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SUKKARY 

During the operation of nuclear p lants , components 
experience low-cycle fatigue due to thermal t r ans i en t s . 
As i s well-known, low-cycle fatigue i s the condition 
in which ine las t ic s t ra in predominates. A good know­
ledge of the local s t ra in range i s therefore highly 
desirable for low-cycle fatigue analysis . Since 
current practice i s to perform a l inear e l a s t i c 
analysis, resul t s thus obtained must be corrected to 
assess accurately the actual s t ra in range. 

There are two basic discrepancies between the p l a s t i c 
behaviour of the material and the l inear e l a s t i c model. 
The f i r s t i s the non-linear s t r e s s / s t r a in re la t ionsh ip , 
which mainly affects the s t rain range in the v ic in i ty 
of s t ress r a i s e r s . The second i s that p l a s t i c de­
formation shows no change in volume. In other words, 
the p las t ic POISSON's rat io (P.R.) i s equal to 0.5 in 
the p las t ic range, i . e . , i t has a higher value than 
the e las t ic P.R., This paper covers the correct ive 
action related to th is absence of volume va r i a t ion . 

Current practice i s to require that s t resses be evalu­
ated on an e la s t i c basis , although with a P.R. value 
different from the e las t ic P.R. This procedure i s 
rather inconvenient, and seldom used. I t appears 
preferable to use an alternative rule requiring only 
multiplying the computed equivalent e l a s t i c s t r a i n 
range by a corrective factor which may de designated 
as Ky. 

Under plane s t ress conditions ( e .g . , close to a wal l ) , 
the actual equivalent s t ra in range can be computed 
using an equivalent P.R., the value of which i s obtained 
from simple considerations. 

y - -g5- v + o.5 ( 1 - ^ s > 
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where "s i s the secant modulus of the cyclic s t r e s s / 
s t ra in curve (at the actual s t ra in range value) and 
S ,v are the e las t ic constants. 

This permits deriving the corrective factor K^ and 
plot t ing curves showing Xy/ as a function of the 
e las t i c s t ra in range (and the ra t io of p r inc ipa l s***< *$, 
stresses-) for a given material. 

1. Elast ic analysis i s generally used to evaluate low-
cycle fat igue. Since the l a t t e r i s dependent on actual 
deformation conditions, two correction types are required. 

During the operation of nuclear plants , components 
experience low-cycle fatigue due to thermal t r ans i en t s . 
As i s well-known, low-cycle fatigue i s the condition 
in which ine las t ic s t ra in predominates. A good know­
ledge of the local s t ra in range i s therefore highly 
desirable for low-cycle fatigue analysis. Since 
current practice i s to perform a l inear e l a s t i c 
analysis, resul t s thus obtained must be corrected to 
assess accurately the actual s t rain range. 

Calculations are based on the assumption t h a t material 
behaviour i s fully e l a s t i c and l inear . This method has 
the advantages of simplicity and economy. I t i s also to,,^v; V-/- î ve 
jus t i f ied by the fact tha t selecting a su i tab le efrareo-
terrstjbc equation i s d i f f i cu l t and often unre l i ab le . 

Unfortunately, s t ra in var ia t ions obtained through 
e las t i c analysis are not identical to the actual 
variat ions which are required for evaluating low-cycle 
fatigue behaviour. Differences between these two 
values of strain variat ions have two d i s t i n c t or igins . 

The f i r s t i s the non-linear s t ress / s t ra in re la t ionship 
in the event of p l a s t i c behaviour. Because of t h i s , 
the actual s t rain variation i s often larger than the 
value computed assuraing the material to be e l a s t i c and 



l inear . The magnification due to th i s non- l inear i ty 
i s par t icular ly noticeable in the v ic in i ty of s t r e s s 
ra i se r s . Pract ical rules have been proposed in a 
number of codes» e .g . , ASME Section I I I (2 ) , where 
e las t ic analysis resul t s must be multiplied by a 
factor Ke. Although th i s effect will not be discussed 
here, readers are invited to refer to the a r t i c l e by 
P. Petrequin e t a l . (1) for more detai led information. 

The other origin i s the fact tha t only e l a s t i c s t ra in 
causes volume changes in sound material. P l a s t i c 
s t ra in produces no volume changes. Such changes are 
direct ly related to the value of Poisson» s r a t i o 
(P.R.). If t h i s value i s 0.5» volume va r i a t ion i s n i l , 
which i s the case of non-elastic deformation. For 
l inear , e l a s t i c deformation in most metals, P.R. i s 
close to 0.30, representing an appreciable change in 
volume. A change in P.R.- when p las t i c deformation 
takes place may also amplify the s t ra in v a r i a t i o n . 
Unlike the phenomenon discussed above, amplification 
does not occur in the s t ress reisers, but r a the r where __, ^ 
the s t ress or s t ra in field i s b i -ax ia l . Such i s the.-..--- r ,°-* 
case in a wall subjected to thermal s t r e s s . The object 
of th i s paper i s the P.R. correction through a factor 
designated as Ĵ Y to make a d is t inct ion between t h i s 
phenomenon and the former. Such a correct ion i s 
actually prescribed by the construction codes (1 ) , (2) 
in certain cases of fatigue analysis. I t i s generally 
required that computations be performed using a nominal 
P.R. (different from the physical value) which accounts 
for s t ress cycle amplitude. Unfortunately, applying 
th i s correction i s not straightforward and i t i s 
frequently omitted. This paper therefore aims at pre­
senting a more convenient method. 

2. If fatigue resistance i s dependent on the équivalent 
variation, a P.R. correction factor must be applied to 
e las t ic analysis data. 

Although fatigue test ing i s performed using mono-
axially loaded specimens, pract ica l fatigue analysis 
often covers multi-axial load cases. The mult i -axial 
nature of the load i s the reason for the P.R. correction. 



Such an investigation requires determining the in ­
cidence of multi-axial s t ra ins on fatigue behaviour. 
This i s a complex problem which has been extensively 
covered by Brown (4) and liarloff (5) . However, i t 
should be noted that workers in the f ie ld do not seem 
to agree unanimously on a single general law. The 
authors do not intend to discuss th i s point; the 
octahedral s t ra in amplitude law will therefore be 
accepted as a good representation of physical rea l i ty 
as regards low cycle fatigue. This statement i s in 
agreement with common practice as mentioned in code 
case N47 (3) . t.«.?o»««v 

In j th^r i:rmo # i'2 we know/the variation A £ i j of 
every actual s t r a in tensorv we must subsequently agree 
that the following relat ionship should be used to enter 
the "design fatigue curves": 

^ e « j - \T(f A ̂  + f ( A £ k k ) 2 } ( , ) 

Unfortunately, these actual variations remain unknown 
if computations have been based on the assumption 
that material behaviour i s e l a s t i c . The only known 
quantity i s the equivalent s t ra in variat ion &£ e1e* 
calculated under e l a s t i c conditions. 

I t can be readily be shown tha t , for an e l a s t i c , i so ­
tropic material (with Young's modulus E and Poisson's 
ra t io Vf the following relationship holds; 

JLC~„ 2 1 + ^ A<oeq e (2) 

where û<T*eq.e i s the equivalent steain variat ion based 
on the law of octahedral shear and given by: 

( ^ i j i s the e las t ic component of the s t ress tensor) . 
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However, the above relat ionship i s no longer» val id 
i f the material, although isot ropic , i s no t / fu l ly 
e las t ic end l inear . I t remains possible to use a 
similar relationship i f the load consirder-ed remains 
in the proportional Range. To th i s end, one should 
define two quanti t ies Ebs and I/, such tha t the following 
relationship holds at both ends of the loading cycle: 

r 
P i i - 1 +*J Xi . i - i_ ^Kk o'ij (4) 

Vfe may then write relationship (5) , s imilar to (2 ) , 
in cases where the material i s not fully e l a s t i c and 
l inear . 

Afeq . | 1 t-v A<r e q I (5) 

I t i s apparent that Es must be the secant module^ taken 
from the material cyclic curve at the considered 
loading point . \) i s the effective P.R., which i s 
equal to V in the e las t ic case, and tends toward 0.5 
when behaviour i s to ta l ly p las t ic (p las t ic deformation 
entails no change in volume). 

The value of effective P.R. \/ has a strong incidence 
on fatigue analysis r e su l t s , since for a given cyclic 
s t ra in , the value of A^eq (entered in the design 
fatigue curves) may be highly dependent on'vr • I t i s 
sufficient to consider a point where «4 £11 » A €-22 » 
<*AT, AGJ3 = 0 and A £12 = ,d£23 = /XT13 =/3C532 » 0 
(thermal s t ress with principal direct ions 1, 2 and 3) . 
Then: 

A £ e q = 2 1 +V ^ T (6) 
3 T=çr 

I t can readily be seen tha t , i f thje material exhib i t s a 
strongly p las t ic behaviour (with V close to 0.5) the 
computed value of /ûé^eq i s significantly greater than 
in the e las t ic case (y = V ) . Maximum magnification i s 
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1 +"'\> * i • e • » approximately 1.61. 

V/hen a wall experiences thermal shock» the s t r a i n 
condition i s dependent on the effective P.R., i » e . . 
on the magnitude of p las t ic deformation. Actual 
equivalent s t ra in i s KN> times tha t calculated under 
e l a s t i c conditions. Factor K̂  can be determined as 
a function of thermal deformation. 

The value of maximum amplification (1.61) derived 
through the above calculation i s consistent with 
published data. Finite element calculations performed 
under ine las t i c conditions using the ANSYS code and 
quoted by Severud (6) give similar r e su l t s . The same 
subject has been investigated by Gonyea (7) and 
Houtman (6) . A diagram as in figure 4 of (6) gives a 
correction factor solely due to the incidence of "the 
effective P.R. t This therefore suggests tha t the 
relevant correction should be applied through increasing 
by a factor Ky the value of equivalent s t r a in var ia t ion 
as computed under e las t ic conditions. Further, i t will 
now be shown that the diagram which gives Ky can be 
derived analytically from material properties and 
loading charac te r i s t ics . 

I t i s advisable to begin with the simplest case . i . e . . 
thermal shock at a wall not subjected to pressure . 
This i s the case of the example in the above paragraph. 
Along the main direct ions, A £.11 =à £-22 = oC A ^ and 

A*5~33 = °» the value of the third main, deformation A£33 
•no m i l - h s f r o m +>>o T»O1 a+-i nnsVH n» * i results from the relationship: 1 ( f^ l.. J I, l 

o = 4<r i 3 - c's (ffAC + Ae^+ft-vluesi) 

which gives A £33 - "L±_X- o< AT 
I-V 
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a value highly dependent on effective P.R, y ; 
equivalent s t ra in variation i s : 

1 3 i _ v 
(8 ) 

I t i s found again tha t , in the case of an e l a s t i c 
material, the resu l t would have been, as above: 

^ 3 , - y 
(9 ) 

a value which is too low and must be multiplied by 
factor 

Ky • 
ACe<i (actual) 
^ £ e q e (computed under e las t i c conditions'} 

which in t h i s case i s : 

Ky = _ l+ V 
14V 

I - V 
1-1 

(11) 

The effective P.R. value, designated as V . i s given by 
relationship (12), established by Nada£ (9 ) : 

v = v ^ + os (i- i n 
E £ 

(12) 

Derivation of this relationship is given in the Appendix. 
t,s 

In pract ical cases, the secant modulê  Ss associated with 
equivalent s t ra in amplitude £ ^ 4 T _ £ g. can be found 

on the material cyclic curve (figure 1). Effective 
P.R. V can be computed using formula (12) and e l a s t i c 
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values (2, V). îty i s then found from formula (11) , 
and associated with J ( A Ï (9) and / 4£eqe . 

I t i s thus possible to p lo t a diagram giving K̂ f as a 
function of <d£eqe» This has been done ( f i g u r e ! ) 
in the case of a type 316 austenit ic s tee l ( a t 2Qt), 
the cyclic curve of which i s shown by figurej. . 

The above example i l l u s t r a t e s the effect of P.R. 
The specific case investigated i s that of a po in t in a 
wall with no pressure applied, and where the only known 
deformations are those in the plane of the wa l l . How» 
ever, deformation .4 £'33 in the perpendicular d i rec t ion 
i s derived from c o n d i t i o n n e r = 0. I t s value i s there­
fore d i rec t ly dependent on material compressibil i ty; i t 
i s different i f material behaviour i s strongly p l a s t i c 
(low compressibility) or fully e l a s t i c . In such cases, 
the value of A £33 i s dependent on material behaviour. 
Hence correcting factor Ky. 

4. V'hen a free wall i s subjected in i t s own plane to cyclic 
bi-axial deformation t the actual equivalent cyc l ic s t r a in 
to be used in fatigure calculations i s equal t o KV times 
the equivalent s t ra in variat ion computed under elastic; 
conditions. Factor Fff i s easily derived from the mater, a l 
cyclic curve. . , • ,.,\ 

In the example given ea r l i e r , s t ra in values were the same 
in a l l directions (thermal shock case) . One might con­
sider more general cases in which the two tneAn-^ctua^ de­
formations ^ £ 1 1 and A £22 are not equal. The value of 
deformation in the direction perpendicular to the plane 
r e su l t s from conditionn<5"33 » 0 , leading to 

l - V 

(14) 
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Introducing a change in notation defined by: 

AC, = ^i, ^ , - H ^ W " 
where e and d are values of̂  expansion and d i s to r t ion 
respectively. a t V o „ , 

Actual s t ra in equivalent variation i s 

A £eq = -L f(sê'l.+ -^- J (15) 
1 3 jux 

As above, i f the material had been regarded as e l a s t i c , 
ident ical resul t s would have been obtained with V = V > 
giving a low value v/hich must be nul t ipl ied by factor 
Ky to derive the actual value. 

A t eq (actual) 
% = 

A £eqe (computed under e l a s t i c conditions) 

therefore: 

where 

& A ti\ +A cut. 
(13) 

Effective values of P.R.^ and jU~ are derived from 
Nadai's relationship through a procedure s imilar to 
that in the previous paragraph. In the above formula, 
i t will be noted that ratioM/ÀÏ i s the value of factor 

KV in the case of a fully equi-axial deformation where 
d « ^ - 0 . 

Based on the above considerations, a diagra'n can be 
plotted, giving Ky as a function o f e = ^ i £ l 1 + ^ 622 
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O = e for a Material with known cyclic curve. This 
requires making the assumption tha t , under niulti-axial 
conditions, tne cyclic curve can be plot ted in the 
A t eq - ^G~eq plane. The procedure i s then the 
following: for a given value of A£eq, one finds the 
secant module__of the cyclic curve, hence y from Nadea's 
formula, andyi. . From values of V and cT , Ky i s 
found by formula (13) and e by formula (15) » writ ten 
as: 

e =

 5 A ^ e y

 ( 1 6 ) 

As in the above example, curves giving Ky as a function 
of A £eqe and à can be derived from the cycl ic 
curve of a type 31o austenit ic s tee l at 20°C; they are 
shown by figures <V and 5 respectively. 

Conclusion. Proposed rule 

Since p las t ic deformation takes place with no change 
in volume, the equivalent variat ion in deformation 
relevant to fatigue analysis i s greater than in the 
e las t ic case. 

Although cer tain codes ( (2) , (3) ) recommend using 
a nominal P.R. value in calculat ions, i t appears more 
convenient to apply a multiplying factor KV to the 
equivalent variat ion in deformation computed under 
e las t ic conditions. 

I t has been shown tha t th i s factor Ky can be derived 
analytically from the material cyclic curve. Diagrams 
can be plotted, giving Ky as a function of changes in 
deformation taking place in the plane of the wal l . 

This correcting factor Ky i s independent from correction 
Ke which applies to s t ra in amplification i n s t r e s s 
ra i se rs . 
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APPENDIX - Determination of effective P.R. 0 

3y definition, effective P.R.V is given by formula: 

6c{= Jl^-JS-ii- JLcT^S^j (17) J Es e s 

for an isotropic material. In this relationship, B s is the secant module^ taken from the equivalent stress/ 
equivalent deformation curve. 

Since it is well known that plastic deformation occurs 
with no change in volume, the only change in volume is 
due to elastic deformation, and written as: 

il = E h k = ±1± 6~kk (») 
where iS i s Young's modulus and v* i s the e l a s t i c P.R. of 
the material. This therefore requires: 

1 , r 2 ~ = — 5 - " » hence the value of effective P.R. 

"v ^ v S L + o*s 0 - £**) (19) 
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