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INFLUENCE OF HOT BEAM IONS OB MHD BALLOONING MODES IN TOKAMAKS 

by 

G. Bewoldt and W. M. Tang 

Plasma Phys ics Labora tory , P r ince ton U n i v e r s i t y , 

P.O. Box 451, P r ince ton , New J e r s e y 08544 U.S.A. 

ABSTRACT 

I t has r e c e n t l y been proposed t h a t t h e p re sence of high energy i o n s from 

n e u t r a l beam i n j e c t i o n can have a s t rong s t a b i l i z i n g e f f e c t on k i n e t i c a l l y -

modified i d e a l MHD b a l l o o n i n g modes i n tokamaks. In o rde r to a s s e s s 

r e a l i s t i c a l l y t h e importance of sucfi e f f e c t s , a comprehensive k i n e t i c 

s t a b i l i t y a n a l y s i s , which t akes i n t o account t h e i n t e g r a l equa t ion n a t u r e of 

t h e b a s i c problem, has been applied to t h i s i n v e s t i g a t i o n . In t h e 

c o l l i s i o n l e s s l i m i t , t h e e f f e c t of adding smal l f r a c t i o n s of hot beam ions i s 

indeed fourd to be s t r o n g l y s t a b i l i s i n g . On t h e o the r hand, for somewhat 

l a r g e r f r a c t i o n s of hot i o n s , a new beam-driven mode i s found to occur wi th a 

growth r a t e comparable in magnitude t o t he growth r a t e of t h e MHD b a l l o o n i n g 

mode i n t h e absence of ho t i o n s . This imp l i e s t h a t t h e r e should be an op t ima l 

d e n s i t y of hot p a r t i c l e s which minimizes t he s t r e n g t h of t h e r e l e v a n t 

i n s t a b i l i t i e s . Employing non-Maxwellian equ i l ib r ium d i s t r i b u t i o n f u n c t i o n s to 

model t h e beam s p e c i e s makes a q u a n t i t a t i v e , b u t not q u a l i t a t i v e , d i f f e r e n c e 

i n t h e r e s u l t s . Adding c o l l i s i o n s t o t h e c a l c u l a t i o n tends to reduce 

cons ide rab ly t h e s t a b i l i z i n g e f f e c t of t h e hot i o n s . 

DisTsiBuiisa uf fins Dscuatii is liiiLisiira 
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I. INTRODUCTION 

I t has been proposed recently that the presence of both untrapped [1] and 

trapped [2] high energy ions from neutral bean inject ion can have a strong 

s tab i l i z ing effect on high-n ideal MHD ballooning modes. In order to assess 

r ea l i s t i ca l l y the importance of such effects , a comprehensive kinet ic 

s t a b i l i t y analysis [3] , which takes into account the in tegra l equation nature 

of the ba:sic problem, has been applied to t h i s invest igat ion. For the same 

parameters and the same model MHD equilibrium user? in Ref. 1, the s tabi l iz ing 

trend reported when thr fraction of hot ions and/or the hot-ion temperature i s 

increased [1), i s reproduced. However, if co l l i s ions are taken i r t o account, 

th is favorable trend is found to pers i s t but to be considerably weaker. 

Results of calculations using r e a l i s t i c beam-species equilibrium d is t r ibu t ion 

functions [4| , instead of idealized Maxwellian d i s t r ibu t ions [ l ] , are also 

presented and discussed. 

The system of three integro-dif ferent ia l eigenmode equations that are 

solved and the solution methods are described in d e t a i l in Ref. 3. Because 

the ballooninq formalism i s employed for toroidal mode numbers n>>1, the 

equations are one-dimensional along the maqnetic f ield l ines and are radia l ly 

local to lowest order in 1/n. The analysis i s fully electromagnetic, 

including compressional coupling to acoustic waves [5 ] . Cbmpl'T-.e trapped-

pa r t i c l e dynamics are included in the calculat ion for a l l species. All forms 

of co l l i s ion less diss ipat ion, including bounce, t r a n s i t , and magnetic d r i f t 

frequency resonances, are included in the calculat ion without approximations 

[5] . An energy and pitch-angle dependent Krook col l i s ion operator i s employed 

to model co l l i s iona l d iss ipat ion. This model col l i s ion operator has been 

shown [61 to yield the same resu l t s as a Lorentz co l l i s ion operator in cer ta in 

l imi t s in the banana regime in the e lec t ros ta t i c l imi t . Here we are employing 
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i t in more g e n e r a l e l ec t romagne t i c c a se s where i t s accuracy i s somewhat 

u n c e r t a i n . This g e n e r a l k i n e t i c s t a b i l i t y code can be used wi th a r b i t r a r y 

r e a l i s t i c numerical MHD e q u i l i b r i a , as well as w i t h a n a l y t i c model 

e q u i l i b r i a . In t h i s pape r , t h e same model HHD e q u i l i b r i u m employed i n Ref. 1 

i s used, so t h a t comparisons wi th t h e r e s u l t s of Ref. 1 can b e made r e a d i l y . 

This model equ i l i b r i um has c i r c u l a r bu t n o n - c o n c e n t r i c magnetic s u r f a c e s . 

Hot p a r t i c l e e f f e c t s can be c a l c u l a t e d wi th e i t h e r an i d e a l i z e d 

Maxwellian equ i l ib r ium d i s t r i b u t i o n func t ion for t h e beam s p e c i e s , as in 

Ref. 1, or w i th a r e a l i s t i c , numerica l ly c a l c u l a t e d , equ i l ib r ium d i s t r i b u t i o n 

funct ion [ 4 ] . In t h i s c a l c u l a t i o n , as in Ref. 1, growth r a t e s a r e c a l c u l a t e d 

for u n s t a b l e modes over an a p p r o p r i a t e range of [J va lues wi th (J = l o c a l plasma 

p re s su re /magne t i c pres&ure . However, t h e c a l c u 1 a t i o n i n Ref. 1 invokes many 

more approximat ions than a r e made in t h e p r e s e n t a n a l y s i s . In c o n t r a s t to 

t h e s e s t u d i e s , Ref. 2 focuses on the i s s u e of marginal s t a b i l i t y ; i . e . , 

i n s t e a d of growth r a t e s , only t h e va lue of (3 a t marginal s t a b i l i t y i(5_) i s 

c a l c u l a t e d . 

In Sec, I I , r e s u l t s for t h e Maxwellian c a s e , w i thou t and wi th c o l l i s i o n s , 

a r e p r e s e n t e d . In Sec. I l l , non-Haxweln an equ i l i b r i um d i s t r i b u t i o n func t ions 

t y p i c a l of p a r a l l e l and pe rpend icu la r n e u t r a l beam i n j e c t i o n 14] a r e 

c o n s i d e r e d . Conclusions a r e p resen ted in Sec. IV. 

I I . MAXWELLIAN DISTRIBUTION FUNCTION CASE 

The l o c a l parameters used a r e t he same as t hose chosen i n Ref. 1, 

namely: T j / T . - 1 , ^ = n e = <lh = 1 , 8 j = Z n = 1 , r „ h = r n i = r n e , 

n ^ / m H ^ / m , , = 1, q = 2, r n e / R o = 0 , 1 , B = 9Ttp/B|=l%, ( r / q ) d q / d r = 0 . 6 , 

b i t t 5 k ( j 2 P i ' ! /2=0 .0225 , and a 5 - ( 8 n R 0 q 2 / B 0

2 ) d p / d r = 0 . 8 . Here e, i , h , and H 

r e f e r to t h e e l e c t r o n s , t h e background i o n s , t h e hot (beam) i o n s , and 
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hydroqen, r e s p e c t i v e l y . Also lij i (d i n T j / d r ) / d «n n . j / d r ) , r n j = - (d 

In n ^ / d r ) " , R Q i s t h e major r a d i u s of t h e magnetic a x i s , p = ^ n . ( r ) T . ( r ) , B Q 

i s t h e magnetic f i e l d s t r e n g t h on t h e magnet ic a x i s , and t h e r e s t of t he 

n o t a t i o n i s s t a n d a r d . In a d d i t i o n , we choose T = 1 keV, r = r n e , and RQ = 140 

cm, t o complete t h e s e t of p a r a m e t e r s . I n i t i a l l y , c o l l i s i o n s are- n e g l e c t e d , 

and the ho t s p e c i e s equ i l i b r ium d i s t r i b u t i o n func t ion i s t aken as Kaxwel l ian . 

Growth r a t e s a r e shown i n Fig , 1 as a func t ion of t he hot ion d e n s i t y 

f r a c t i o n , n h / n

e » f ° r va r ious hot ion t empera tu re r a t i o s , T^,/T e . The 

cor responding r e a l f r equenc ie s a r e show i n F ig . 2 . Frequencies he r e a r e i n 

u n i t s of w* e , t he e l e c t r o n d iamagnet ic d r i f t f requency . These r e s u l t s a r e for 

t h e k i n e t i c a l l y - m o d i f i e d i d e a l MHD b a l l o o n i n g mode wi th t h e fewest nodes along 

t h e f i e l d l i n e (none fo r t or A i f one for A j ) . This i s u s u a l l y t he f a s t e s t 

growing eigenmode. The s t a b i l i z i n g t rend wi th i n c r e a s i n g n^/n , for smal l 

n h / n e , r epor ted in Ref. 1 i s seen i n Fiq . 1 for s e v e r a l va lues of T n / T e . 

R e s u l t s from Refs . 1 and 7 a r e a l s o shown for T h / T e = 30 i n F i g s . 1 and 2 and 

a r e i n r ea sonab l e q u a n t i t a t i v e agreement wi th t h e r e s u l t s of our more complete 

c a l c u l a t i o n s for n^/n <_ 0 . 0 3 , The amount of s t a b i l i z a t i o n a t f ixed n ^ / n e 

i n c r e a s e s with i n c r e a s i n g T h / T e , as i s shown in F ig , 3 for n h / n e = 0 ,02 , 

On t h e o t h e r hand, i t i s found t h a t a new mode d r i v e n by the p resence of 

t he hot ions i s u n s t a b l e for s u f f i c i e n t l y l a r g e va lues of nyj /n e . This i s 

i l l u s t r a t e d i n F i g s , 1 and 2 for Tj,/T e = 30. The same b a s i c t r e n d was a l s o 

found i n e a r l i e r s t u d i e s [5 , 7 ] , However, on ly t h e l a r g e s t growth r a t e i n t h e 

system ( i r r e s p e c t i v e of o r i g i n ) was p l o t t e d as a func t ion of n h / n e , and t h e 

s i g n i f i c a n c e of t he beam-driven mode '•Jas iot p o i n t e d ou t [11 . With r ega rd t o 

t h e s e new modes, i t should b e noted t h a t t h e p o s s i b l e p r e s e n c e of b a l l o o n i n g -

type i n s t a b i l i t i e s d r i v e n by e n e r g e t i c t rapped p a r t i c l e s has a l s o been po in t ed 

o u t i n r e c e n t independent a n a l y t i c s t u d i e s [ 8 , 9 ] . In f a c t , t h e growth r a t e of 
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t h i s mode i n c r e a s e s as t h e f r a c t i o n of ho t i o n s i n c r e a s e s , and i t can become 

(for s u f f i c i e n t l y l a r g e va lues of n h / n e ) comparable i n magnitude t o t h e growth 

r a t e of t h e u s u a l b a l l o o n i n g i n s t a b i l i t y i n t h e absence of hot i o n s . The 

e igenfunc t ions for bo th types of modes a r e q u a l i t a t i v e l y s i m i l a r . Summarily, 

t h e b a s i c p i c t u r e i n t h e c o i l i s i o n l e s s l i m i t i s t h a t i n c r e a s i n g t h e f r a c t i o n 

of hot ions can s i g n i f i c a n t l y reduce t h e s t r e n g t h of u s u a l b a l l o o n i n g modes 

b u t can a l so d r i v e a new i n s t a b i l i t y . This s u g g e s t s t h a t , for a g iven va lue 

of T n / T . r t h e r e should be an optimum va lue of n^/n^-. 

In t h e absence of hot i o n s , c o l l i s i o n s have been found to have a 

s u b s t a n t i a l s t a b i l i z i n g e f f e c t on the i d e a l MHD b a l l o o n i n g modes [ 5 1 . This 

f e a t u r e i s a l s o d i sp l ayed i n P ig . 4, Here t h e growth r a t e i s p l o t t e d v e i s u s 

v , t he r a t i o of t he e f f e c t i v e t r a p p e d - e l e c t r o n c o l l i s i o n frequency to t he 

bounce f requency. When hot i ons a re inc luded , i t i s found t h a t c o l l i s i o n s 

cons ide rab ly weaken t h e f avorab le i n f l u e n c e of i n c r e a s i n g the hot ion 

f r a c t i o n . This i s shown in F ig . 5, where the c o l l i s i o n l e s s r e s u l t s for 

T^ /T e = 30 i s p l o t t e d alonq with the c o l l i s i o n a l r e s u l t for v - 0.22 (a 

t y p i c a l c o l l i s i o n a l i t y va lue i n p r e sen t -day beam-heated tokamaks) . The 

correspondirKi r e a l f r equenc ies fo r t h i s c o l l i s i o n a l c a s e a r e shown i n F ig . 2. 

This weak dependence of t he growth r a t e on t h e hot p a r t i c l e f r a c t i o n in 

t h e c o l l i s i o n a l case i s in q u a l i t a t i v e agreement wi th t he r e s u l t s of t he 

c a l c u l a t i o n i n Ref. 4 . This e a r l i e r c a l c u l a t i o n a l s o inc luded c o l l i s i o n s , b u t 

i t was much more r e a l i s t i c i n terms of t h e HHD e q u i l i b r i u m and t h e e q u i l i b r i u m 

d e n s i t y and t empera tu re p r o f i l e s employed. 

I I I . BEAM DISTRIBUTION FUNCTIONS 

Numeri ra l ly c a l c u l a t e d , non-Haxwellian, a n i s o t r o p i c equ i l i b r i um 

d i s t r i b u t i o n f u n c t i o n s , F., and F . , were p resen ted i n Ref. 4 . These a r e 
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r ea l i9 t i c representations of the hot -par t ic le species d is t r ibu t ion function, 

Ijj, for typical neutral-beam injection heating cases with pa ra l l e l and 

perpendicular injection respect ively. The same two d i s t r ibu t ion functions are 

used in the present calculat ion, the only change being that they have been 

stretched out in energy. Specifically, the beam temperatures, T n , defined as 

!2/3) /d 3 v E F h(E,v /v) 

h " JaK ? h ( B f V | | A ) 

are fixed to be the same as that of the Maxwellian equilibrium d is t r ibu t ion 

function, F , to which comparisons are being made. Here, E i s the p a r t i c l e 

k inet ic energy, v. i s the pa r t i c l e velocity component along the equilibrium 

magnetic f ield, and v i s the magnitude of the p a r t i c l e veloci ty . Equilibrium 

e l ec t r i c f ields are not considered in th is calculat ion. 

Growth rates in the col l i s ionless l imit with T h / T e = 30 are shown as a 

function of hot-ion fraction in Fig. 6 for the three different hot ion 

dis t r ibut ion functions. The corresponding real frequencies are shown in 

Pig. 7. For n h / n e <, 0.03, the s tabi l iz ing effect of increasing the hot ion 

fraction i- only s l igh t ly weaker for the non-Maxwellian d i s t r ibu t ion function 

than for the Maxwellian. However, for the beam-induced mode when 

rt

n/ne ^ ° - 0 3 ' t n e P a r a l l e l injection d is t r ibu t ion function, F., yields a 

substant ia l ly higher growth r a t e than the perpendicular inject ion d i s t r ibu t ion 

function F. or the Maxwellian dis t r ibut ion function F m . This may be 

at t r ibuted to the much smaller number of pa r t i c l e s contribution to the 

(s tabi l iz ing) t r a n s i t frequency resonance (Landau damping) with the wave when 
F h = F l l ' c o m P a r e d with F n = F. or F h = Fm [4). Again, the indication i s that 

there should be an optimum hot pa r t i c le fraction which minimizes the dominant 

growth ra te . 
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When the collision frequency is sufficiently large, it is found that 

differences in real frequency and growth rate between the three distribution 

functions are negligibly small. The collisional curves in Figs. 5 and 7 apply 

for y = 0.22 for F n = P m, F., and F.» This can be understood as a result of 

a spreading out and weakening of the resonances in velocity space by the 

collisions. Hence, the differences in the distributions in velocity space 

corresponding to F , F , and F., would have little influence on the growth 

rate. 

IV. CONCLISIONS 

In thi! c o l l i s i o n l e s s l i m i t , t he e f f e c t of adding smal l f r a c t i o n s of hot 

(beam) ions can be s t r o n g l y s t a b i l i z i n g for t h e k i n e t i c a l l y -mod i f i ed i d e a l MHD 

ba l loon ing mode. On the o t h e r hand, for somewhat l a r q e r f r a c t i o n s of hot 

i o n s , a ne«r mode can occur with a qrowth r a t e roughly of t h e o rde r o£ t he 

growth rat<? of the MHD ba l loon ing mode i n t h e absence of t h e hot s p e c i e s . 

This impl ies t h a t t h e r e should be an optimum va lue of t he hot ion f r a c t i o n to 

minimize t he i n f l u e n c e of high-n i n s t a b i l i t i e s j.n tokamaks. This optimum 

value i s a l so dependent on t h e h o t - i o n t empera tu re . Although the p a r t i c u l a r 

form of t h s h o t - i o n equ i l ib r ium d i s t r i b u t i o n can i n f l u e n c e t h e magnitude of 

t he qrowth r a t e s , the b a s i c q u a l i t a t i v e t r e n d d e s c r i b e d p e r s i s t s . For 

exper imenta l ly t y p i c a l values of t he c o l l i s i o n f requency, on trie o t h e r hand, 

t h e s t a b i l i z i n g e f f e c t of t he ho t ions i s found t o be much weaker, and t h e 

r e l e v a n t modes appear to be i n s e n s i t i v e t o t h e s p e c i f i c form of t ne hot ion 

equ i l ib r ium d i s t r i b u t i o n func t ion . 
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FIGURE CAPTIONS 

F ig . 1 . Growth r a t e 7 v e r s u s ho t ion d e n s i t y f r a c t i o n n n / n e , fo r v a r i o u s ho t 

ion t empe ra tu r e r a t i o s T^/"" , Here c o l l i s i o n s a r e n e g l e c t e d , v e = 0, 

and t h e hot ion equ i l i b r i um d i s t r i b u t i o n func t ions i s Maxwellian, 

F^ = F . The dashed curves a r e from Connor e t a l 4 , R e f s . 1 and 7 . 

F ig . 2. Real f r equenc i e s u,. cor responding to F ig . 1. The d a s h - d o t c u r v e 

i n c l u d e s t he e f f e c t of c o l l i s i o n s for y f i = 0 . 2 2 and T n / T e = 30. The 

o t h e r curves apply f o r v " = U. 

F i g . 3 . Growth r a t e y v e r su s hot ion t empera tu re r a t i o T h / T e for f ixed hot 

ion d e n s i t y f r a c t i o n n n / n = 0 ,02 , w i t h v e = 0 and F^ = F^ . 

F i g . 4. Growth r a t e ve r su s c o l l i s i o n a l i t y parameter v e for % / n e = 0. \>e i s 

t h e r a t i o of t h e e f f e c t i v e c o l l i s i o n frequency to t h e average bounce 

frequency for t r apped e l e c t r o n s . 

F ig . 5 . Growth r a t e ve r su s ho t ion d e n s i t y f r a c t i o n n h / n e i n t h e c a l l i s i o n l e s s 

( v e * = 0) and c o l l i s i o n a l ( v e * = 0.22) c a s e s fo r T h / T e = 30 . The 

c o l l i s i o n l e s s cu rves apply for F n = F m , whi le t h e c o l l i s i o n a l curve 

a p p l i e s for F h = F m , F^ and Fp. 

F ig . 6. Growth r a t e ve rsus ho t i o n d e n s i t y f r acu ion , n h / n e , fo r F h = F m , P . , 

and F„, i n t h e c o l l i s i o n l e s s c a s e . 

F i g , 7. Real f r equenc i e s cor responding to F i g s . S and 6. The d a s h - d o t cu rve 
* 

f o r v e = 0.22 a p p l i e s for F n = F m , F ± , and F j . The o t h e r curves 
* 

apply f o r v e = 0, 
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