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Abstract . It i s shown that the usual cut-off procedura (oc cut
off pareaeter) eaployed in the boson representation of the f era i 
on f i e ld operators of the one-diaenaional two-feraion aodel (TFM) 
i s an incorrect one as the coaautator of the he rai tean-con jugate 
f i e ld operators t t the saae space-point f a i l s to f u l f i l a certain 
relationship which was pointed out iong ago by Jordan . The coa-
plete fora of the boson representation (including the zero-mode) 
of » s ingle feraion f i e l d end the correct use of the cut-off pa
rameter ex i e reviewed following Jordan and generalized to the TFM. 
The cut-off parameter oc corresponds to a bandwidth cut-off and 
•Jordan's boson representation i s exact only in the l i a i t <*- —•> 0 . 
The additional zero-mode terme make the exact solution of the bec-
kscattering and umklapp scattering problem to be valid only i f a 
supplementary condition ie imposed on the coupling constants.Using 
the present bosonization technique a l l the inconsistencies of the 
TFM are removed. The one-particle Green's function snd response 
functions of the Toaonaga-Luttinger aodel (TLIi) are calculated 
end found to be identical with those obtained by direct diagram 
summation. The energy gap appearing in the spectrum of the TFM 
with backscattering and uaklapp scattering for certain veluee of 
the coupling constants ia shown to be proporLionel to the momen
tum transfer cut-off r"* which has to be kept f in i t e while <*•. 
goer to zero. Under such conditions the anticommutstion relatione 
and Jordan's commutator are invariant under the canonical trans
formation on the boeon operators that diagonalizee the haa i l to -
niar. of the TLM The charge-density response function of the TFM 
with backscattering i s perturbaticnally calculated up to the f i r s t 
order. The cut-off <<x applies in the eaaa way to teras which dif
fer only by their spin indices in the expression of th is response 
function. The charge-density response function i e also evaluated 
et Jow frequenciep for the exectly soluble TFM with backscsttering 
by using Jordan's cut-off procedure. 
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I . INTRODUCTION* 

Although the investigation of the one-diaeneional problem of 

interacting fermions etarted long tiae ego i t was only recently 

that '.he contact was made between theory and experiment with the 

«ttempts for understanding the unusual properties of the queei-

'4-dimensional materiale . This aroused a greet deal of interest 

in the many-fermion .yslea in one dimension. The present paper «Se

a l s with the one-di?> .fli.onal two-f*- <•••• '.-•• »odel (TFM) proposed 

many yearp ago by Lu!-tinge r end r« ized by Luther *r - i'vay' 

to include the bhcJceeattering i r.u-faction and by Emery, -uther anc-
4 

Peechel to imiude the umklBpp ecetterin?. There ie « t oee ena-

logy between Uiie model and the one-dimension*. Fermi get* rrode) 

(FGM) whose characterist ic features 9re brief ly reca^l'd "urther 

below. 

The one-dimensional POM consists' of weaK?v interacting spin-

half fermjona with wevevector h. ranging ( in the ground-stats) 

from •- * to •+ k-F t> being the Fermi moment urn. As the low ex

cited s t s t e s can be built up by euperpoeinK tr> pert i c e - h o l e pairs 

in the neighborhood of the t k f points a bandwidth cut-off k0 i s 

introduced much smaller than kp , which r e s t r i c t s the e ingle-

psrt icie etate* participating in the dynamics of the system within 

tha range zk.o around if-F , t ^ . - k ^ ^ i i« r . k{i . A l i n e a l 

expreasion ia uaed for tb energy of the as atataa t £ , -->u + i/F(i^.i-KF) » 

where JK. i s the Fermi leve l and vp i s tha Fermi ve loc i ty , thua 

obtaining two l inear branches of the fermion spectrum as ^ l i s s 

near -t-fc. or -- KP «The dynamics of the low excited, s t a t e s i s 

governed by two interaction processes. Ths fi e i e the forwsrd 
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scattering process that involves ». saa l l aoaentua transfer .This 

proee:*. e x c i t e s a particle-hole pair in the neighborhood of "t" fe. 

The second one i s the backward scattering process with momentum 

transfer near t zk p that exc i tes a particle-hole pair across 

the Feral eea. The exci tat ion energies sfsocieted with these pro

cesses are very sae l l end consequently both procesees pley an 

essent ia l role in the phyrics of the system. If there i s an under

lying l a t t i c e periodicity end the band it ha l f - f i l l ed there i f one 

mere process whose importance can not be neglected. This i s the um-

ilapp acattering that exci tee two particle-hole pairs across the 

Fermi sea. The momentum transfer in this process i s near -2^_and 

the aoaentua conservation i s ensured by the reciprocal l a t t i c e 

vector & = Afeh . The rGM la further specified by allowing for a 

•oaentua transfer cut-off k.^ which d i f f ers froa fe0 . This cut-of f 

i s imposed n the j.rocesses with aoaentua transfer near ±zk,-which 

may be interpreted ae coming froa phonon-aediated e f fec t ive interac

t ion. Thus the aoaentua transfer cut-off i s reminiscent of the Debye 

cut-off . 

The FOM ae formulated before i s not an exactly soluble aodal. 

Various atteapta have been aade to get approxiaate aolutione. The 

aodel with beckscattering and bandwidth cut-off has f i r s t l y boon 

treated' by suaaing up the aost divergent diagraae (parquet approxi

mation) thus leading to a typical problea with logarithaic singu

l a r i t i e s . This approach predicts a phase transition which can not 

be accepted in one dioension. The lower order logerithaic corrections 

have been taken into account by using the skeleton graph technique 

nad the re normalization group approach . Beyond the parqutft approxi* 

aation i t was found that a l l the s ingular i t i e s of the vertex and 

response functions are shifted to xero frequency and temperatura 
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The momentum transfer cut-off was introduced by Chui, Rice and 
g 

Varma and the renormalisation group technique waa applied to 
9 10 

th i s model aa well as to the model with umklapp scattering 
All th i s work was recently reviewed by' Sdlyoa The spectrum of 

12 the part ic le-density exc i ta t ions waa aleo investigated in the 

model with baokacattering in the l imi t of weak coupling strengths 

when the Fermi eea i s not too strongly distorted by interaction 

Unlike the FGM with beckscattering and umklapp scattering 

the model with forward scatter ing only i s en exactly soluble model. 
13 Meny yeera ago Tomonaga showed that those parte of the Fourier 

components of the part ic le-densi ty operetor which -correspond to 

esch of the two branches of the fermion spectrum sat is fy boson-like 

commutation relat ions in the weak coupling l imit . A model hsmil-

tonian can be derived to describe to* co l l e c t i ve exc i tat ions of the 

particle density . This hamiltonian express i t s e l f as a bi? near 

form of two types of boson operators end can straightforwardly be 
T 

diagonalizcd (tomonaga model). The FOM with forward scattering 

was furu.er developed by Dzyeloshineky and Larkin in a very in

terest ing way . They assumed that the two l inear branches of the 

feraion spectrum may be interpreted as being approximately descri 

bed by two independent f i e l d s of fermions with l inear spectrum of 

the form M• ±. </F U vfcF; . Here ju i s confined to the whole 

energy band which i s of the order of kF . In order to get physical 

re" suit8 for the correlation functions end momentum distr ibution of 

the fermions near *^p a momentum transfer cut-off i s needed. Both 

these quantit ies end the structure of the exci tat ion spectrum were 
14 15 derived by neene of the Werd identity ' ' and a version of the 

functional integral method . It i c known that these methods are 

«»quiv<9lent. to a direct diagram summation The f i r f t precise 
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2 statement of the one-dimensional. TFH was made by Luttinger 

The Luttinger model cons is t s of two types of fermions whose energy 

l e v e l s are ~±VP jt. . The non-interacting ground-state i s f i l l e d from 

-oo to +KF with fermions of the f i r s t type end from - 1 ^ to -*• o° 

with fermione of the second type. I t i s argued that t h i s extension 

of the allowable fermion etatea does not modify the physical r e su l t s -

at l eas t in the weak coupling case - as the newly introduced stater 
17 are far away from tht Fermi points . Mattis and Lieb showed that 

th i s inf in i te f i l l i n g of the Fermi see causes the Fourier components 

of the part ic le-density operator to sat is fy rigorously the boson

l ike commutation relat ione . The kinetic part of the hamiltonien was 

shown to be equivelent to a model hamiltonian which contains only 

boson operators . The model with forward scattering interaction (ex

pressed ss s bi l inear form in boson operators) can be e a s i l y treated 

by means of the canonical transformation method and the resu l t s turn 

out to be those of the Tomonsgs model . This i s why both these modele 

w i l l be hereafter referred to as the Tomonage-Luttinger model (TLM). 

However i t i s worth remarking that there i s a difference between 

these models : whereas in the Tomonaga model the forward scattering 

process e x c i t e s a part ic le-hole pair near ±kp in the Luttinger model 

this excited pair may be placed everywhere . By using the boson a l -
17 18 gebra the momentum distr ibution ' of fermions and the one-par-

• 19 
t i d e Green's function was* calculated in the TLM . A momentum 
transfer cut-off was required in euch calculations to get f i n i t e 

< 20 
resul t s The TLM was recently reviewed by Bohr . An interee-

21 
ting development of t h i s model was attempted by Haldane who ad
ded non-linear terms /to the fermion dispersion re la t ion . The con-
^ept of "Luttinger l iquid" was introduced end argued to apply to 
a wide c lass of one-dimensional systems. 
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The boson alge bre of the Fourier components of the paf t i c l e -
2? density operator was fu l ly exploited «hen Luther and Peechel 

23 and Met t i s introduced a boson representation for the ferm ion 

f i e l d s operators . This representation was used to treat the model 

with backscattering • and umklapp ^ a l t e r i n g . It wae ehown 

that for pait icular values of the coupling constante both these 

models are exactly soluble. A gap i6.opened«in the apin- and charge-

density wave fpectrum , .respectively , which haa an important ef

fect on the infrared behavior of the correlation functions . It i s 

worth mentioning hare that , despite the formal resemblance of the 

backseattering and umklepp scattering terms in the hmmiltonian of 

the TFH to the corresponding terme in the FGM , there are some 
25-27 important differences between these models . First , en ambi

guity reveals i t s e l f when one attempts to assign •> momentum trans

fer to .these proceesee in the TFM . Secondly, whereas the momen

tum transfer involved by ţpfeee processes in the FGM i s near trkP 

there ie no such a res tr ic t ion for the momentum transfer whate

ver i t would be , in the TFM . 

Although the boson representation of the feraion f i e l d s ope

re tors proved to be of great use in treating the one-dimensional TFH 

\Uffr are nevertheless some d i f f i c u l t i e s in deeling with i t . All 

lUt-Hc d i f f i c u l t i e s are related to the cut-off parameter «. intro-
22 

diK!*r] by Luther and Pesehel The boson representation given by 
22 

l.'Uher end Peechel i s not normal-ordered ftt boeon operators 

When normal -ordering i s attempted factors eppmer which contair di

vergent summations over an in f in i te range of waţevectors. Luther 
22 

end Peschel introduced a cut-off parameter oC in the ir boson re
presentation in such a way as to simply ensure the convergence * f 
these fumî. . It was shown that the boeon representation i s correct 

file:///Uffr
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only in the l imi t <x—?o . However t h i s cut-off procedure laade to 
28 

some inconsistencies which wi l l be successively sketched here 

The one-particle Green's funcţionând response functions of the 

TLH can be calculated by using the boson representation of the 

feraion f i e l d s operators and the bosonized hamiltonian. When com

pared with the same quantit ies calculated by the usual direct d i s -
14 I** 

gram summation ' J one can see that the two cut-bffs (band
width end momentum transfer) appearing in these l a t t e r expression* 
are both replaced by the cut-off of1 . Thus oT* can bo interpre
ted neither as a bandwidth cut-off nor as a momentum transfer cut
off , but eppeare in place of both of them. This suggests that the 
cut-off parameter <* i s a too strong one aa i t leaves no room for 
.the dissociat ion of the bandwidth cut-off from the momentum trans
fer cut-off. Another type of d i f f icul ty arises when the backecat-
tering and umklapp scattering are introduced . As i s well known them» 
models are exactly soluble for particular values of the coupling 
constants and have a gap in the exci tat ion spectrum of the spin -
and charge-density degrees of freedom , respectively . This gap i s 
proportional to of1 and l e t t ing <>; go to zero the gap becomes in 
f in i t e ţ a physically meaningless resul t . Instead of making oc 
equal to zero Luther and Emery kept i t f i n i t e and interpreted oc"* 29 as a bandwidth cut-off . But s t i l l Theumenn showed that in eraer 

to preserve the anticommutation relat ions of the fermion f i e l d s 

under the Canonical .transformation on the boson operators that dia

gonal izee the hamiltonisn of the TLM a momentum transfer cot-off 

f '- i s needed which must be kept f i n i t e while c*c goes to aero 

The momentum transfer cut-off f:A proves to be e s sent ia l to the 

servation of sum rule's for the spectral density and in fleet, 
22 the cut-off parameter T was ear l ier used by Luther and Paaehel 
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far da riving tha correlation functions of tha TLM by Mans of 

tha boeonication technique . Howe Tar it was pointed out by Thau • 

29 aenn that tha backscettering haailtonian («a wall a* the unuclapp 

aeattaring ona) can be diagonaliead only if tha limiting process ia 

inverted, that ia by letting r—?<=> while keeping <=< finite. 

25 ' 

Greet c a l c u l a t e d per turbat iona l ly the f i r s t order contr ibut ions 

to the charge -dens i ty response funct ion of the TFM with backscat-

t e r i n g by u s i n g the Luther and Pes chel boson representa t ion * He 

found that the expres s ion of t h i r funct ion does not coincide with 

that corresponding to the FGM ( c a l c u l a t e d both with bandwidth cu t 

o f f and with bandwidth and momentum transfc-r c u t - o f f s ) . The d i s c r e 

pancy r e l a t e s to the c u t - o f f parameter « which does not apply in 

the sfime way t o the contr ibut ion? ths t d i f f e r only by t h e i r sp in 

i n d i c e s ( ;.. and ' ) . AB Greet c o r r e c t l y pointed out t h i s d i s 

crepancy a r i s e s from the nature of the parameter c/i . as i t i s used 
22 by Luther end Pcschel which i s not a true bandwidth c u t - o f f pa

rameter but merely a parameter introduced ad-hoc in order to r e 

move d i v e r g e n c i e s . 

Recently Haldsne 2 1* 8* ' 2 6 showed that a major lack of the 

previoc ' boson representat ion i s the ze?o-modes terms a s s o c i a 

ted with the part ic le-number operators . He c o n s i s t e n t l y taken into 

ec?ount these termc and obtain the complete form of tha boson r e -

p r e r e r t e t i o n . This boson representat ion l o o k s very much the some as 
30 

that encountered in the f i e l d - t h e o r e t i c a l l i t e r a t u r e and , in 
31 f e e t , i t was derived long time ego by Jordan for a « i n g l e f i e l d 

of fermions with energy l e v e l s t H- in h i s attempt of cons truct ing 
32 a n e u t r i n i c theory of . l i g h t The boson representat ion g iven by 

Heldane ' i e normal-ordered so that there i s no need of 

the c u t - o f f parameter < in t h i s expres s ion . However , productf 
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of two or aore f i e ld aperatore are to be calculated «ad the neraal-

ordering problea ariaea again. In order to sake f i n i t e the sua -

mations over wavevectora appearing in the probleaa of th i s type 
21fa) 26 Haldane • pointed out an esaent ia l ly the eaae cut-off pro-

22 cedure aa that given by Luther and Pes chel a i. though the para-

aeter °c haa a different interpretat ion. The boaon representation 
21 (a) 26 and the cut-off procedure given by Haldane ' ' reaove a l l 

the aforementioned inconsistencies of the TFM . However, there i s 
31 a quantity pointed out by Jordan (and hereafter referred te aa 

Jordan'a coaautator) which haa been overlooked eo far by a l l theee 

boaon representations (Haldane'a included). Owing to the fact that 

the Fermi sea of the TFM has an i n f i n i t e number of p a f t i c l e i aoae 

operators may have inf ini te values when acting upon the etatea s f 
31 the system. Jordan redefined these operators in such a way as 

they should be f in i t e snd the result ing in f in i te c-nuabere he 

controlled by the cut-off para aeter °c . Ae a result coaautator 

of the heraitean conjugate f i e l d s at the Fame space-point auet sa

t i s fy a certain relationehip. This Jordan commutator plays the role 

of a supplementary condition which hae to be sa t i s f i ed by the boaoa 

representation. The importance of Jordan's commutator - s d irect ly 

connected to the renormalization of the i n f i n i t e l y larga density 
22 

of part ic les . The cut-off procedure given by Luther and Peschel 

and by Hsldane 1 ( a ) » do not aake the boeonized fsraion f i e l d s 

to setiafy Jordan's commutator. The proper cut-off procedure was 
31 suggested by Jordan 

The aim of t h u paper is to generalize the Jordan theory to 

the TFM (which ic deecribed by four fermion operators, apin in

cluded) 8nd to introduce the proper cut-off procedure . Using 

Jordan's cut-off procedure i t i s shown that the avforeaantionsd 
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inconsistencies of the TFM are also reaoved. The one-particle 

Green*a function and response functions of the TUI are calcu

lated by*ueing Jordan's cut-o*f procedure and-found to bo ident i 

cal with the ir expres s i one) aa derived by direct diagram euaaation. 

Jordan'a cut-off parameter °C turns out to correspond to a band

width sut-off . It i s shown that the exact .solutions given by Luther 
"5 4 

and Baery and Beery , Luther and Per chel are valid only, i f the 

aero-aode teras are absent . Thie requires an additional condition 

iapoeed on the coupling conetants ( g,,,, J Q.^L = *,TV , respect ive ly) . 

Under euch conditions the diagonalization of the haailtonian can be 

done without keeping <* f i n i t e . The energy gap appearing in tb/ţee 

aodels i s ehown to be proportional to r 1 (not <*• ) having thus 

a f i n i t e value. Thus we aay safely l e t ^ go to aero while keeping 

T" f i n i t e . I t fol lows that the anticoaautation relat ions of the 

feraion operators and the Jordan'a commutator are invariant under 

the canonical traneforaation on the boson operators that diegonali-
29 zee the haailtonian of the TLM aa i t ahould be . It i s worth 

reaarking here that Sdlyoa' interpreted an arguaent advanced by 

Lea aa pointing to the neceeeity of keeping f i n i t e the cut

off paraaater oC appearing in the expression of the energy gap . 

But a cloaer examination of the Lea'a. arguaent, as .derived froa the 

BCS gap aquation , leads to the concluaion that i f a moaentum 

transfer cut-off f^ i s introduced auch aa r A ^ <*. the, gap be-

coaea proportional to thia l a t t e r cut-off t ^ , aa resu l t s a1so 

froa the present theory 4 and therefore f i i s the cut-off which 

haa to be kept f in i t e , aa i t waa eaphaeized before , The charge-

ileneity reeponae function of the TFM with backacattering i s per-

turbationally calculated up to the f i r a t order by ueing the Jordan 

cut-off proofdure • I t la found that the bandwidth cut-off paraaater 
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cL appliea in the asae way to loth $-111,1. contributions , the 
25 inconeiatency pointed out by Great y being thereby removed. 

Having introduced the correct fora of the Jordan's boaon 

representation and the cut-off procedure one can attempt to coapare 

the resul ts of the TFM with bsckscattering and umklapp ecattaring 

to the resu l t s corresponding to the FG4 . As i t i e suggested by 

•or raaulte there i s no aajor difference between theee two aodele, 

at l e a s t in the overall behavior and the leading contributions to 

the response functions. This conclusion seeae-to be supported by 
27 a recent *ork '• where the general featuree of the TFM ara shown 

to belong e l so to the FGH , although t h i s l a t t e r aodel i e ueed 

with en u l trav io le t cut-off procedure which d i f fers froa the con-
26 ventional on. . However Haldane showed that the bosonisation t e c -

hnique applied to the FGM with the conventional bandwidth cut-off 

lead* to a residual coupling between epin-and charge-degrees of f r e -

edoa in contrast to the TFI1 . This residual coupling i a expected 

to be e f f ec t ive for large values of the coupling constants. There 

i s one more point worth aentioning when one comperes the reaulta 

of the TFM with those of the FGM . This i s related to tha eea-
25 55 l ing equations of the renoraalization group approach ' • Thar 

correct uee of the cut-off parameter oC presented in t h i s paper 

w i l l surely throw l ight upon th i s unsettled problem . This point 

i s l e f t to a forthcoaing invest igat ion. 

The paper i s organized aa follows . Tha Jordan'a boeen re 

presentation i s reviewed and generalized to the TFM i n Sac. II* 

Section I I I . i s devoted to the calculat ion of the one-perticle 

Oreen's anction and response functions of tha TLM . Tha TFM with 

backseat taring and uaklapp rcattering ia diagonalized in Sec.IV. 

The charge-density response function of the TFM with backecatţarinf 
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ia pertarsatianallf ealeulatad ia SnaJT. Tha aaa* reeponae func

tion ia evaluated at lav freqwsneiee for tha exactly aalubla TTM 

with backsoatteriag alaa in Sae.Y, A auaaary af tha result a ia 

included in 8aa.fi* Tha paper and a with an Appendix in which four 

objecte are introduced in eueh a way aa to oneure the anticoagula

tion relatione of the four iifferent field op* rat or a. 

II . JORDAN'S BOSON BBPRKSBNTATION. 

Let <*ia , ,3 -. L , ^ ^ a,..i"1 .'n.+ i;-,, , •*<• int«g*Ei , 'w 

the destruction ope ret ore of two types of f» rai on» t i th the pm 

partiea 

° S i ^ - i \ ^ i - ^ t ! -Unh-,1 

L being the length of the box the system is confined to . Ur^.r 
31 auch circuaatance Jordan proved that, the operator 

where k^zxL^ , ^ integer , satisfies boeon-like commutation 

relations : 

[K. ^\>] = O-^US 
(2 ,7) 

*»k> 

The proof ia ea follows. Let us firstly euppooj k,fe'>o . The ope 

retors b. and i>̂/ «ay be written ee 

http://8aa.fi*
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, For k>fe' *o «a have 

since «e noticed that 

';;,:H:^-^ ••'? *"'* s #/ "^U-* r_. ^4^*-*'-*.=° 

SiwilPii.^ *e he** for ; 

v ' 1 , ' « « ' • • • ; - • • i>1>*-' 

For -. ;-' • - f.ilow«t jaaediwtely 

1 " r i l ' - ' , ' '-H'> - i'-'b b fc' . 

j . , r p-jn'r :*>,, ; n 8 ,yroof we have s t i l l to consider k?-o , fc/^o , 

.!i thi? :**« ** nave [Jv'^Vi L^. 'k j t i ] •no< f o p k.fc'^o »a •»* 

1 

Let (j;(jt) =._ r*/?-^^-»-' * be the feraion field operator 

whoee Fourier componente a L obey the anticoaautation relatione 

the wevevector p- being given by A ^ Î T L ' V I ">t integer. We define 

the operetora ^ ^ by the following relatione : 
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«* , . = 

( 2 . 7 ) 

r 

where £= ~ ( ̂ +it Cf) = z-itL^ip^+i^j, -n. integer. One can eaai ly 

see by uaing Bqe. (2.4) and (2.5) that the operators c*^* f u l f i l 

the conditions (2.1) . Let ua introduc* the Fourier coaponente 

$C-~k) of the particle-dsnaity opera .or 

5(-k) = 2L * ; ^ ; ^ - 2 1 , -£* a sik)i ^ 0 . 

With the aid of Eqe. (2.5) we get 

where we used again the property S ^^"^tt-s- ~ Z L 0 ^ * ^ ^ - =o 

for A>o . I t follows fro* Bqe. (2.9) and (2.7) 

~ (2*8) 
[sC-fe), S

+ f - t ' ) ] ^ CiO L ^ k > , [$(-*>, $C-JL ' / J= o ; fc,fc'>p , 

1? 17 that i s the well-known ' boson-like conatutation relat ions of 
. « V 

the Fourfcoaponents of the fermion-denaity operator in one diaen-

eion. Tomonaga derived these relations within the approxiaation 

ot weak coupling strengths (when the Feral sea i s not too etrongly 
17 dietxtoted by interaction) and Ifattia and Lieb ' used a "unitarily 

inequivalent" particle-hole representation to get then. 

We pass now to the Jordan boson representation. Let us easuae 

that the f i e ld operator is/(y-) corresponds to a one-diaeneional 

asny-fe raion eystea with cyc l i c boundary conditions on the box of 

length L , -w/z. <•/• ^ L>lz, . Throughout t h i s paper the calcula

t ions are performed under the assumption L-->o° so that the sua 
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^ aey ba replaead by UTO'L i t . . Tha single-particle energy 

l eve l* T9 VţJL. f Vţ_ being the Perai Telocity and f-zxl:1^ t ^ 

integer , the ware rec tor . This eyateai i e governed by the kinetic 

haniltonian 

H . ^ L ^ W - ^ L f v i =i/p21f« W ^ H f^^ . -o , (2-9) 

«here ^i OV) i e the deatruction (creation) operator of tha s ingle-

particle etate labeled by the wavevector /u . Theae oparatora obey 

the anticoBumtation relatione given by Bqa. ( 2 .4 ) . Tha .ground -

atate l°> i e f i l l e d .with part ic les fro» -c» to fcF , fc being the 

Fersi aoaentua , so that tha ground-state energy ia £„ = <<>moio> — 

=* t^^Lv^kp . Instead of working with the partide-nuabar 

operator ZL*+A«Z which haa an inf inita value whan acting upon l°> 
31 ^ Jordan' used the "charge" operator 

which counts tha partic les with / o o sinus tha hole» with i i o . 

Hwn applied to the ground-state th i s operator yialde 3>lo>̂ &itVLkFlo>. 

Let ue introduce also the quantitiea 

whara §(-fe) i s defined by Eqs. (2.6) . The particle-density opţc f* 

tor can aaeily be expressed as 

^A ^ f «-O 
In order to control the divergent sua) in Eq. (2.12) Jordan intro

duced tha cut-off parameter «<>o by 

i f^ \ i,,/. . o • r,../_. • .. .-,* . . . . ( 2 . 1 3 ) 
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and found 

(2.15) 

which for a sa l t >x can be written ae 

2-TTtx. J 

Siai lar ly wa define 

r . -.1- (2.16) 

o t - 5 0 

and have 

ao that 

This coaautator waa pointed out by Jordan and eo far overlooked 

by th* theory of the TFM . It repreaenta an additional condition 

which hae to be eatiafied by the boeon repreaentation of the feraion 

f i e l d . Let ua note a uaeful relation which can be derived froa Eqe, 

(2.14) and U. 15) : 

Using the e a / i c o a a w t a t o r ^ t o , ^ ^ -.. V(*-^y and Eqe. (2.15) ant? 

(2.18) wa reaerk that [x^)^ atands for h :r . 

On» can eaaily verify that the conditions 
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are aatiafiad i f tyfr) ia of the fora 

•a / + t a il/fr) - (?.2D 

«here r) should be choeen in euch e «ay aa 

(2.22) 

We ueed here the fact that B coaautae with 3c-k.) and ^^k-) . Let 

ue introduce'the unitary operator S which ie. defined by 

c r* c + -< -* -< "Xl4^> 4 -1 iat^V' (2.25) 

One can easily see that 
r 

L 

and 

&,<?<-*)]- r.Sy5*f-fe.\l - o (2.24) 

that is 

34 

«.' -

Siailarly we have 

^ a i i L " 1 ' /• '-î«i; 1 "pat* 

or 
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[S,M„] = - **c%(e^ft)s = -2 . i«L -v F s ( - i R + 1 / J _) . 
(2 26) 

Loekinf at Sqe. (2.22) and (2.25) »• find that *X(*) «wet be of 

the font 

*.(*) = S~*X0t*/*) , (2.27) 

«here 'X.„(B, *) ha» *° *• further apecified. Moreover 

S M S = s1 *„<£-*,O ~ •*- s 1 X , ^ , ,o 

«hence 

that ie , 

TU&,>0 - fc(>) *- ) (2.28) 

being a undetermined function of ^ . I n order to find K-fc) 

«a investigate the equation of Motion for the feraion field 

ftHH.]-i-fe^SM- -.•<:*£» i ^ i " ^ _ (2.29) 

Being Bq. (2.26) aa gat atraightforwardly 

where ve used the coaautator L&.^A'^° , Taking into accoun: the 

relation 

• 
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we get similarly 

c -* ,H.i «-ii' i A fi- J . 

Introducing theae requite into Bq.(2.29) we obtain the equation 

whoaa solution ia 

X,(B,*) - x x , * -51> 

. -oL""'* 

A being a constant. Therefore K(*)-x JL aa one can aee by 

coaparing i q s . (2.28) and (2.91) . Bringing together the re su l t s 

given by Eqa. (2 .11) . (2 .21) , (2.27) and (2.31) we obtain the 

Jordan'a boson representation ° 

-*^i*F(MO*] " / ^ t ^ ^ V ^ ^ « U ^ f c ^ ^ 4 8 ' 5 2 ) yw 

It at ill remains to check up whether the anticoamutation relatione 

(2.33) \^),%ty^ S"(*-̂  , \^\>)^[^)\ = o 

and the Jordan commutator given by Eq. (2.18) are sat i s f ied by 

th i s boeon representation. In order to do th is we follow the Jordan 

prescription (2.13) and (2.16) of introducing the cut-off parameter 

oC . When using thie cut-off procedure and the boson representa

tion (2.32) for calculating products of two fermion f i e lds we en

counter SUM of the type 

For L%\ <£ 1 (condition fu l f i l l ed for any fixe'd % and L—> o° ) 

th is sua wQf be approximated by 

{(2) £ - U U r C ^ ) + TTt^ , *• ( 2 # 3 5 ) 
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and thla aaarasiwaplaa wi l l fta a n d tfcraachaat thla paaar. ay 

straightforward «alcalatian wa «at far *+^ 

.<r[u?pc\i^ik»)jH^Si^v-^^a^r^-^o^ii o. 

and 

dua to tha laet axponsntial factor whioh ia equal to aaro. Oaing 

the cut-off procedura «Wan by Bqa. <2.13) and (2.16) wa obtain 

ptf(>-iW.)3+ «^-*iiVi*iLx^J-«"«nCM*y^j)] vfSfi^Ll-ik)^ ' <2'58> 

and 
l̂-jti'*fe)[̂ f>.M*wi+ ^l^x^-iztL^^^WC^)] I^^-T.ÎULHB+III.^J . (2.39) 

_ it*—**. v_^ *T -1 

eo that 

It followa x ,^ U.,L • *„ baing a constant with |^i = l . Siaila-

rly wa have froa '2.38) 
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' ̂ ^ ^ ' ^ L - * s ^ ) ] ^ ^ ^ ^ ^ ^ ^ ^ (2"41) 

«har* : ...: means tha normal ordaring of tha boeon oparatora; 
• * 

from Bq. (2.99) we gat 
lj|(**4,-4)L!S.'v«*k)T = ^ ~ C< & " U 6 ^ F f ^ + F + ( * ^ + (2.42) 

Tha a» expressions agree with thoaa given by Bqe. (2.15) and (2.17) 

and one can easily eee that the Jordan commutator (2.18) ie ob

tained by thie boaonisation technique. We notice that tha factor 

i , . appearing in these calculations say be consider as 

a shorthand notati6n for i t s first-order power expcneion ^^Mx. 

In this way the l i a i t •L-oo way be eafely transposed with the sua-; 

•ation over fc . This done, the validity of the Jordan's boson 

representation (2.32) and tha cut-off prescription (2.13) and 

(2,16) are completely established . V» should get now the form 

of the haniltonien H, given by Bq. (2.9) in the boson represen

tation. By atraightforwad calculation we have 

snd comparing with 
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• « ^ I i i i V i - / , ^ U . A - . O L / ^ ^ 2.1, * < * , - 2 . , *• ^^h~i) \<***t 

From Eq. (2.41) we obtain 

2-Fok fi^l: 

and introducing it into Eq. (2.4?) we get 

y. * / ̂  - Ti */ V)L = TiL^pJ-r mi'/}", '̂f-fcjPi-ic) v A(ci) (2.47) 
loo / -o KL>^ 

whence 

One can aee that Eqs. (2.26) and (2.29) are satisfied by this boeo-

nized for» of H .Fro» Eqs. (2-43) , (2.44) , (2.46) and (2.48) 
O 

one obtains aleo 

which agrees with Eq. (2.19), , and 

Thia la t t er relation can be obtained also by ueing directly the 

boson representation of the fermion f i e lde . It ie noteworthy that 

the expectation value of the product [.'f<V-'*/,)] f(*-^h) given 

by Eq. (2.41) on the ground-state i i ^ « ^ ' f i ^ ' ^ *•&(•*•) 

whence one> «ay interpret oc"1 ae a bandwidth cut-off. 

We pass now to the generalization of the Jordan's boscn 



- 22 -

representation 'to the set of four fermi on operators appearing in 

the theory of the TFM , 

(?.49) V* - ̂ V 'K» VA v'i - ̂  v«'.' ţ ̂  *, **>vi = " 
«here 4^!,i. • ^--IKL* <*. , x integer end 5 = - A iB the spin 

index . The hamiltonian of th i s system i s given by 

(2.50) 

and the Fermi sea ie f i l l e d with part ic les of the f i r s t t y p e ( j ^ 

fro» i--o> to A^*-^ and with part ic les cf the second type ^=\) 

from k-'^p to ir-trp . The "charge" operators ere 

(?.51) 

which commute with H„ . One can easily see that the operators 
°*M2S and ^ 2 S defined by 

1 ;' I*" Kent's-*ty**t>s)i 

where ^̂ iî R-'j-UL.'ii'Vf','i.) f ̂  integer satisfy tha 
conditions (2.1) , so thet the Fourier components of the particla-
density operator 
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W •*. = s+
nfkN -, £ . < ^ « y , * s - « I J ' S * * i f c - î $ (2.53) 

U..<*^ CV-!- fc- " V i ' V = < ~"V ^ , , k>„ j 

obey the boeon-iiKe commutation relations 

(2.54) 

where the upper (lower) eign correaponde to £,i'« M-) , I n *ddi" 

(2.5') 

tion any <.. ( ¥ K cowautee with any fc^ and 

V^.'tf0: ^k ij.ŝ t> .- . a., ,.M„] -

•' , r Likewise ae before we introduce the unitary operators >̂,t _ ..5, 

s -, (2.56) 

with the propartiee 

and ̂  p , ,r.-bo rc t /-u i « • On» can straightforwardly check 

up that all the properties of the field operators listed below 

n iVk> (2.58) 
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where w*)-- z*Lv i* <p <-Tk\ • r * est ief ied by the bo eon re-
° b i o -JCJJ > 

presentation 

' U fc-o J ' L loo -fa J} 

provided ttyft the Jordan's proscription ie used for introducing 

the cutt*ff psraaeter °c 5 

The coefficients A^ are choeen in euch a way as to eatiafy the 

re etione 

(2.61) 

Their construct}on ie given in Appendix . The Jordan boson re

presentation (?.59) i s nomal-orderad in the boson operators end 

i t ie coaplete eince i t coneiatently includea the aodee correspon

ding to k - •- (through the 6-j, operators). The boson representation 

(2.59) has also been derived by Heldane21***» 2 6 by aeane of en 

entirely different technique. However Heldane'e epproach does not 

include Jordan's coaautator and the precise for» of the cut-off 

procedure (2.60) ie not specified in Heldane *J'» The present 
22 boson repressntstion dif fers from the ueusl one by having not 

expl ic i t ly introduced the cut-off paraastsr < Instssd of th i s , 

the representation (2,ţ>9) ie ueed together with Jordan's prescrip

tion (2.60) end one aay s s s i l y ssa that the present cut-off proce

dura i s aore specific than the ususl ons in which only the factor 

,, ( ji{lv appears. The haailtonian H gx^en by (2.50) be-

. oaes in the boson representation 
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<is <*•+• " L " ^ 5 L ^ ^ f ^ (2.62) 
| 5 , * i p 

I a L 6 1 S / 1 - ! O 1 0 the additional aero-aiode contribution appearing 

In M haa na notable effect on the energy epectrua of H which 

can ba dea cri bad either in terna of one fe rati on excitations or in 
17 terae of § -escitationa 

Finally, l e t ue investigete the effect of the canonical trans

foration 

(2.63) 

where l-\ for * -z. and j = ;. for ^- 1 t vsVfe) -w/ik> = \ 

w (fe)« V i"*".*'2- » f '>o being a aoaentua transfer cut-off ,on 

the enticoaauitation relatione of the field operators end on the 

Jordan's coaajutater • *e ahall prore that these relatione are pre-

eerred by eoch a transforation provided that a - . o while \r i s 
29 

hold finita . fh.ie invariance waa proved for the usual cut-off 
22 procedura introduced by Luther and Baschal and i t ie shown here 

« 

that i t holda alao for tha preeent Jordan'a prsacription of intro

ducing the Cut-off pareawtar oC . ty straightforward calculation 

«a get 
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i- (no " J J 

.. ., r- . , _- - . - i -• ' i r , + < *-(>•• ?• ^; .-• v . , , . ^ H J -.7 

whence 
• / • ' t . 

B3o J» 
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and 

Similarly one can. aae that j ^ j fy'^l^X _=o , eo that we 

aay conclude that all the aforementioned commutation relation» are 

invariant under the transformation (2.63) provided that <*-—:> o 

while f- ie kept finite . It ia worth remarking that tttie conclu

sion holds aleo for a «ore general canonical transformation , of 

the type we dealing with in Sec. IV, which affects the "charge" 

operators too . 

III. CORRELATION FUNCTIONS OF THE TLM. 

The TLM ia described by the haailtonian H- K, •* Hf ( 
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wbara H9 la given by Iq. (2.90) and L la pat equal t» «ait . 
Uaing the eanonieal tranaformation 

(5.2) 

and tha boaonisad fora (2.62) af H c the haailtonian (9 .1) baeoaaa 

H - * ^ ^ e £ + ^ + H^ , (3.3) 

One can aee that zero-mode tara 7rv Zjg, doee not affect 'tha 

epectrua of H ; ( r . By uaing tha Mettie-Lieb eanonieal traneforaa-
17 tionB -**/>-(^j, O , whoea generators are 

fşir(.V) being real funcţiona #f K , the 5 -and <r -operatora 

become f , s 

With V ' ^ - ^ W O t' H%|0.(le)- ^ $,,r(fe) 1 {<- i. 
for 3 =. 2. and "j--*. for ţ = L » and tha hamiltonian H given 
by Eq. (3.3) can ba brouf, t into the diagonal form (up to, a conr-
tant) 
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i * 

provided that ' 

the upper (lower) eign correeponding to 5(3-) index. A week fc. -

dependence ie aeeuaed for the coupling constanta $^h± t of the 

for*?,, . . <%, Z *• where r->o i e a eaal l paraaeter of the ao-

aentua cat-off . Por fatL , § 4 ^ <^V^ .«• h«* e 

(3 8) 

The non-interacting one-partiole Oreen'8 function ie given by 

(3.9) 

vheraj the Joidan's cut-off procedure h»6 been used j «t(t:V-*^it3j \oy 

i e the non-interacting ground-ţtate of the of the haailtonian H, 

(Sq. (2.50)) and the operators arm written in the Heisenberg pic-

tura. By straightforward calculation we get 
f 

!**[>-*+•+*".c.'o;] (3.10) 

*7T . * - ^ * t- * 'oL(t; 

and Gp
l$M) - - ^ i T f j ^ - <**>/».,« t £ I—«UV*,«0 l*> - G£ (-%/*$ 

For the interacting spates the exact ground-state i*>» '^-W^f-cjioN 

of the haailtonien H ( I q . ( 3 . D ) appears in 

Eq.O.9) . % using the, Jordan's bofon reprssentstion, (2.59)) as 

well sa Bqs. (2 .57) . , (2.wl) t (3.2) and (3.67 wa gat for t>o • 
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where the function ţ(%) i e given by Kq. (2.34) and the k, -depen

dence of iv$iVr. (Eqe. (3 .8) ) ha a exp l i c i t l y been used. Making uaa 

of the fact that the liw.it «<-»<> ah oul d be taken while v- i s 

kept f i n i t e we aay write in Sq. (3.11) for aaall values af the 

coupling constant» 

For fc <-o the Oreen'a function i e given by Sq.(3.11) where ot-o-<*. 

and ^->-r> , ao that , waking use of the expeneion (2.35) of tha 

function 4(Z) we obtain -

-.«•»^^C3'H1- ^ ( 3 ^ M ) - ^rC3* f t-3«ri) l \ , 

where r(*N r/>*}«*(+) and 

In tha l i w l t of ^v^j. —> o *• ! • * 
t 

http://liw.it
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ţfc-u,4 • irtoj t > . U r f + iV<yjy/i ( 9 < l ş ) 

Similari/ we obtain 6 a j (M) - C„f-*, t j .One can aee that tha 

Oreen'e function (3.15) calculated by «aan» of Jordan*a boaon re
presentation and tha correct cut-off procedura reproducea the ra

i l 15 
aulte obtained by direct diagram euasation * in which tha two 

cut-offa peraaatera <=< and C appear. Tha parameter c< nay be 

aaaociatad to a bandwidth cut-off while r- corresponds to a aoaen-

tua transfer cut-off. The eaae i a true for the charge - and spin-den

s i t y reeponse funcţiona aa well as for the s ing le t - and t r i p l e t -

superconductor response funcţiona . The calculation of theae func

t ions i s tarried out in the aaae way aa for the one-particle Green*a 

function . we confine ourselves to give the results of th i s calcula

tion :: 

H(*M — i»- £ } T <£ FM-^/,,-0fft[»«*v,,0 Ht» 0'^//^3 ^[4-UOA,oj|^> = 
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(3.16) 

wnara r-'ilu l-r^-C-t) and | i , ,„-- fga, t g ^ / f a t / . Similar resul ts 

ara obtained for the ^ ^ -response function. We «ay conclude that 

Jordan's boson representation and the correct cut-off procedure 

allow us to obtain the ease expressions of the correlation functi-
14 ,15 

one of the TLM as those obtained by direct diagrea suaaation . 

In these expressions the cut-off parameter oc corresponds to a 

bandwidth cut-off while the cut-off partmeter y- corresponde to the 

aoaentum transfer cut-off. 

IV. BACKSCATTERING AND UHKLAP? SCATTERING HAMILTONIAN. 

The backseattaring haa i l ton ian of ta» IPM i r 

K<*)*> 4ft f"-)^-!^ ^L-, '»^, '*) , (4.1b) 
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«here Kt i s given by Bq. (3 .1) and ^J>) hes been introduced by 

Luther and Eaery in order to aiaulate the beckecattering interac

tion in the FGM, where a feraion ne«,r +• l^ (feraion of the f i r e t 

type in the TFM) i s acattered near k^ (feraion of the second type 

in the TFM) and conversely, the epin being not effected by thia 

interaction process. On the analogy with the FOI a* eat the point 

ji^-o in the TFM at t^_ and aeaeure the nuaber of particle a and 

the energy in the FGM relat ive to ± ĥ . and u (the cheaical po

tent ia l ) , reapsctively. Therefore the non-interacting ground-state 

o> of the haailtonian HQ (Bq. (2.50)) i s f i l l e d with feraions 

of the f i r s t type froa 1=.-^ to i = o and with feraiona of the 

second type froa k - o to / = y t>- • It follow» that 6 , s / o ^ o 

arc' fi0|<o =• o 

fe extend the l?,<r\ -representation given by Bq. (3.2) to a l l 

the opera tor ft which enter into the boson representation (2.59) by 

defining5 6 " " ^ 

The kinetic haailtonian H given by Bq. (2.62) becoass in the 

v0") - repreeentation -

(4.3) 

where the upper (lower) aign correspond* to ^ • (>; . Turning bock 

to the f ie ld operators we aey write 

3 i S - c i - , , C ' ţ " C 2 l 

• C ^ - , 
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80 that aa have introduced thia way the f i e ld operators <-u. !,)„ 

-.?_>•*«,, • . One can raei ly verify thet the operator* Şi(*--< » 

rr:,Xu, <- (i 4 , . and h„ g i w r by Bq. (4 .4) poeaeea a l l 

he p~< parti*e l i s t e d in Sec. I I , aaong which 

(4.5) 

Therefore the v $,«--) -transformation ie a canonical one and the bo-

eon representation (2.59) ie va l id in thie representation providing 

the epin index S in Eq. (2.59) i e replaced by ; - o r , . The he-

a i l tonian thu , given by Eqa. (4.1a) and (4.3) reede in t - (.?,<?-.) -

representation 

Hi = H ( J
 J Hla. ?,x J^[^(- ) i- W f^)\ (4.6a) 

(4,*b> 

(4.6o) 

and 
I - ' J ! i f -

^ - » - -M-W.,.- ,; .j - V ^ ^ [ - ' « ^ . ( S , , ^ , ^ (4.7) 

to > • 3 

Taking the projection of ^T-(>) on lţ*>^_r _ „ (see AppendixHhe 

product (ff^? can be replaced by 1 , so that ^ U ) depends only 

on *~ -degrees of freedoa which mrt completely decoupled from the 
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. ş -degreee of freedom. 

L§t ue focus our attention on the haailtonian H( >given by 

Eq. (4 .6c) . We define the cenonieal transformation *y*-)'»// ?V} 

with Sv given by Eq. (5.4b) and i ; = - rj* given by57 

The haailtonian htr- be con» a 

and 

, ? i , / - 1 , f-<? ( 4 . 1 0 ) 
L « ~ I T , Z v ţ ^ = , 

«here a weak p~ -dependence ie aseuaed for gf.,. «* of the for» 

I^L- , v- being the eaal l , posit ire parameter of the aomsntua 

transfer cut-off. Using Eqe. (2.50) and (2.-62) aa get at once 

^io- - T ^ p - ^ £- «A + '<r ^- K"V' / - * ^ ^ K '"VW" O ~ (4.11) 

One can eas i ly verify that the transformation (4*8) i s a canonical 

one. In particular we have 

y ^ ^ -1 ^ *~ rr ~ i ~~ (4»12) 

V V V - 8 ^ i , ^ H ̂  S^ ^ ^ |<r - j . „ „F ( g-̂ .̂ . ^ 3 . 

The effect of ihie transformation on hr(+) is 

^ 
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•har» •/..-«-*.(, ^ «nd *",.= /*v*k •*> ̂ 2*%ll~ are the paraa»tere 

given by Sqa. (5.5) . For eaall Taluea.of r- «« aay take the l i -

• i t r-^e in the sua» of tha typa £ - xliiC -a"*"7' ( v c f . ^ cr4r-*) • 

atc . , in Bq. (4.15) . Setting 4\(v^r*vi ~ 1 »•' obtain the 
5 

Luther-Baa ry condition 

ao that 

x r .«r»/ <4«15) 

Tha last exponential factor in Bq. (4.15) yielde 

It fo i l owe that in the l i a i t of aaall *- , T r (*) becoaeo 

where Jordan'a boaon rapraeantation haa been uaad to recover tha 

field operatora %rW in Iq. (4.15) . Aa [ f c ^ a ^ Hfcl= o 

we nay take &i<ri-£J<r=o in iq . (4.16). The ful l backeeat-

taring haailtonian be coses 
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V 

(4.17) 

«hare %~ and ff((r are given by Bqe. (4.6b) and (4.11) , ree -

pect ive ly . The haailtonien n r dif fers fro» that diagonalized 

by Luther and Baery by the tara ^(iVp-Ug.) 21 8 ^ which co-

aea froa the coaplete fora (2.62) (aaro-aoae contribution included) 

of the boaonized kinetic haailtonian. The effect of thia tera ia 

not t r i v i a l and wi l l be inveetigated elsewhere • In order to get 

the Luther-Eaery aolution wa iapoa* here the additional condition 

~-i.Vt.~o which leads to 

(4.18) 

Under thia additional condition t\r ia diagonalizad by tine canoni

cal traneforaation <Y ( f c ^ , ^ . 2- ^ K ^ V"" V « î > 0 

U î - ^ - a ^ / T r ^ . . î u / r u r r f ^ ;' (4.19) 

One can aae that the gap k^ which appeara in the apectrua of 

thia aodal at k-c (that ia at i z »*L in the FGM) i f no lon

ger proportional to oC* aa i t i e in Bef. 3 , but i t i s proportional 

to rM , which haa a f i n i t e value . The par eat tar «c of the band-

width cut-off introduced in the preeent approach doaa not appear 

in the (Jiagonelitation of M̂  at a l l . Thie paraaster help* us 

http://~-i.Vt.~o
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only ta sake the products of two f i e ld operatore f i n i t a , ae indi -

catea the prescription (2.60) . Therefore, by using the praaant cut

off procedure which a l l owe. two cut-off parameters °C and 

•ay aafely take the l imi t c* -» 0 , as i t i s required by the exaot 

boson representation, while r- i s kept f i n i t e in the diagonalisa-

t ion of the backseattering hamiltonian. 

The ease i s true for the umklepp scat ter ing hmmiltonfan 

which i s given by 

"f " \ +" *fr 3 ^ IM*) e + us "->-* i > (4.20) 

where G = 1 i^ ie a reciprocal l a t t i c e vector of the FOM. iţr uainf 

the (?,^)-representation *nd the canonical transformation <.-}L{SS)* 

^k(Tj) , with sf given by Sq. (3.5a) andvTj _ r ^ defined 

by 
<y T« ~r, 

(4.21) 

we gat similarly kyfi - ^ ( u r ) 1 4\f(>, q̂  '/^ provided that 

"** H*« - ^ - - - - -* 

The hsmiltonian Hu be cornea 

H o - *s 4 | V , 

r|*~ V ^ ( « ^ J A 4V»«*V»>'*% V » si, <*•*''*]. 
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H,,- THU,„-VZ.£ + vf £ j .J, ,n^ ^y-f;H,t/J -o - (4.22) 

• I J 

In or dar to gat tha aolution givan by Baery , Luthar and Feachel* 

«a pat *-vF ~ Vf , that ia 

Tha haailtonian Mf can than ba diagonaliced by the canonical trane-

foraation *H [n<\ , ft.*--Z_ »•? («, «* - <* , ,, - * ^ 

and again the gap L? ia proportional*to r v . Tha gap appeara at 

K-^^u - i u^ which correaponda to ^ ^ -ţ y> in tha FOJf . 

Wa note that tha einultaneoua diagonalization of M? and \i ^ 

requirea, fro». Bqa. (4.18) and (4.25) , 3^= 3 ^ = o . J , , - - ^ - ^ - * / 7 ^ -

V. GHAROE-CENSITY RESPONSE FUNCTION OF THB TFM VITH BACSCAT-

TERING. 

I t i a «a l l known that Oraat2^ calculated parturbationally the 
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serath ant firat order oontributiona to the charge -denaity responae 

function ef tha TFM with baekacattering by uaing the boaon repre-
22 eentation and cut-off procedure introduced by Luther and Peachel 

and found that the cut-off parameter <• doe a not apply in tha 

aane way to the ^„| and %lL terns. Obviously thie result can net 

be accepted aa the two tema differ only by their epin indice8,and 

consequently, theae two contributions should be the sane . fe per

form here Qrest'a calculation by uaing the Jordan bosonizetion tec

hnique and find that the aforeaentioned inconsistency does not lon

ger subsist. The charge-danaity response function of the' TFM with 

bececettering i s given by 

M M . M / h 4 o <_ Hii>.M ( 5 , 1 ) 

N . i ^ o . - V ^ T Mrt, fr-rU tf,,(^*-) qr*fv) 4V°.*> l*> 

Mi(M) ^ - •* ^iT- 'U/ t t "•"•*.) ^ , ' M ) L^., fO/0) ly,.,»».) |v> ; 

where |ô > ia the exact ground-state of the TFM with bacecattering 

defined by the hamiltonian given by Bqe. U . l a . b ) . The calculation 

ia carried out up to the f irst order and the haailtonian ip written 

in the (•?,«-) -representation. The ceroth order contribution to 

H, (>y-t) i«* straightforwardly obtained by uaing the boson re

presentation (2.59) and the cut-off procedure (2.60) . The result 

is 

where «Kt)**^^) 8 n d 1HU,J. have been taken equel to 

sere (theae terns are included in the-free haniltonian). One can 

aee that lq . (5.2) can be obtained from Ni>,t) given by Bqs. (5.16) 
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by set t ing a l l the coupling constants zero. The f ire t order contri

butions to .%',!•»,r' are given by thoae ter»8 of the hatriltonian that 

contain only , : -operators. For calculating theae contributiona 

we use the coaautators of the .\a -operatora with the f i e ld opera

tors and then we replace the l;« s: , . operetora by their boson re

presentations. Doing so we get 

v F 

where °i, 1
l>,« " i < ana" *n e ^ -dependence of the << end ,-, 

''a has e f p l i c i t l y been introduced through the factor * y. 

The f ire t non-vanishing contribution to t^f/f . e^aee froa ihe 

firet*-order thaTilitical perturbation calculation and ir given eolely 

by the ,', - tera of the h.amiltonian (Eq. (4 .1b) ) . By using the 

bosen representation thia contribution i f eae i ly obtained : 

ae Fourier trans for» of the functlan ;S(>,V.} has tha expression 

"r-

in the l i a i t •̂«-•/,/ .., 0 . One can eae that the cut-off parameter 

c/ applies in .tha eaae way to both ;!,;, and «| , in contract 
• 2*i 28 

to the result reported by Great • . We should. "*«ark here that 

the eeae result could be obtained much eas ier by «ft:in? the Fourier 

representation of tha fereion f i e ld operators and the Jdrden'p 

eut-aff procedura (2 ,60) . 
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Finally we should l ike to comnent on the response function 

N,i>,t) calculated by Gutfredhd end Klenm * for the exactly 

soluble TFM with backecattering by using the Luther and Paachel bo-

eonization technique. We calculate here the ease response function 

by staking uee of the Jordan cut-off procedure. After soaewhat leng

thy algebra we get I^Kh - -v, ;ş Ţi*A) hj ''•>-.i) 
?,.. ^ < _ ^ v ^ ^ v f o ] [ > - ^ ; ^ - - ^ ) ^ y ^ __ (5.6) 

20T ' r 

I * ' - < - * ' J -1 i 

where 3= g,;fUp + ^ ^1( — ^„ ^ -3?/^ » < K ^ o » W l 4 ~ i 

(see Eqs. (4 .18)) and ^ .= ]>F f ''-«V:^,,^;)! \ r „7 f2<j t-9,^> Thia «xpra-
"" J 9Afb) 

6eion if identical to that reported by Gutfreund and Kleaa v ' pro

vided that V- i s replaced by c*, . The spin degrees of free do» ara 

included in T'1 +,i) whose leading term i s 
,1/1 -,- - ^ K i\ (5 .7) 

<- i 

^ r eno A^'in being given by Eqs. ( 4 .19 ) . The Fourier transform 
1/ 4 - al 

of rv>/t) for snail values of ^ i s M,(w) <*-- *"* (Î-&*(Z«V) (rco) <r 

which agrees with the result reported by Outfreund and Kleam 

excf-pt for the factors in the front of (r<»0 " and provided that 

< ie replaced by </; . Similar reaulte can be obtained for the 

other response functions of the exactly soluble TFM with baekaott» 

tering by using Jordan's cut-off procedure. 



VI. SUMMARY. 

The boson representation and cutroff procedure introduced by 
31 Jordan * for describing a s ingle freaion f i e l d in one dimension 

have been generalized to the faur feraion operators of the one-

diaensionsl TF1I. It has been shown that the he rai tean-con jugate 

fermi on f i e l d s at the ssae space-point sa t i s fy a certain re latitat» 

ehip (Jordan's commutator) thst ha6 be*en. overlooked so far by tha 

theory of the TFM. In order to sa t i s fy the Jordan coaautater the 

cut-off paraaeter <X. should be used in a well-defined way (Jordan's 

cut-off procedure) that d i f fers froa that introduced by Luther and 
22 2 K B ) 26 

Peechel and .Haldene v ' ' It«hae been shown that the exact 

solut ions of the TFM with backseatterinţ as well as with uaklepp 

scs t t er ing are val id only i f tha tero-aode terms are absent in the 

kinet ic baailtonien. This requires a further condition on the coup

l ing constants ( ^ ^ ^ « ^ ^ 7 / / _ respec t ive ly ) . It has been shown 

that e l l the inconsistencies reportee for the previoua cut-off pro

cedure are reaoved when one worke with the Jordan techniqie . The 

one-particle Green's function and reeponee functions of the TLM 

have been calculated and found to coincide with those obtained by 

diraat diagram summation . .The gap parsaetere appearing in the ex

act ly aaluble TFM with backseattaring and uaklapp scatter ing are 

proportional to V:^ , r belong the paraaeter of the momentum cut-

off. It follows that one aay take <* ---> o (Jordan's boson represen

tation being exact only in t h i s l i a i t ) and keep r f i n i t e in dia-

gonalizing these hamiltonians. Under exactly the eaae conditions 

the anticoamiitation re lat ions and Jordan's coaautator are pre ser-, 

ved by the canonical transformation on the boson ooeratore thst 
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diofooal isea tha TUI. Tbo ehorge-deneity reeponae functioa of the 

TIM with backacattaringhaa perturbationally been calculated up 

to tha f i r at order. I t haa bean found that the cut-off parameter 

o^ appliea in the eaae way to both <*,„ and f̂,L t eme of th ie 

function. The ease reeponaa function has been calculated for the 

exactly soluble TFM with backscattering at low frequencies. There 

i e no aajor difference in the infraret behaviour of th i s function, 

except for V* replacing <*. . The parameter °C correeponde to the 

bandwidth cut-off while *fK i s a momentum transfer cut-off. 

APPENDIX. 

Let us consider four types of f emions labeled by(j&}*L „ », ,. 

so t h a t ( v M - < • (1,-0=2. , (Z,H'UJ and Qro = H » oach with the 

energy l e v e l s JL integer. The ground-state (7^ of this eye tea ia 

f i l l e d with part ic les from C•.-<*> to ^ - a (or any other 

constant , not necessarily the ease for a l l part ic les ; in t h i s 

case the def init ion of oA below should be changed correspondingly)* 

Let ue define the "charge" operators 

k = 2 •- V ->- 2 - > (^t -•*) , 
h>° A fit.* * . ' 

where ^ *• t n e occupation number of the ~L - l e v e l with ^ -typo 

partic le a , ^l = °,\ . All the ^ y ie ld zero when acting upon the 

ground-state ', :^\^-n f We consider the s tates li, £, k 3 4 , \ 

characterised by specified eigenvalues L/ ( integers) of the 

"charge" operators and define the operators /--/ by 
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? 
/ .-p 

where * - '.t.i-i, «nd o 0
v - o . I t i s eas i l y to check that the 

commutation relat ione (?.61) are s a t i s f y by the operators c^-z 

defined on the spsce spanned by the etatee ii>, î>i t5£(, >̂ . In Sec.IV 

we introduced the operators y5 and c. by Ct = c\_ » r? = c< » 

(3. £.() end ^!r--c ' Taking the superposition 

where r, ere real parameters one can eas i ly verify the relat ions 

'̂ :f ' V <f :'r fVf'- -V* !>V A.^,= 'lo/^-VV-
is 

,35 
which are the edditi >nal conditions imposed on c in order to dia-

«onhlize the hamiltcnian with baclcscattering and umklapp scattering 

expression i s used for the energy'of these s tates , £. =. u + t^iiwi- Kc' 

where k i s the Fermi leve l end vf ' i s the Fermi ve loc i ty , thus 

obtaining two l inear branches of the ferm ion spectrum as k. l i e s 

jvar i s or (•, , The dympiice of the low excited s ta te s i s 

governed by two interaction procefees. The f i r s t one i s the forward 
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