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CONFIGURATION OF EQUIVALENT f ELECTRONS.

SOME CONSIDERATIONS ABOUT THE CLASSIFICATION OF THE TERMS.
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The term 2F given to the ions Ce3+ and Yb3+ is

due to an electron or to one hole, respectively, in the 4f

configuration of the lanthanide elements. When the number

of equivalent electrons (or holes) becomes larger than one

there is an increase in the number of terms. In some cases

it is possible to observe different terms, but with the same

values of L and S. The Nd + configuration (4f ) presents the

following terms: 4(IGFDS), 2(LKIP) and 2x2(HGFD). Table 1

contains the terms that occur twice and the levels with the

same representations with different energies.

The examples given in Table 1 mean that a dif-

ferent set of quantum numbers are necessary to distinguish

such levels.

Racah (1,2) showed that it is possible to clas-

sify systematically the states of a given fn configuration

using the group theory. The method consists in classifying

the states cf the fn configuration through its properties,

under somo transformation within the group. The properties

of such groups are used to simplify the calculus o' the ma-

trix elements of the tensor operators, which corresponds to
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the Interactions under study. The irreducible representations

of the group nay be used as labels to classify the transforma-

tions of a particular state under the group operations.These

irreducible representations are used as additional quantum

numbers.

Table 1 - Some terms and levels of the 4f configuration

Te rir.

2 S + 1 L

a ) 2H

Levei

2S*1,

a l } Hll/2

a 2 ) H l l / 2
,2

*3 H9/2

a 4 ) 2 | i 9 / 2

Term

2S*1.

O2F

Levei

2S + 1.
LJ

C l ) 2 p 7 / 2

2'
C3> F 5/2

2 ? Q/? 2 ?'

b) C - y/ d) D z „
b3> G7/2 d3> °3/2

bA>2c7/2 V2"

The leveis a. »a, ( a 3 = a . , b.^b- , b, =b-, c = c_ ,

c,=c., d . = d 2 anddj&^d, are equal, but represent

different eneroies.

The classification of the states for equivalent

lectron configurations can be done using the Schur (3)func-

tions, in t«rms of & siirpletlc group of characters.

C:
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As we know, iln} is equal to E <1 > (A) with
a=0

a integral and n >2a .

The representations that corresponds to each a value

are given by the sonority number v = n - 2a (B) (4). The num-

ber v may assume positive integral odd or even values, cor-

responding to configurations with an even or odd number of

electrons. Each lv term is repeated at least once in * v

and * v + ..., and the totality of terms n 4 (21 +1} presents

v = n. The terms of a p n configuration are determined only

by S and L, that of a dn by S, L and v and in the case of a

f by S, L, v and the quantum numbers W and U that will be

explained latter.

The LS terms of a £ configuration may be classi-

fied by the chain of groups:

SÜ2 x SÜ2*+1

In the particular case of I • 3, it is necessary to

use an additional sub-group G-:

R2*+l * G2 * R3 (D)

In each step of the equation C i t i s necessary to

decompose the characters i l n ) of Ü- - , 2 in the characters of

the sub-group:



.188.

The number of totally antisymmetric functions ob-

tained from n electrons and 4£+2 functions *(s ms n£)is given

by (5):

4 1 + 2 n'.(4£+2 - n)l

The antisymmetric representations {ln} and the

dimensions of the irreducible representations of U 1 4 for *= 3

are summarized in Table 2.

Table 2 - {ln} representations and dimentions

of the irreducible representations in U,.

f°
f1

f2

f3

f4

f5

f6

f7

fn <

Í

{

Í

{

Í

{

{

{

ln} (

0)

1}

I2}

I3)

I4}

I5}

I6)

I7)

:I4-UW.'.(I*-)'.

l

14

91

364

1001

2002

3003

3432

The r e p r e s e n t a t i o n o f Sp4 + 2 are de f ined by 2Z+Í

numbers (o^ a^... a 2 i + l ' w l t n ° i * ° 2 '** > °°2ftfl



.189.

The dimension D ( v ) of the irreducible representa-

tion (11 10 0) of S p 4 £ + 2 corresponds to a determined

senority number v given by (5) :

(41+3) '.
= 2 (2)1+2 - v) (F)

Using equation (F) and equation 80 given by Wybourne

(4), i t i s possible to obtain the reduction U 1 4 -Sp 1 4 fo r *=3

(Table 3) .

Table 3 - Reduction U-4 ""*sPi4 a n d dimentions Of Sp .

Reduction
14 * S p 14

7 2(8-v)15'.

• v.

(1

( i J

ii2

ii

(o

>*<0>

1430+1638+330+14 • 3412

2002* 910+ 90+ I - 3U03

1638+ 350* 14 - 2002

910* 90+ 1 - lOOi

350+ 14 - 364

90* 1 - *\

14 1 <*

1 • i

iln) * Z <1V> and v may assume the values:

a) 1, 3, 5, 7 for a configuration with an odd
number of electrons;

b) 0, 2, 4, 6 for a configuration with an
number of electrons.
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The irreducible representations for the unitary group

U_ . are labeled by the d iv i s ion of n in 21+1 integral num-

bers , where Ul«= \x^, X . . . * 2 i + l ' ' w i t n \ * * 2 * " * > 0 a n d

J . + A , + . . . " n. The dimension DI^I i s calculated accord-

ing to Weyl (6)(page 201):

2£+l X _ A _
D. = II * J - 1 • J ( G )

J>i=l J - i

or , according t o Judd (5 ) , by:

(2S + 1) ( i+2) ' . (2£ + 1 ) '
( G - l )

(2*+2-b) '.(21+1-a) '.(a+1) '.b*.

with a * ^-n + S and b = ^ - S

The irreducible representations of U-, . may be de

composed in the irreducible representation of R^, - (con-

tinuous group of rotations in 2*+l dimensions) using the ta-

bles presented by Young (7). The irreducible representations

W of R2«+i a r e labeled by I integral numbers (w. w ... w,)with

2>w.>w_ >... iw.iO. The Irreducible representations of
Ü2t+1 a r e ^s^ÇT113'6^ t o t n e corresponding Young partitions

and that of R2i + i ^
o r w(wj»w2.-. *».) • For the R. group, the

spectroscopic simbol (S, P, D,...) in which the 2L+1 multi-

plicity gives the dimension of this irreducible representa-

tion.

In the case of t »3, the irreducible representa-

tions of R, are characterized by the division of n in three

integral numbers: W= ÍW-.WJÍW ) in which 2 >w. >w_> w^ >0.

w|w, w w j constitutes an additional quantum number for the

4f configuratiOIL Table 4 shows the decomposition for the

reduction U- -* IX- together with its representations. This

»i-/7y the reduction ü.^ -• Süj x U^ (see equation C).
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Table 4 - Reduction U? -•

0 7 - R7

fn

£°

f 1

f 2

f 3

£ 4

f5

'{000}

2 {100}

3{no)

^200}

4{111}

2{2l0}

5{111}

3{211}

L{220}

6 {110}
A

{221}

2{ 221}

V

0

1

2

2

0

3

3

1

4

4

2

4

2

0

5

5

3

5

3

1

Dimension

1

7

21

28

35

112

35

210

196

21

224

490

1 | 0 0 0 |

2 | 1 0 0 |

3 | i i o |

r l | 2 o o |
I |ooo|

4 | i n |
r2 |2io|
I 2|100'

5 l n i !

r 3 l 2 i i |
1 3 |no|
r l | 2 2 0 |

1 ] 2 0 0 |

I l | o o o |

r*i'»i!
I *| nij
• 2 | 221{

2 I 210|

. 2 | 100|

Dimension

1

7

21

27

1

35

105

7

35

189

21

168

27

1

21

189

35

378

105

7

(continue)



.192.

f6

£ 7

•IP» 1
4JTT A _ » # •

7
(100)
(210)

(221}

8
{000)

6{200}

4{220}

2{222}

°7 -

V

6

6

4

6

4

2

6

4

2

7

1

5

7

5

3

7

5

3

1

Dimension

7

140

588

490

1

48

392

784

* " W f w l w 2 W 3 )

7 I i i o l
r 5 l 2 i o i
1 5 l m l

| 2211
3 | 2 2 1 |

• 3!no|
- 2 | 2 2 2 |

2 | 2 2 0 |
l | 2 0 0 |

- l |0001

|ooo|
r 6 |2oo|
1 *
L 6 | n o |
r 4I220I

4 | 21 l |
4 I l l l l

r I222I
2 I 2 2 1 I
2 I 2 1 0 I

I 2 | i o o |

Diinenslon

7

105

35

378

189

21

294

168

27

1

1

27

21

168

189

35

294

378

105

7



The use of equations numbers 128 and 132 given by Wybourne (4)

gives immediately the reduction Sp... —• SU^ >: U^. For e'-'air-

pie, in the reduction U-. -» SU_ x U the representation

Í14} -*• 5illl) + 3{211} + 2{220} and under U? -* R? (see ta-

ble 4) we have:

X{220} -* 1|220| + 1|200l + 1|000|

4 2The irreducible representation <1 >, <1 > and

<0> o.f »i'14 raay be da compose d In that of SU_ x R7, given:

5 | H 1 | + 3|211| + 1j220|

1|200|

1|000|

When R7 is restrict to the subgroup G-, the ir-

reducible representations may be characterized by the division

of n into two integralsÜ(u. u_ ) with 2>U >U2>0 (exception

for V(\i1u2) ~ U(30), U(31) and U(40)). The uecomposition

Rj -* G- is indicated in Table 5 (1). The dimension of the G2

representations were calculated by:

D ( U1 U2 ) = ( ui + u2 + 3 > ("i*2' (2UjL+u2+5)x(u1+2u2+4)(u -u

those of the R_ by the formula:

D i \J tmf t-> I gg I tal ^ tat ^ A I /laf «A- laf «4- *í Í /*.> 4> t*i ^ ^ \

+ 5) (2w2 *• 3) (2w3 + D / 7 2 0 ,
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Table 5 - Decomposition R_ —» G.,

fcontinue)



.195.

1 = 3

fn

f5

R7 — G2

"1
2S+1, .

tV2w3l

6|no|

4 i 2 1 1

AUii |

2 |221|

2 |210|

2 | ioo

G ( U 1 U 2 >

r 6 (io)
l 6m>

k (10)
A ( l l )

* (20 )
4 (21)

i * ( 3 0 )

" 2 (00)
2 (10)

. 2 ( 2 0 )

2 (10)
2 (11)
2 (20)
2 (21)
2 (30)
2 (31)

2 (11)
2 (20)
2 (21)

2 (10)

Dimension
of G2

7

14

•7

14

27

64

77

1

7

27

7
14

27
64
77

189

14

27

64

7

(continue)
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I = 3

fn

f6

R? - G2

2 S* i lwJ Lw2w3 l

7 l i o o l

5 | 2 1 0 |

5 | l l l |

3 | 2 2 1 |

3 | 2 X 1 f

3 I 1 1 O I

l | 2 2 2 |

1 | 220|

1 | 2 0 0 |

1 | 0 0 0 |

G ( U l u 2 )

7 (10)

5 (11)
5 (20)
5 (21)

' 5 (00)
5 (10)

• 5 (20)

3 ( 1 0 )

3 (11)
3 (20)
3 (21)
3 (30)
3 (31)

3 (10)
3 (11)
3 (20)
3 (21)
3 (30)

f 3 (10)

I 3 ( 1 1 )
1 (00)
1 (10)
1 (20)
1 (30)
1 i 4 0 )

1 (20)
1 (21)
1 (22)
1

(20)

1 (00)

Dimension
of G2

7

14

27

64

1

7

27

7

14

27

64

77

189

7

14

27

64

77

7

14

1

7

27

77

182

27

64

77

27

1

(continue)
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t = 3

f

7
f7

R? - ^ G2

2S+1
[w1w2w3]

8|000|
6|200|

6inol

4 I220|

4121l |

4 U l l |

21222|

2 |221|

2 |210|

2 | ioo|

G ( u l u 2 }

8 (00)
6 (20)

r 6 do)
I 6 ( 1 D

r 4 (20)
4 (21)
4 (22)

4 (10)
4 ( 1 1 )
4 (20)
4 (21)
4 (30)

' 4 (00)
4 (10)
4 Í20)

' 2 (00)
2 (10)
2 (20)
2 (30)

"• 2 ( 4 0 )

2 (10)
2 (11)
2 (20)
2 (21)
2 (30)

1 2 (31)

2 (11)
2 (20)
2 (21)

2 (10)

Dimension
of G2

1

27

7

14

27

64

77

7

14

27

64

77

1

7

27

1

7

27

77

182

7

14

27

64
77

189

14

27

64

7
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The decomposition of G, ifl R^ is made using equa-

tions 131 and 132 of reference (4)(Table 6). The representa-

tion Ufu.u.) of G- gives the additional third quantum number

ofthefn configuration.

In the Nd3+(4f3) where the terms 2D, 2F, 2G, 2H

occur twice, v * o and 3. The decomposition U.^ -• Sp.. gives:

{I3) — <1> • <13> (see equation C and Table 3)

In the reduction Sp-4 - • SU2 x R_ (Table 4)wehave

3 4 + 2 |210|

21100 | .

Using Table 5 i t i s possible to obtain the reduc-

tion R? - • G-:

I 111 I -* (00) + (10) + (20)

(2101 - (11) + (20) + (21)

|l00| - (10)

The decomposition G^ -» R3 is made by using Table

6. In our example we have:

(00) - S

(10) — F

(11) — PH

(20) ~ DGI

(21) - DFGHKL
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Table 6 - Reduction G

G2

(00)

(10)

(11)

(20)

(21)

(30)

(22)

DIMENSION

1
•

7

14

27

64

77

77

- ^

S

F

P
H

D
G
I

D
F
G
H
K
L

P
F
G
H
I
K
M

S
D
G
H
I
L
N

DQCNSION

1

7

[n

113

5
7
9
11
15
17

" 3
7
9
11
13
15
19

1
5
9
11
13
17
21

L

0

3

1
5

2
4
6

2
3
4
5
7
8

1
3
4
5
6
7
9

0
2
4
5
6
8
10

G2

(40)

(31)

DIMQSICN

182

189

S

D

F

G
G
H
I
I
K
L
L
M
N
Q

P
D
F
F
G
H
H
I
I
K
K
L
M
N
0

DIMENSION

1

5

7

9
9
11
13
13
15
17
17
19
21
25

3
5
7
7
9
11
11
13
13
15
15
17
19
21
23

L

0

2

3

4
4
5
6
6
7
8

e
9
10
12

1
2
3
3
4
5
5
6
6
7
7
8
9
10
11



.200.

It is possible to note that the v quantum number

separates the F states into two, with v = l and v = 3 . The
2 2 2

itates D, G and H, with the same senority (v), are distin-

guished by the quantum numbers W and U:

2F ~ |100| (10) 2F , |210|(21) 2 F ; v x = 1 and v = 3

|210|(20) 2 D ,

|210| (20) 2 G ,

2H * |210|(11) 2H , |210|(21) 2H

Equation C may be alternatively used as

In this case,

{I3} -*> 4{111) + 2{210}

and, under U-j -* R 7r we have

(111) -

(210} -r |210|

Table 7 Illustrates alternative procedures. The

quantum number v Is used as lable for the Sp . representat.ons.

Table 7 - Classification of the 4f Configuration

Ü14

Í13) <

SP 1 4

' 3

su2 x u 7

(ill)

2i210)

V

3

3

1

1 111 {

2|210|

2|l00|

SU- x G-

f (00)
A (10)
(20)

2(11)
?(20)
(21)

2(10)

,F
DGI
2pH

2 DGI
DFGHKL

2F
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For the terms that occurs twice, with the same sym-

bols of the 4fn configuration for example (30 and (40) it is

necessary to introduce an additional label T. If the.irreducible

representation of R., the symbols used are W and U for Gy ,

the terms for f are f xvWUSL. According to Pauli, the classi-

fications for f14~n
 Wiii be identical to that of f

n, so, is is

only necessary to use n*7. Table 8 shows the relation of the

R? and Gj representation.

Considering the fact that configurations with an odd

number of electrons have an even multiplicity or vice-versa ,

we draw the Figure 1 to correlate the W, U and v quantum num-

bers. It is easy to observe in this figure that for the reduc

tion Sp,4 -» SU~ xR 7 is given by:

|000t

2 | l 0 0 |

+ 1 200|

2X0|

| + 11220 j

| | | | + 2 | 2 2 1 |

<16> 7 | l 0 0 | + 5 | 2 1 0 | + 3 | 2 2 l | + X

<17> 8 | 0 0 0 | + 6 | 2 0 0 | + 4 |22O| + 2 | 2 2 2 | .

In the case of N d 3 + ( 4 f 3 ) , 4 | l l l | g ives 5 quartets :

4 S , 4F, 4DGI; 2 | 2 1 0 | g ives 11 termss 2(PH), 2(DGI), 2(DFGHKL)

and | l 0 0 | gives only one term F. The r e s u l t s of Table 7 are

c l ear ly observed in Figure 1. For the coupling designated by

(Vĵ  S^) and (v2 S2> we obtain (1 ) :

v l + 2 S 2 " V2 * 2 S 1 M 2 l
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For the representation |lio|, |21l| and |lll| the

<v,s) couplings are (5, 5/2), (5, 3/2), (3,3/2) for the

configuration f5 and (2,1), (4,1) , (4, 2) for f4.

Table 8 - Relation between Groups R_ and

L

S

F

F
PH

DGI

S
F
DGI

PH
DGI
DFGHKL

F
PH
DGI
DFGHKL
PFGHIKM

DGI
DFGHKL
SDGHILN

F
PH
DGI

DFGHKL
PFGHIKM

PDFFGHHIIKKLMNO

S
F
DGI

PFGHIKM
SDFGGHIIICLLMNQ

V

0;7

1;6

2;5

2; 7

3; 4

3;6

4;5

4;7

5;6

6;7

W

000

100

110

200

111

210

211

220

221

222

-

U

00

1.1

10
11

20

00
10
20

11
20
21

10
11
20
21
30

20
21
22

10
11
20
21
30
31

00
10

Bo
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2S+1

8

7

6

5

4

3

2

1
«(000)

i WT210) ,

'W(2ÕO)

W(22I)

JW(222)

W(000)

W(200)

W(220)

W(222)

Fiaure 1 - Ilustrative correlation between the

configuration 4£n ,W, ü, v and the

multiplicity of the terms. .
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