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ABSTRACT

Using generalized Young tableaux, we obtain an explicit
formula for the reduction of the Kronecker product of
irreducible representation of the symplectic groups.
This extends a previous work devoted to the case of

orthogonal groups.
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1. INTRODUCTION

In the present paper, generalizing a method introduced by the authors

(Girardi, Sciarrina and Sorba 1981=a,b) for the red iocn of the Rx ¥ product
of irreducible repragentacicns (IR's) of SO(n) groups we give general formulas
for the direct product of two IR's of symplectic groups Sp{2n). This problem
has heen studied in the past by Littlewood, Wybourne and King using
character theory and Schur functionms. Another cpproach was taken by Fischler

who used Young tableaux hods but his rules in the gemeral

casas seem ro give ambigucus results. The i2ethed we propose makes use of the
weight vectors aof reducs the problem to evaluate & sum of products ¢ generalized
Young tableaux(GYT's). GYT's are tablesaux which can include negative .xes, their
definitions and product rules were defined in earlier publications (Girardi,
Seiarrino and Sorba 1981-a,b). The use of these GYT's seem to provide . :onsis-—
tent tool for the reduction of Rromecker product of IR's of classical group and
whether it is relevant for exceptional groups is now under study. In section 2
we give a very short recall of Sp(2n) groups; in section 3 we present our

result and finally in section 4 we give an illustrating example.

2. A REMINDER OF Sp(2n) GROUPS

The Lie algebra of Sp(2n) groups caa be realized with the help af n{2n+1)
infinitesimal gemerators Z}' (Gilmore)
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If we relabel the generators Z}', as follaws

id . o it >0
Ty > 23 L= 271 i <o

the n generators Bi = Zéi (i=1,...,0) commute with each other and span the
maximal abelian (Cartan) subalgebra of Sp(2n). The IR's of Sp(2n) cam be
labelled by n integer positive numbers u.l(ui k3 “iﬂ) which are the highest
eigenvalues(weight) of the generators Hi_' Hereafter an IR will be labelled by
the n-uple (ul,ixz,...,un) or [u]. The dimensionality of the IR [u] is

L, =y, + 1,
Vi

B(2) i i

N [u] o) where

T, =no-1+1
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and P is a product of tha form:

a n
P(R) = @ 2, 0T ( -12.C * k)
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Another way of labelling Sp(2n) IR's is by u non-nagative integers a (Dynkin

notation) which are relatad to ours as follows
9 =y muy,  (Be D)
4G " ¥ .

Tables of dimension of IR's of Sp(2n) can be found in Wybourne and Patera and
Sankoff.

3. . RULES FOR THE PRODUCT OF TWO Sp(2n) IR's

The genaral forwula for the product of two IR's [u] and {v] can be written

as follows

[l x [v] = I+, ¢ I (3.0)
a=1 2% 0
T, - I e x b, x 0] .
< P & -
2, kgl {2 = by x [l - @ = LDy, * (1} (3.2)
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23 - k-%ﬂ: {er =« DDy = D] - @5 x [y, = (pn( a), PN RERS
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where P:k is a mn~row negative GYT, Pn = [0,...,-11. ,-a,] in which the as

are positive even numbers such that a; 2a;,, ad I o =2k, When Ptzlk acts
jm
on the IR [v] the (ui} must satisfy [P Zvi. For a given k there are

several possible sets (ui), except for the extreme case

o
Knag = N 2 if v (3.4

where

N

P - [—2vn,...,-zu2,-zu1] (3.5)
is uniquely defined.

Finally a (resp.b) is the smallest integer such that Pﬁa x [u] (resp. P:bx [v])

gives a "not-allowed" (NA) GYT (see definition below).



For practical purposes it is more convenienc co choose for [v] the IR which has
tha least of boxes, this minimizes the number of aperators P to ccngider.
The subseript "A" means that in the product ome kas to keep only the GYT's []
which fulfill the conditions

n
i) T lxil <N (3.6)
1

ii) if A er ]xp[ is equal to v [] must not contain any label ‘j such
that ]lj] >v,. If one of the 1, satisfias Iljl =v,, the [3] oust
not contain any label A, such chat ka[ > v, and so on;

iii} a GYT which appears more than once in a praduct with P:k ((ai)), for a fixed
set (ai) has to be considered ouly once. A GYT which appears in the product
with Pﬁk ((ui)) for two different sets {ui) has to be considered twice if

; lxi\ < N = 2(k=1) (3.7
1=1

The subscript NA means that in the product one has to keep only the GYT's
3] which do not satisfy conditions i) and ii) or which should be meglected due
to condition iii). Im the r.h.s. of eq.(3.1) one has to keep only the GYT's
such that Xi > 0. A GYT which appears only with the miaus sign has to be omitted.

If a=1 in the r.,h.s. of eq.(3.3) one has to add when it exists the

following term

N k-b-1
k%b T DT [u . ﬁi(“")} x [_:ff x [v]J (3.8)
- =0

where [u + §§(k-r) is a GIT whose rows are the rows of [u] plus the rows of

a negative GYT P:(k-r) ({ui}) which can ba computed by the following recurrence

formula (k-r > 2)

20 L 20D e -z (92 x PZ“‘"‘”aa.})
- - 1 (8.} n 1 1
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B = 0,0,000,-1,73] (3.10)



The uew terms given by (3.10) are present only when the IR [u] has, at least,

as many null labels as the number of negative crows of l"lz)(k-r) . He give explicitly
the 224 Grr's for 13,4
85 2 [0,000,0,-3,73], [0,...,0,-1,-1,~4]
(3.11)
B n [0,..0,0,-2,-3,73],  [0,...00s=1,m1,=1,5]5  [0,..0,0,-1,-3,74]

Fipally we give compact formulae which can be deduced for completely symmetric
or antisymmetric IR's

a
[,0,000,0] x [9,00030) = = 2= [us+v-2k-22,k,0,...,0) (3.12)
° L=o k=o

where k satisfies u2>v wu+v-2222k20;v=-22k

[oyeesn] % [BaeensB] =2 fa+8-2k,a+8=2Ky,.0000 8~ 2K ]
Ok, <k,<. .. <k

) 3.13)
4. AN ILLUSTRATIVE EXAMPLE

Let us calculata in Sp(l0) the Eronecker product [22000] ® [21000] of
tespective dimension 780 and 320. Hereafter tha zero labels will be ignored
when unnecessary. We shall operate on [v] = [21], since it hes only 3 boxes,

we have to consider k = 0,1,2,3.

k=0 [22] x [21] = (3] + [621] + [331] + (322] + [3211] + [(2221] .10

k=1 there 7 = [0000-2] so

@2 x [y, = (foooa-2] = [21]), = [2000-1] + [t100-1] + [10cao] 4.2)

Then the products with [u] = [22] give
[2000-1] x [22] = [41] + [32] + (3110 + [221]
O100-1] x [22] = (32] « (311} + [221] + [2111] (4.3)
[1] = [22] = [32] + [221]

Now we consider if there are not allowed taxms of the type P_,Z, x [u], and

fiond one



% % (uDgy * [ = 2202y, < (21] = (3] + [221] (4.9
50 from the tarms obtained im (4.3) one substracts the contribution of (4.4).

k ®2 We have 2 different P:, namaly [000-2-2] and [0000-4]
(fooo-2-2] = [21), = 100-1-1] + [1000-2] + [0000-1] 4.5
([0000~s] = [21]), = [1000-2] : (4.6)
Ir view of rule iii) and aq.(3.7) we ignore (4.6) and only consider (4.5) for
wultiplying by [u] :
[100-1-1] = [22] = [21] + [111]
fioco-z] « [22] = [3] + [21] @1
[oooo-1] = [22] = [21]
There is one not allowed contributiom of the type occuring im (3.3);
this gives
[2200-2],;, x [2000-1] = (1] (4.8)
to be substracted from (4.7).
k = 3 At this lavel we have only to coosider Pg = (000-2-4) (from eq.3.5),

this gives

{[ooo-2-4] = [21]3 = ((22]} = [ooo-1-2] = [22] = [1i] “%.9)
Gathering all the terms obtained we have as final result:

(22] = [21] = [83] + [s21] + [331] + (322} + (32n1] + [2221]
780 x 320 = 42240 + 71500 + 35640 + 28028 + 32340 + 9152

+ @] + 2032] + 2[311] + 2[221] + [2111]
4928 + 2x4620 + 2x4212 + 2x2860 + 1408

+ 3]+ 2[21] +« 1] + ]

220 + 2x320 + 110 + o



REFERENCES

Fischler M 1980 Fermilad preprimt 80/49.
Gilmore R 1970 J. Math. ?hys., 11, 513.

Girardi G, Sciarrino A and Sorba P 198la -~ LAPP-TH-39/CERN~TH~3103 (Journal of
Physics A to be published)

—— 1981b - LAPP-TH~45 ~ Proceedings of the X Internmational Confereace om group
theoracical methods in Physics, Canterbury, Great Britain (1981).

Hamermesh M 1962 Group Theory (Addisom Wesley, Reading Mass).
Ring R 1971 J, Math. Phys., 12, 1588.

Littlewood D E 1950 The theory of group characters 2nd edn (Londop: Oxford
University Press).

Patera J and Sankoff D 1972 Branching rules for representacion of simple Lie
algebras CRM-167 (Momtréal: Centre de Recherches Mathématiques, Université
de Montréal).

Wybourne B G 1970 SymmetTy Principlas and Atomic Spectroscopy wizh a large appendix
of tables by P.H. Butler {New York: Jolm Wiley) acd references therein.

o ——



