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SEHI-CLASSICAL APPROACH T0 MUCLEAR SURFACE PROPCRTIES :
RADIAL SHAPES AMD ENCRGIES
H. Krivine
Division do Physique Théorique , 1.P.N. - F-21406 ORSAY

Abstract

Energy Density Formallism calculations in semi-infinite
nuclecar matter are performed. Amalytical solution of the
Euler cquation is given. Geometrical properties of the density
are studied. Surface and surface symmetry cnergies are calcula-
ted and simple compact formulae are given.

It is known that the surface symmetry energy £ plays an
Important role in the determination of fissions barriers
heights, dipole resonance [1]strength and formation of the
neutron skin.- However experimental wuncertainties do not
allow even a rough estimate of this quantlty. From experimen-
tal masses, one can only extract a correlation between volume
and surface symmetry energies, so that the values of g}

found in the literature lie in the range (-20, -160}. On the
other hand the theoretical calculation of £f is not accurate :
with the same interaction, the results ean vary by 50 % [2].
Besides the Droplet Model (2] two methods have been exploited
i) a fitting procedure on calculated masses using an Extended
Thomas Fermi (E.T.F.) caleculation [4], ii) a direct H.F. cal-
culation in the semi-infinite nuclear matter (SINM) [2,5].
The method proposed here combines both advantages : it gives
directly a§ through a self-consistent ETF calculation in SIMM.

In the first part we study the SIMM (N = Z).Exact integra-
tion of the Euler equation allows a detailed investigation of
the nuclear surface shape which is shown to be poorly repre-
sented by the usual Fermi shape [6]. We mention scme consequen-
ces of this departure in the analysis of actual nuclei.
We then calculate the surface energy ¢5. Finally we generalize
the methed to the asymmetric case N # Z. Analytical formulae

are proposed for £, and £ .

1. On the shane of the surface

a) Case of SItM
When using Skyrme focrces and an ETF approximaticn for the
kinetic energy density T , the total hamiltonian density
Jf has the form
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Ahstract

Energy DOensity Formalism calculatlons in semi-infinite
nuclecar matter are performed. Analytical solution of the
Euler cquation is given. Geometrical properties of the density
are studied. Surface and surfacc symmetry energies are calcula-
ted and simple compact formulac are given.

It is known that the surfacec symmetry energy £f plays an
important - role in the dectermination of fissions barriers
heights, dipole resonance [1]strength and formation of the
peuiron skin.. However experimental uncertainties do not
allow even a rough estimate of this quantity. from experimen-
tal masses, one can only extract a correlation between volume
and surface symmetry energies, so that the values of &

found in the literature lie in the range (-20, -160). On the
other hand the thcoretical calculatlan of Ef is not accurate
with the same interaction, the results can vary by 50 % [2].
Besides the Droplet Model [2] two methods have been exploited
i) a fitting procedure on calculated masses using an Extended
Thomas Fermi (E.T.F.) calculation [4], ii) a direct H.F. cal-
culation in the semi-infinite nuclear matter (SINM) [2,5]).
The method proposed here combines both advantages : it gives
directly ai through a self-consistent ETF calculation fn SINM.

In the first part we study the SINM (N = Z).Exact integra-
tion of the Euler cquation allows a detailed investigation of
the nuclear surface shape vhich is shown to be poorly repre-
sented by the usual Fermi shape [6]. We mention some consequen-
ces of this departure in the analysis of actual nuclei.
We then calculate the surface energy £, . Finally we generalize
the methed to the asymmetric case W # Z. Analytical formulae
are proposed for &, and & .

1. On the shape of the surfice

a) Case of SIHM
When using Skyrme forces and an ETF approximatien for the
kinetic energy density 7, the total hamiltonian density
}{ has the form
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where p {s the coefficient of the Weiszacker term in T
and d is a constant. The corresponding Euler equation

" can be integratcd once and gives :

s I " .
uf)-z;(é%—-h = A, 2
where 3 nm is the scparation energy at saturation density enm'

A cubic expansion of h{ g } around p n is a good approxi-
mation for all commonly used interactions :

ot oo () 5 ()]

where K 1s the nuclear incompressibility modulus and {e} 1is
found smaller than 0.2.

Inserting (3) into {2), another quadrature can be perfor-
med analytically [8], giving x as a function of f This func-
tion can be inverted in the two asymptotic reg ons, namely :

“-us
R = — oe e ~ e'\"(‘l ;,_G"L ) (4.a)
LN

A —) e (Q-b)

e ~ B, e
s B , ¥ and a are determined by the interaction. The coeffi-
clent a.1s given by :

Qia =\/%§- (zl‘,: g+ Ie...) (s)

and Y is tound in the range (2 ~~ 4), according to the inter-
action and the value of @ . We can then define an internal
diffuseness a. given by £q.{5) and an "external" diffuseness

= 29 The first quantity Is mainly governed by K
wRereas tﬁe second one by A . There is no physical reason why
they should be equal, and 1ndeed they are not. However one
assumes a = 30t (i.e. ¥ =1) when parametrizing the density
with a Ferm1 d1gtr1butlon. In order to preserve the simplicity
of the latter while keeping somehow the asymptotic behaviour
as given by Egs.(4), we strongly favor the use of a V -power
of a Fermi distribution, hereafter labelled (F-¥) when geovme-
trical properties of the density are involved. In Ref.[9]
are derived analytical expressions for the various momenta of
(F-9)-in powers of a/R.

b) Case of finite nuclei

In this case one cannot integrate analvtically the Euler
equation. tlevertheless the above consliderations suggest the
use of F-VY distributions as

f(r):-—-.P_?—.-_—-_—E—g (6)
({+ e_‘r)
. 4"



where e , R, a and ¥ are mass-dependent. For actual nuclei
M+ 2 wid Coulomb farce) the landscape is more intricated, but
two remarks are ln order 1) people using a folding model
for the real part of the oplical potential have alrcady
introduced (I'- ¥ ) distributions with ¥ = 2.65 in order
to flt the data [10) ii) when fitting ETF or H.F. densities
with F- ¥ distributions, one gct$ a better X * with ¥ = 2 or 3.

Let us briefly discuss two examples where the dissymmetry
of the surface shape around inflexion point is significant.
i) When fitting H.F. or ETF densities (M = Z, no Coulomb) with
F-1 distribution for A going from 16 to 208, onc obtains a
10-15 % wvariation of the surface thickness. But the same
effect is obtained when fitting (F-2) distributions with cons-
tant 10-90 % distance (and increasing normalization} with (F-1)
distributions. The conclusion is that a fitting procedure with
(F-1) distributions can lead to spurious effect in the deter-
mination of the surface thickness.

ii) The D.M. predicts a larger value of (o) in finite nu-
cleus as compared to . Self-consistent ETF calculations
confirm the D.M. predictions. . However in a recent paper [11],
Pearson argues that from H.F. calculations one has ¢ (0}

We think that part of the discrepancy between the D.M. sﬂh
Ref.[11] is due to the fact :hat Pearson uses (F-1) distribu-
tions to get ride of the shell oscillations in the interior.
Fig.1 indicates what happens when (F-2.5) distribution are
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FIG 1 : Plot of {if)-fa- as a function of A~ 3 e 7, no Coulomb)
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*In fact, for A < 100, the constant density approximation of
the Droplet ]qgel breaks down, and an exponential term
~ exp(- ] can be shown to reduce significantly
the compression.



used, instead of (F-1). For Y = 1 one recovers the Pearson
results, bul for VY = 2.5 onc recovers on the average the cen-
tral compression. Smooth curves show respectively D.M. and
various corrections, broken curves show the fit to HF density
using F- distributions. The importance of the filling
of s and p shells is striking as can be scen in Fig.1.

Although the experimental densities do not oscillate as
much as H.F. ones, the above discussion proves that great care
must be taken when extracting a central density to be compared
to the DM one.

2. Surface energy of SIHM

a) M =17
The surface energy g s and the surface tension g _are
defined as follows :

R L L =f[H(c.7cJ-3~—c]ﬁ (9)

Use of Eq.(2) proves that the contributions of the volume and
gradient terms are equal. So one can write

fm ,
o ] % L _ Y
%= 2f [hie)- P )4 = [ gt M -2) S 0

where the last integral does not reguire the knowledge of
(r) [7]. Using the cubic expansicn (3) one obtains an
explicit formula for T ome

An alternative procedure is to perform a restricted varia-

tional calculation using a (F- ) parametrization of the
density. One then obtains
0
2 [tl ) dp 2
o = -()_': —_— —_— nm
- a tim U041 t (2 ¢4) an

which agrees very closely to the results of Eq.(10). With the
choice R = 1/4¢ we reproduce for all Skyrme forces the H.F.
results within 4 %. We will now generalize the method to the

case N # Z.

by N #12Z

£ which now depends on the asymmetry I = = is
defined as in Eq.(9)

£ ‘tTlr,‘b_z Ij’c(fl'slafléx)'a"(-— 1"(’][; (12)

where § = N and & and @ are the chemical poten-
tials for necltrofis and pré%ons. IR Ref.[15] Is presented a
restricted variational calculation of ¢(I) using F-V distri-
butions for neutrons and protons. We shall derive here a
simple yet accurate expression for the surface symmetry
energy.
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As In the symmetrical case one can integrate once the two
coupled Euler equations for fn and fp' One gets @

(A v3re,)" 2 k(e d) - (d~emArtp)] (13
where h( f’ § ) is the volume term of gﬁ , which we- write :

hig,$) = hig) v eele)d - (1)

In Eq.(14) & & @) is the volume part of symmetry poten-

tial. It can be expanded as
t‘—ﬁ-') (15)

nm

At

L “ lam [
PR A

3
5:_"" is the symmetry energy of nuclear matter, L = @_2 1: If
_ LY (e
and Ksym = Jf ,r—i[
On the other hand from the mass formula one has :
aAm
A, = am«‘" &; I(Z'I) (16.a)
LY
Npz duw = &0 I (24T) (16.b)

Using Eqs.(13}, (14)_and (16) in Eq.(12) one gets :

g= Zﬁl‘(f)‘ Adum]de + Zf(’{‘s & lei- LJ‘ (”1'1:)} o “an

The first integral is equal to 0" + D—(I ) despite the fact
that (- ) is no longer equal o fn s+ it is known that

Tom 15 stationary around € nm [3].

If we define the surface symmetry tension O"( as

T
oc-v +«+ 10

one has
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(18)

Formula (19) is eaact within the fnergy Density Formalism
(EDF). (It will probably give rcasonable results when using



H.F. densities, but we did not check it). However it requires
the knowledge of the function  §{r). We shall sec that the

approximation § = I In Eqg.(19) lcads to a rapid and fair
estimate of E . HNotice that this appronimation should

nol be made directly in Eu.(12), because one would loose
the contributions of the terms in V§ , l.e. ~s half of
g, . R

3
With this approximation Eq.(18) becomes :

o
"'[f[ﬂ(c)"z;-]"{’( » (19)
oo

which nicely exhibits the origin of G, : the surface symmetry
tension appears as the average of the defect of the symmetry

potential with respect to its nuclear matter value. This

defect is plot in Fig.2 and one understands why 0; of S-V
is three times greater than of S-III.
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FIC2 = £(p)- 55""‘15 plotted as function of P /@  for

S-III and S-V forces.

One can further simplify Eq.(19) by i) taking the expan-
sion (15) for & (e ) ii) using a F-4 parametrization for e .
If one writes

(20)
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Table (I) compares results given by Eqs.(18), (20) and
other calculations available.

TABLE I : Values of - E:for various Skyrme and finite range forces

SII SIII SIV sv SvI SkM D1[12] B1n3]
Eq.(20) 54 31 57 77 22 52 39 133
Ref.[15] |56 30 66 99 20 56
Refs'éﬁ’ €0 3 57 8 26 38)
Refs'(ﬁﬂ‘“ 85 47 (35) 105 38 (46)

If one excepts the values of Ref.[14], which are obtained
through a fitting procedure to calculated masses and therefore
probably less accurate, an overall agreement betwzen the
different approaches ( ~-20 %) is obtained.

Concluding remarks

The major interest of the method sketched here (see
Refs.[15,16] for a more systematic development) when comparing
to the others is that It gives rise to analytical formulae for
macroscopic properties of intecractions to be used in microsco-
pic calculations. The method may facilitate tne process
of improving the existing effective interactions, incerpora-
ting more experimental information on static and dynamic
properties.
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