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A compact a v e r a g i n g procédure Is worked o u t t o 
s t u d y t h e bean-beam e f f e c t i n s t o r a g e r i n g s , i n t h e 
weak b e a n - s t r o n g beam c a s e . In o r d e r t o a v o i d d i f f i c u l 
t i e s w i t h p o l y n o n i a l a p p r o x i m a t i o n s bean-bean p o t e n t i a l 
d e r i v i n g from t h e assumed G a u s s i a n c h a r g e d i s t r i b u t i o n 
I s u s e d . 

Truncated and e x a c t p o t e n t i a l s 

The e l e c t r o m a g n e t i c p o t e n t i a l d e r i v i n g f r c n a 
G a u s s i a n charge d i s t r i b u t i o n can be w r i t t e n i n an i n t e 
g r a l form a s dona i n Réf. 5 : 

V<-.y) - V„ 

IhTROOUCTlOH 

In a s t o r a g e r i n g , p a r t i c l e s e x p e r i e n c e , each 
t i n e they i n t e r s e c t w i th the or . -coning bunches* sharp 
n o n - H n e a r Impulses . These may add up t o i n c r e a s e p a r 
t i c l e e a p l i t u d e s thus h u r t i n g l u m i n o s i t y g o a l s and l i 
f e t i m e s . As f o r n o n - l i n e a r problems l a g e n e r a l , t h e 
n o t i o n s o f t h e "weak bean" p a r t i c l e s are d e s c r i b e d by 
a n o n - i n t e g r a b l e H a m i l t o n i a n . Two a p p r o a c h e s have been 
d e v e l o p e d . The f i r s t o n e i s t o e x p r e s s the problem a s 
• n i t e r a t i v e napping and t o u s e a computer t o c a l c u l a 
t e t h e e v o l u t i o n . R e s u l t s Storn such s i m u l a t i o n s ' show 
t h e behav iour o f p a r t i c l e s dur ing a g r e a t number o f 
<-.urns a s w e l l a s fundanenta l c h a r a c t e r i s t i c s o f n o n -
i n t e g r a b i e problems : beyond a t h r e s h o l d , a l a r g e num
ber o f t r a j e c t o r i e s become " c h a o t i c " and u n p r e d i c t a b l e . 

The second one i s t o approx imate t h e problem w i t h 
an i n t e g r a b i e o n e . A n a l y t i c a l c a l c u l a t i o n s can t h e n , 
i n p r i n c i p l e , be a c h i e v e d . Al though r e s u l t s w i l l be 
q u a l i t a t i v e l y f a l s e i n t h e s e n s e t h a t t h e fundamental 
" c h a o t i c " p r o p e r t y o f the sys tem i s , a p r i o r i , s u p p r e s 
s e d , t h e y c a n , up t o a t h r e s h o l d i n beam-current or in 
a m p l i t u d e , be v e r y good q u a n t 1 t a t l v e l y ( s e e I I ] . The 
most popular approx imat ion i s t h e u s e o f a f i r s t o r d e r 
a v e r a g i n g procedure : among t h e many r e s o n a n t t e r n s 
a p p e a r i n g i n t h e non-approximated H a n U t o f i l a n , o n l y 
one i s k e p t , assuming t h a t t h e sys t em i s c l c s e enough 
t o t h e c o r r e s p o n d i n g r e s o n a n c e . S i m u l a t i o n s * ' 1 a s w e l l 
a s t h e o p e r a t i o n o f e x i s t i n g s t o r a g e r i n g s " show t h e 
r e s o n a n c e s do p l a y an important r o l e , b e f o r e t h e b e a n -
bean l i m i t i s r e a c h e d . 

In t h i s p a p e r , we compare po lynomia l a p p r o x i n a -
t i o n s o f t h e bean-beam p o t e n t i a l w i t h t h e e x a c t o n e , 
and we p r e s e n t o p e r a t i o n a l e x p r e s s i o n s u s i n g t h e l a t t e r . 
I l l u s t r a t i o n i s g i v e n in t h e c a s e o f the c o u p l i n g r e 
sonance 2Q - 2Q = i n t e g e r . 

f i ^ 
\2(j2 + t 2o2 + t j 

/sr; 
For c o n v e n i e n c e , most auUiors expand the p o t e n t i a l In 
p o l y i m l e l s e r i e s 5 ' * 1 ' 7 , t r u n c a t e them a t a c e r t a i n order , 
and then proceed t o transforming and a v e r a g i n g . 
A t r u n c a t i o n a t t h e 4 t h order g i v e s 

V,(..y>- - « ' » 1 0 - V ' B 0 1 4 « '> M - | v-V"!!* 2 » 2 «> 
I n 6 , t h e t r u n c a t i o n i s node a t t h e 6 t h o r d e r , y i e l d i n g 

y s u . . , i . v , . - . y ) - i - s

S j 0 - l , - » ^ 2 1 - } , V s 1 2 - | y ' , M „ , 

C o e f f i c i e n t s 8 can be found In appendix of ' ' . 

i n - i l l m o voi 
• Exact p o t e n t i a l ( s o l i d t i n e } and t r u n c a t e d 

p o t e n t i a l s t o 4 t h o r d e r (do t t ed l i n e ) and tc 
6 t h o r d e r (dashed l i n e ) for x » 0 . 5 a 

I I I » » tVT 1 I 1 Ï -I I I J 1 

F i q o r e 1 - Exact p o t e n t i a l ( s o l i d l i n e ) and t r u n c a t e d F i g u r e J - Exact p o t e n t i a l ( s o l i d l i n e ) and t r u n c a t e d 
p o t e n t i a l ? t o 4 t h o r d e r ( d o t t e d l i n e ) and p o t e n t i a l s t o 4 t h o r d e r ( d o t t e d l i n e ) and 
t o 6 t h o r d e r (dashed l i n e I f o r x » 0 t o 6 t h o r d e r (dashed l i n e ) f o r x • o_ 



Such truncated expansions are believed to be va
lid as long as one only considers particles with snail 
amplitudes, since the series are alternating, i t semis 
obvious that the convergence is going to be extremely 
slow for large amplitudes, what a "large" or a "small" 
amplitude means, has never, to my knowlegde, been qua
l i f ied. An answer is given here through a comparison 
of Vtx.yl «ithV 4 (*.y» and\f <x.y}. In the case of a 
flat bean a /a =16 . They are plotted" as function of 
y, for three fixed values of x, in fig. 1-3. 

Roughly, i t can be said that the truncated ex
pressions and their f i r s t derivatives (relevant to 
resonance widths) are very close to the exact ones for 

Dlmenslonless non-truncated potential 

The potential given in (I! Is f i r s t reexpressed 
in terms of dimensionless quantities : 

Vo.yl - V„ F 
— \l/t*T S*T/ 

The Ha»11tonIon and i t s transformation 

As done i n s - 6 , the notion of a weak-beam par t i 
cle can be described by the following Kami1tonian 

Hoc i ï i e i - H(j + H'tx, v . 0> Ie-

>rm due to the succession of localised kicks. 

^-represents unperturbed notion, S =• au per perio
dici ty 

The method of variation of constants with the Floquet 
solutions for the unperturbed problem is then used to 
obtain an action-phase Hasiltonlan. Setting : 

\ x y ' 

,B A \ l / A \ l / 2 

x y' 

in (41, we obtain 

« • ' W W -v 0 1L.«'"" 
[" -in (1 + cos 2* ) + u 11 + cos 2f> )] 

where u = 

/(TTf+THfÏT) 

i „ y y i 
x 4o 0 1/ft-T y 4a 0 f4T 

we obtain : 

i . — | H 0 , V / H, 

»lmreH 0 l» x .» y >-V 0 

is(2n+ )cos(2m>, 

- * u +u„) 
V U l - J l l u l 

/(1/f+TIlf*T) 

/(l/f*T) (f*T) 

Expression 19] is a compact non-approximated way 
of writing the HamiltonIan, »nd the problem of i t being 
non-Integrable remains. A similar approach including 
a l l orders of the potential con be found i n 9 . The inte
grals given in (10), are, of course, not easy to ca l 
culate analytically. However, the smooth behaviour of 

y = e I (x) allows a quite e i computatioi 

First order averaging procedure 

Von Zelpel's procedure"' provides a perturbative 
averaging scheme which is developed to the f i r s t order 
as i n 5 ' 6 * 7 . I t Is then equivalent to the usual neglec
ting of fast oscillating terms. Assuming the system is 
close to an isolated resonance. I .e . verifies 

(• 2 o q 

(II) 
2 n Q + 2 m n • k s < 

A q small 

the averaged Hamiltonian is : 

Hi " H n l V y + H i n H ^ A ^ A )cos(2n*x>2m(r -kS9> (12) 

2 ' \* 2|n| | „M-I '* [y 3 | . | |nl + |m|p 
Let us also notice that the Hamiltonian given in (9) 
makes i t quite easy to develop the averaging method to 
higher orders. 

Hlustrat ion in th» case of the coupling resonance 
2 ^ - 2 0 - integer 

Putting n - - m = I in (9 - 13) and reducing the 
number of degrees of freedom through a canonical trans
formation with generating function 

c2l+x

,*y,a'ci'e}'* *x W r * , + * <5*»> J-**^ ( i 4 ' 
we obtain the following expression for the invariant 
C2 (with S£x - 5îy> 

>-aGr+^K|iUvh>-vH 
* - " 5.B * •„ * " l i r i ( 2 ~ a > ' C l ( 2 * a 7 ' < c o s l 2 i ' ~2* -*S5)*nAq c J (15) 

On fig. 4 is shown a plot of the limiting values of C 
corresponding to cos(2+ - 2 O - kS I - t 1 and for 

particles in i t i a l ly a t » = 0.25 0 , y - 0.25 o . 
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U U t - f U 

F i g u r e 4 - L i a i t i n g I n v a r i a n t c u r v e s f o r the c o u p l i n g 
r e s o n a n c e 2 O - 2 O • i n t e g e r , c o r r e a p o n -

d i n g t o ( x , y l - l i t l t i a l v a l u e s o f I j o , | o 1 

s c • 0 . 1 2 , and f o r v a r i o u s v a l u e s oE Aq 
y 

p a r t i c l e t r a j e c t o r i e s a r e r e p r e s e n t e d by v e r t i c a l 
l i n e s l i m i t e d by t h e two c u r v e s . The a m p l i t u d e o f t h e 
b e a t i n g i s g i v e n by t h e l e n g t h o f t h e s e l i n e s , which 
aay becone i a p o r t a n t near t h e r e s o n a n c e . The c l o s e n e s s 
o f t h e 2 c u r v e s i s e x p l a i n e d by t h e r e s p e c t i v e o r d e r 
o f Magnitude o f t h e coaputed f u n c t i o n s |{ and f|. . m 

g e n e r a l I H , , / ^ ! * ^ • 

C o n c l u s i o n s and p r o s p e c t s 

M o t i v a t i o n s t o p r e s e n t a p r a c t i c a l and r e a l i s t i c 
ae thod can b e l i s t e d by order o f importance 
I s ) a l l o w « o r e or l e s s r e l i a b l e p r e d i c t i o n s t o be made 

concern ing beaa blew-up v e r s u s ( O , O f - w o r k i n g 

p o i n t s , be low t h e s t o c h a s t i c l i a i t . 
2") answer t h e q u e s t i o n : "up t o Which t h r e s h o l d i s a 

n o n - i n t e g r a b l e s y s t e a q u a n t i t a t i v e l y w e l l a p p r o 
x imated b y an i n t e g r a b l e o n e i n t h e e a s e o f b e a a -
b e a a i n t e r a c t i o n ?" 

3"> v e r i f y t h e c o n j e c t u r e : " t n e u s u a l o p e r a t i n g r e g i o n 
i n which a r e s o n a n c e b e h a v i o u r p r e v a i l s c o r r e s 
ponds t o t h e zone b e l o w t h e above a e n t i o n n e d t h r e s 
h o l d " . 

AOMOHLgDEWMTS 
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