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We discuss the problem of gauge'hierarchy m a

0 ( N ) modelirW s?iow»ithe existence of an upper1 bound for the
7{JU • - • • • . . ' - . ' . • ' • • - • •

- \ l í ' •••' ::-. .. . • .

hierarchy of order ok , as proposed by; Gtldener. This- •

same constraint appears vhen the breaking .is" made by the :

radiative corrections in a scheme elaborated by Weinberg./.

¥e- Sá&é that fine tuning or redefinition of coupling con-

stants to improve hierarchy, as proposed in several papers,

cannot be done before the calculation of higher order con-

tributions to the effective potential.



One of the features of Grand Unified Theories

(GUTs) (soe ref.l for a review) is to predict new physics

14at the mass scale of 10 GeV. Those interactions result

from the unification in a simple group of the strong in-

teraction, described by QCD, with the weak and electromag-

netic interactions, wich are described by the Wéinbèrg-

Salam model (WSM) and characterized by a mass scale of

3J> O(io GeV). Such large scale is obtained when some Higgs

scalars acquire a vacuum expectation value (VEV) correspond

ing to the above energies, that is, we need to construct

a Higgs potential where the scalar bosons responsible for

the breakdown of the grand unified group acquire a VEV of

£ 1014GeV and those that break the WSM a VEV of « 10

GeV; this is the so called hierarchy problem. After the pî

2
oneer work of Gildener , pointing out the existence of à

bound of oc on the ratio of the masses of the heavy to

3 4light gauge bosons, several authors * have examined the

question and proposed new ways to improve hierarchy, but

the actual status of the problem is rather contradictory.
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We re-examine the problem in the case of sym-

metry breaking at tree level and when the breaking is through

radiative corrections. Wè find that hierarchies are possi-

ble, but only adjusting the coupling constants after the

calculation of several higher order contributions to the

effective potential, this happens in all schemes with-

7out the necessity o£ imposing extra criteria to determine

the existence of hierarchy.

SYMMETRY BREAKING AT THE TREE LEVEL

• The model we choose, to discuss the question of

gauge hierarchies, has 0(N) as the symmetry group. This

2 4
model has been previously studied by many authors ' and

is defined by the Lagrangian

• A i i M + £ if? >VZ • i
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•i'hcve X. â«d 7̂ are two N-vector scalar t i t l e s . . • . :.

refl.-cLion symmetry ( iw (^.) ••->> -M (~ (̂}] i s impose c •-•.:;':

tht-se fields (hereafter, for simplicity s we v /u i dr:> ; •-:-

vector symbol over % and **] ) -

We wi l l always assume conditions i^rjcii ~r.c.: the

Vkv ^)(,') will be much larger than ^r<|} - in f'act^ {;;; v i l ,

c-use the symmetry breaking of the "grand unified or:,^r"

0{V.) down to O(N-l), v/hile ^"I^will break o(N-l) à-y-r. Lc

0ÍN-2) cit a scale of 0( l0"1 2) compared with •(>;*} . ?/.•_<

1.--Í." step in the symmetry breaking pattern corr-eup;" ^ :•:

Llie -lectroweak symmetry breaking in a r e a l i s t i c >;."...- . ;•":--

i ieu model.

The stationary points cf the ^calc-r po; •.• •-.r i<-ú

that lead to a gauge hierarchy are

A

i-i-i ihey wil l be a global minimum when 7,."/^' vthii i_- '.1=

o/":;jition of perpendicularity of the f ields in tho s:^:i:-r:-

ry points ) , so that hereupon we assume \.u >0 - "-='-• irr.pose
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also the conditions *;»> X^ and ^ A Y Í to insure that

&. so that

the Higgs bosons masses are real.

There are many suggestions on •-ays to imple-

3 4ment an hierarchy at the tree level in this problem '

like M^/MJ_ » v ) / ^ x ) * 10 (hereafter a big ratio of

mass between the heavy ( HH) and light (M L) gauge bosons

will display what we mean by a great hierarchy), all one

has to do is adjust the parameters in

Ml
(3)

If we take t-»O then MH/HC ̂  Cfzm*

and /vnt sufficiently smaller than U

and /w* , one has the desired hierarchy. However, as Gilde-

ner has repeatedly pointed out f f even if I :o at the

tree level, it still has a value of QioC") coming from

one loop corrections, and we have H

So, if i^- is 0 (aO) we have



In order to overcome this bound on the hierar

chy one adjusts the parameters up to the one loop level/

but then there will be a bound at the two loop level so .

that this class of contributions must, be taken, into' account,

and this go on up to 0 (oL ) ~ iO where L ("*ÍOY is the

number of loops of the graphs that must be taken into ac-

count, in order to achieve the desired hierarchy. This can '

be shown explicitly at the one loop level through a calcu-

lation of the effective potential. , • .,

We calculate the effective potential using
9 " • ' " ' "standard techniques, as formulated by Jackiw . "We study the

f'•*:''' '"•- ' I ' : • . : • •

case where the symmetry is broken down to 0(N-2) so that

in deriving the effective propagator we set all fields to.

,ZHTO except *:wo orthogonal components of }C and "7 f let

us say <^>= vTS£M>1 and (%L)~ fc £>iti ,:and write, the.

effective pocential for «[ and % ( £ and J" at the tree

level am given by (2)). The effective potential, calcula- ,

ted in the Landau gauge, in the one loop approximation is



i - i

(5)

with

2 )Ai 3 nv

(fcb)

. 2
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i ^

where the angles 0(. and P> , tt..-i

trix diagonalization are

"tav\ Z oC -

se^lar-s mass me—

í "í r. \

and

.' •-! ' •

the l a s t two terms of eq. (5) cor: e?-rri., ..D rhe con tx"1! Due i on

of 2(N-2) unphysical sca lar bosc •:. ?:;éri i s a l so another

Goldstone boson and three physic-si Hig.gs :--calars5 tha t a r e

combinations of masses t o !;/; if: the mass scale

introduced by the renormalization concisions
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The minimum of the effective potential is ot>

tõined from the solution of the equations b^ijhji/ - O

and IjVi/^fVjaO . If we neglect the scalar contributions

-- (5) t one can write the following relation at the mini.

/̂  \

where
32TT2-

, and

In writing eq.(8) we have chosen the renormali^

zation condition, using the classical VEV of *0 and jí as

renormalization point, instead of as in (5). We can
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simplify eq.{8) disregarding the logarithmic terms, so that

We can see from this equation that even if we

set la -O , there still is a contribution Zifa - — — ?

2
proportional to /w\, in the denominator. When analysing

the hierarchy at the tree level we required m\£ « iwif. ,

but if /Wi, is too much larger than /Wl^ » M ^ becomes

4imaginary. Mohapatra and Senjanovid impose the condition

«I* % (M-l) «*l ' ja-o a»d ^ « . ^ , so that

obtain the desired hierarchy. Exactly here

lies the misunderstanding common- £cT several of the ^

sions on hierarchy. There is a natural scale proceeding

from two loop terms of the order o, , limiting the. ad jus

tment of the denominator in eq.(8) on the range given by

fi | oC J • Finally, if L is Q(vC) (as we have assumed in or

der to obtain (4)), we arrive at the ratio
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So, one can adjust :••

constants, so that \ he denomino •'.:

small, but then tei-ms in eft ma.:'

most one can obtain is an imj-uov

order in the loop expansion of ix

To obtain an hierarchy like ;\

one naist include the contx-ibutio':

ten or more loops, £n3 only tiv .-

adjustment. We can also observe

hierarchy, there is no much mê .;..

straints to be imposed upon courZ

to prevent the hierarchy conditi:

mass condition for light bosons,

the hierarchy is obtained the pc;

limit on the mass of the light tc

L_"1L on

order

•~O ã ZOT'



- 11 -

SYMMETRY BREAKING THROUGH RADIATIVE CORRECTIONS

Recently Weinberg' showed that when there is a

9
symmetry breaking induced by radiative corrections to the

potential, and some of the scalars remain massless (or with

a small mass), then it is possible to attain as large an hier

archy as required by GUTs.

In a effective theory with the potential

i V

oo .c _ud4»c *

at the tree level, the minimum of the potential such that

d) f. O is given by

where <J) = ü) <YI . The condition (12) is exactly the condition

for X(ili/);0« l̂ o is found by applying the renormaiization

group equations to f(M) , defined at some grand unified

scale, 'with suitable initial conditions (like

and then evolving it up to the value' K^that will

make |(»Vo) vanisJ», The solution will have the form
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The scalars that remain massless, when the syrn

motry is broken at the scale N| , will acquire Õ mass of

order Y\.o t as the remaining symmetry is broken still far-

ther. In this case the hierarchy will be given by Eq.(l3).

In the SU(5) model this calculation was accomplished"* and

the result indicated the necessity of coupling constant

adjustments for the scheme to work out. We snow in cur sim

pie model, that in addition to simply adjusting the cou-

plings, we are still left with the same constraint stated

above. To do this we write down the effective potential at

one loop level (neglecting the scalar contributions)

lwz 1 >
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V.'e assume that *£<< }> (at least of

and expand the logarithmic terms in powers of rYl

take N = 3), to derive the stationary conditions

h^ Í

= 0

We can obtain an approximate solution, in the limit when

~ JU^2 A/I 2 / l^~ JU^ \
we have hierarchy, by taking dj - Q . Then %-M e-jc£? 1 \

and it will imply that the masses associated to

the fields )(, and Of1 are

&co (
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Thu no f i e ld hris a mass of the same orrier as i h<-u no

unless ( -L + 5 cC" - ~J: ̂  is very small. But here '̂ĵ iü

the smallness of tyrf is bounded by the next order in

loop expanr-ion (even when the renormalization group 1 p] ] s

us that one of the couplings goes to zero), so we havo

-Ill

iLoop

That is to say, /YY\ can receive contributions of (J(oC J

and they must be taken into account, and the same with con-

tributions of (./(A ) and so 'on. Therefore we are faced vith

the same problem stated in the item before this.

Sachrajda has recently proposed a scheme to

impose gauge hierarchy based on an improved renormalization

group. Suposing the existence of hierarchy he starts in

search of solutions of the renormalization group equations

compatible with that hierarchy. He shows, that with consistent

redefinitions of coupling constants» hierarchy is possible.

In our model, we can read off similar in i t ia l conditions as

those obtained in ref .6 . From eq. (15a) and eq.(l5.b)T \-.ith



we have

SO (18 b)

Following Sachrajda f redefining the coupling

constants allow us to find solutions to these equations, but

in the same way, as we discussed before, the solutions will

not warrant hierarchy up to next order.

Concluding these comments we stress that the

unnaturalness of gauge hierarchy, is not only a problem of

a simple adjustment of the coupling constants at the tree

level, but it is rather a problem of . Iculating contribu-

tions of a very large number of loops to the effective potential

in order to perform a fine tuning of the coupling constants.

This only reflects the fact that the communication between

different scalars, occurs by the interchange of gauge

bosons (also scalars) at all orders. No perturbative method

could account for this problem. In this way we believe
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that a dynrjmical mechanism"'' for breaking the rrv.-.--,

m^try i s ct better mechanism of avoiding the hier--."

blem.
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