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I. INTRODUCTION 

In the present paper, generalizing a method introduced by the authors 
(Girardi, Sciarrino and Sorba I98I-a,b) for the reduction of the Kronecker product 
of irreducible representation» (IR'a) of SO(n) groups we give general formulas 
for the direct product of two IR's of symplectic groups Sp(2n). This problem 
has been studied in the past by Littlewood, Wybourne and King using 
character theory and Schur functions. Another cpproach was taken by Fischler 
who used Young tableaux methods but his numerous rules in the general 
cases sees to give anbigucue results. The method we propose makes use of the 
weight vectors aoÂ reduco the problem to evaluate a sum of products c generalized 
Young tableaux(GYT's). GYT's are tableaux which can include negative .ices, their 
definitions and product rules were defined in earlier publications (Girardi, 
Sciarrino and Sorba I981-a,b). The use of these GYT's seem to provide . consis
tent tool for the reduction of Kronecker product of IB.'3 of classical group and 
whether it is relevant for exceptional groups is now under study. In section 2 
we give a very short recall of Sp(2n) groups; in section 3 «e present our 
result and finally in section à we give an illustrating example. 

2. A REMINDER OF Sp(2n) GROUPS 

The Lie algebra of Sp(2n) groups can be realized with the help of n(Zn+l) 
infinitesimal generators Z* (Gilmore) 

[ * ^ • sign (jr) z; S_ 

Zj - Z[ - - sign(ij) Z'_l 

If we relabel the generators Z., as follows 

Z 1' * Z 1 1 - I 2 1 ' i.' > 0 

the n generators H. • Z„. (i • l,...,n) commute with each other and span the 
maximal abelian (Cartan) aubalgebra of Sp(2n). The IR's of Sp(2n) can be 
labelled by n integer positive numbers p. (11. > u. ) which are the highest 
eigenvalues(weight) of the generators H.. Hereafter an IR will b<» labelled by 
the u-uple (\i ,p2,...,u ) or [u]. The dimensionality of the IR [u] is 

,[„]-!# where ^' "^ ^ 



and P is a product of the form: 

n n 
P U ) - IT I. IT (t. - 1,)<L + t.) 

j-I J i>k * X K X 

Another way of labelling Sp(2n) IR fs is by n non-negative integers q. (Dynkin 
notation) which are related to ours as follows 

q i " u i " Pi+I ( i - } n _ 1 ) 

% " w n 

Tables of dimension of XR's of Sp(2n) can be found in Wybourna and Patera and 
Sankoff. 

3. . RULES FOR THE PRODUCT OF TWO Sp(2n) IK'a 

The general formula for Che produce of two IR'a [u] and [v] can be written 
as follows 

[u] « [M] - I, • I 2 • E 3 (3.0) 

I, -"Z «*» M). " M «•» 
1 fc-O H 

Z 2 - a + I ' |o?f » M ) A » M - cpf » r u ] ) s 4 * M | (3.2) 

Z3 - k J t I j i o f » M>A * M - (pf * M ) M x < , ^ ' . M)A) (3.3, 

where P is a n-row negative GTT, P - [o,.. .,-<x„ ,-a.l in which the a. 
. . *n * 2k 1 

are positive even numbers such that a. > a. and 2 ct. - 2k. When P acts 
an the IS [v] the {a-} must satisfy a. < 2v.. For a given k there are 
several possible sets {a.}* except for the extreme case 

a 
k - N 5 I v. (3.4) 
max i m i i <• > 

where 

P f " C-^ n,...,-2v 2,-2 V l] (3.5) 

is uniquely defined. 

Finally a (resp.b) is the smallest integer such that P x [w] (resp. P * [v]) 
gives a "not-allowed" (NA) GYT (see definition below). 
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For practical purposes it is mora convenient to choose for [y] the IK which has 
2k the least of boxes, this minimizes the number of operators P to consider. 

The subscript "A" means that in the product one has to keep onl7 the GYT's [x] 

which fulfill the conditions 

n 
i) Z \\.\ < N (3.6) 

i-1 

ii) if X. or |X | is equal to \> . [x] must not contain any label X. such 

that |A.| > v.. If one of the A, satisfies |\.| - v,, the [xj oust 

not contain any label A. such that \\.\ > v, and so on; 

set {a.} has to be considered only once. A GYT which appears in the product 

with p£ k ({a.}) for two different sets {a.J has to be considered twice if 

Z \\, \ ç H - 20t-l) (3.7> 
i-i L 

The subscript NA means that in the product one has to keep only the GYT's 

[AJ which do not satisfy conditions i) and ii) or which should be neglected due 

to condition iii). In the r.h.s. of eq.(3.1) one has to keep only the GTT's 

such that A. > 0. A GYT which appears only with the minus sign has to be omitted. 

If a - 1 in the r.h.s. of eq.(3.3) one has to add when it exists the 

following term 

! T < - u r r u - e " r ) l * k r * M ) C3.« 
k-l+b r-o L a J <, n J 

where lu + P i s a GYT whose rows are the rows of [u] plus the rows of 

a negative GYT F ({a-JO which can be computed by the following recurrence 

formula (k-r > 2) 

? 2 ( k - r ) 2 (k- r ) . f 2 x zdc-c- l ) ( { 3 . } ) 

(3.9) 

I {-r;} 

P„ - |0 ,0 —1 ,—31 (3.10) 



The new terms given by (3.10) are present only when Che IR [u] has, at least, 
-2(k-r) as many null labels as the number of negative rows of P . H e give explicitly 

the P 2 Î GYT's for I - 3,4 
n 

?6

a » [0,...,0,-3,-3], [0 0,-1,-1,-4] 

(3.11) 

P® » [0 0,-2,-3,-3], [0 0,-1,-1,-1,-5]; [o,... ,0,-1 ,-3,-4] 

Finally ve give compact formulae which can be deduced for completely symmetric 

or antisymmetric IB's 

a 
[u,0 0] * [v °] - £ Ï |ji * v - 2k - 2t,k,0,...,0] (3.12) 

i«o k«o 

where k s a t i s f i e s u > v u + v - 2 £ > 2 k > 0 ; v - £ > k 

[<j , . . . ,n] x [8 8] - Z Z fa * S - 2k, ,a + 3 - 2 k , , . . . , a + S - 2k ] 
0 « k l £ k 2 - - • - ï k n ° 

C3.13) 
4. AN ILLUSTEATITE EXAMPLE 

Let us ca l cu l a t e in Sp(10) Che Kroneckar product [22000] 9 [ZIOOOJ of 

respec t ive dimension 780 and 320. Hereafter the zero labe ls w i l l be ignored 

when unnecessary. He s h a l l operate on [v] - [21 j , s ince i t has only 3 boxes, 

we have to consider k - 0 , 1 , 2 , 3 . 

k - 0 [22] x [21] - [43] + [421] • [331] * [322] + [32II] + [2221] 

k - 1 there P 2 - [0000-2] so 

(P 2 * [ M ] ) A - ([0OOO-2] « [ 2 l ] ) A " [2000-1] * [UOO-l] + [lOOOO] 

Then the products with [ti] • [22] give 

[20OO-I] x [22] - [4l] + [32] • [311] * [22l] 

Q lOO-l] x [22] - [32] * [311] + [221] • [2111] 

[1] x [22] - [32] * [221] 

(4.1) 

(4.2) 

(4.3) 

Now we consider if there are not allowed Cexms of the type P. 

find one 

P_ x [y] , and 
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<P5 " M'HA " M - [220C-2] B A x [2!] • [32] + [221] (4.4) 

So froa the tarma obcained in (4.3) one subs t rac t s the cont r ibut ion of ( 4 . 4 ) . 

It » 2 We have 2 d i f fe ren t p ' , namely [000-2-2] and [0000-4] 

([000-2-2] x [ 2 l ] ) A - [100-1-1] • [1000-2] + [OOOO-l] (4.5) 

and 

([0000-4] « [ 2 l ] ) A - [1000-2] (4.6) 

In view of r u l e i i i ) and aq . (3 .7) we ignore (4.6) and only consider (4.S) for 

mult iplying by [u] : 

[lOO-l-l] x [22] - [21] + [111] 

[1000-2] x [22] - [3] + [21] (4.7) 

[OOOO-l] x [22] - [21] 

There is one not allowed contribution of the type occuring in (3.3); 

this gives 

[ 2 2 0 0 - 2 ] M x [2000-1] - [21] (4.8) 

to be substracted from ( 4 . 7 ) . 

k « 3 At th ia level we have only to consider P_ - (000-2-4) (from e q . 3 . 5 ) , 

t h i s gives 

{[000-2-4] x [21]} x ([22]} - [00Û-1-2] x [22] - [ l ] (4.9) 

Gathering a l l the terms obtained we have as f ina l r e s u l t : 

[22] x [21] - [43] + [421] + [33l] • [322] + [3211] + [2221] 

730 x 320 - 42240 + 71500 + 35640 + 28028 + 32340 t 9152 

+ [41] + 2[32] • 2[31l] * 2[221] + [211l] 

4928 * 2x4620 + 2x4212 + 2x2860 * 1408 

+ [3] + 2[21] + [111] * [1] 

220 * 2x320 + 110 + 10 
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