - R,J. - Rio de Janeiro = BRASIL

*On leave of absence from:
Departamento de Fisica
Universidade Federal da ParaTba
Joao Pessoa - PB - BRASIL .

-Work partially supported by CAPES,



Abstrac*

M@—have*fvvmﬂ-& simple relation between the Classical
Wilson Loop and th2 anuular parallel displacement slong a c o-

C e
‘~~I/"(y’ o . . )
sed path (circle) for ~he case of the instanton-like pctentic's

-
Encontramme tma rela¢ao simples entre o "loor” de Wilcon
classico e o desYo:amerto par "»l0 angular ao longo de curvas fe

chadas circulos)pira potencinic tipo instanton,



Lately, the Wilson loop("z) has aroused considerable
interest in Gayge Theories because it is o gauge invariant quan
tity and 4t is thought that it can ict as » dynamicc! variable
containing all information about the Gauge Fie1ds(3’7}

In a recent paper, Bollini, Giimbiagi and 'iomno(g)
computed the classical W@ilson loop “ar the instanton votential
by using the spinor representation of “he rotation croup. In
the first part of this oaper we reprat tha' calculaion for the
instanton-like potential using the vecto- representation of
the rotation group. This ca'cutation is [ustified by the fact
that in this case we have real rotations »:4 this 2'lcws us to
bear out the effect of :‘he paral!lel transpo-~%t operator. in the
internal sosace, for instanton-like potenti:ls, on vectors that
have vanishing temporal componeqts,

The motivatiom for :hese celic:lations 7s that they
can help us to understand an ev:ntuzl clis ical theory based on
Wilson 1o0ps.

Now, 1let us proce2d :o0 tte cowpitation cf the classi

cal Wilson loop in the vector rerresert tion of the rotation

group.
Consider the "nstanton-like po.e--ials
X . X°
1 ) A = fan e .l,_-ﬂyd ..



For each a (real number) we have a instanton-like po-

tential. Yor a=1, e.g., w2 have the instanton in the vector representation.

The matrices My satisfies the following relations,

. ’i
2) “ij = ?éjknk an Ngg T My
with | ' N }
00 o 04 0 -2 0)
! . TN i .
3) n’ = :0 0 '»(.; H nz = g0 0 ; ’13 - F 0 0%
040, -£ 0 0) 0 00
In the specific case of instantons-like  potentials

with the center at xj = x: =.0, we have explicitly for X on the

(xl, xz) - piane,

n X +n X - n-X® - nXo
k) y

4) A= fa A B2 _2 U3 3 4_u
] : . ) .
X? + )¢
5) x2 . }:2 + x2 + (x0)2 + (x“)z
1 ? 3 4

If we consider now polar coordinates in the (X, X)) -

plane ani use (2), we find

6) | A dx¥ = Bl R) do ‘
where
an’ X0 X°
7) Alo,k) = - iA[(,n) = - — [n lcoss -2 - senc —) +
X7 #2? ! A n
X° Xe
+n fser( =2+ cos0 ) +n 7] .
? n n 3

In analogs with Bollini, Giambiagi and Tiomno(e), we



-3 -

consider an angle interval 0, 590 % e‘ , SP1it it inte N equal

parts ‘95’91’/~ and use the relation

8) exp[4iB(0)de] = exp {~ 4on ) exp[[4B{0)d6 ] exp (i0n )

to exoress the value of exp[ iB(6)de ] at the corresponding

g n g . . .
poiats 8 - v (eé-ei) (n 1,2, ".’,Nl' Then, taking the limit

N -~ &, the Wilson operator

.

§

9) U 0,141 = 7 expl[ " Blo) do]
e

£
is g9iven by

z .-'. 1 . -‘“1?!',.
10) w06ei(n) expl-i6n | exp[  {(B{0) + n e -e )0 expliln ).
By making use of the relation

1) nten, (Le1,2,3) (Cf. eq.(3))

we find

) . - - 2 - - — i ifon
%{,6%(&) = expl leéns)[HM Aenw‘ 6L+ M (co§(e6 8,1L-1]1 tevp U'i‘a)’
where
13) L2 = By? + By’ + (By+1)2 , B(0O) = Bl0),n -
and
-> B1 B2 Byt1
14) MeBln, M == , s —, My s ——
L L L
Ea. (12) represents the value of the "integral" (9)

for any arc of radius 2 with 8, ¢ 6 < 66 .



In particular, for a complete circle (9( = and
06 = 21}, Eq. (12) reduces tc

) = ( RE I?Meealon - =
15) wzw,o(ﬂ‘ 1+ 4M senlnl) 4 N?Toeslfnl) 1

If we tak2 the trace of Eq. (15) we get the cerrespon-

ding Wilson Loop, 1amely,

16) Wirn) = Taw () = 1 + Z2ceafzvL).

2Ty 0

Let us now parallel dispiace three vectors anc calcu-
late the cossines of the angles between them and the cisplaced
ones along circles.

Conzider -he following normalized veciors,
"
17 ¢ =z 0 4 ¢' E
) lOl (2)

1f we parallel displace rach of the vectors along a

circle, the final vectors are yiver by

18) ¢'(&'7 ) w?".o 1)
where
o n
19) W . P oexp! §oriordo)

is the parallel disnlacement ooerator(g) (aTong circles).
As the vectors b ., and 4j., have vanishing tempo-

o}
ral components, we can define real ang]es(“) I by means of



zo) o("& Q(i, b4 4‘(‘(.’ u’ h

2?0 :'3
In Eq. (20} we have psed the facts that -, ., and &'
are normalized to one and that the metric has sicnature (+,+,+).
In our notetion ¢(£]' is the *ransposo n- ¢(i)
By using Eas, (15) and (20) we aet

21} ord gy s M;zﬁ +AM gen{zyn) 4 i Leanlt BY - 1) ey,

A ca'culation cf cos LIS (4« - 1.,°.%1 a.ves

)

1 + ...::827 + (8341.!2-"}(,‘»(..,;,[",‘-.;3 I

L A

22) col

]

MEY

, .
P+ —T By? # (By#1)? 7 depaivry 1)
) atl)*
L4 -
L K

23)

[
o

“l2)

!
7o+ —(By" + By} (ees 20ty - T}
L?

)

24) JEILTE

Adding (22, (23) and (24) we find

3
X B y R = s " }
25) Y208 oy I + cos(201)

i=1
Now, conparirg (25) and (16). wn conclurs that

3
S ! = % 5 .
26) W L Q?T’“ ji] Ceh gy

Eg. (26) is the announced re ation hotwrer the classi-
cal Wilson Loo~> and the angles of parallel dicppc monty,

Notize tha* Eq. (26) is valid indenpondrnily of the
value of a, 1.2., for the potentials o~ the insten o0, meron and
genera! instanton-liie potentials, Observe, nowever, that the

values of the anag’es are dependent ¢n . Wo %now * 0t the valyes



of these angles are a m2asure of the mean curvature. Thus the
field of the instanton, for example, "bends" space in a way
different from that of tie field of merons and other instanton-

1ike configurations.
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