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APPRAISAL OF ALLOWABLE LOADS

BY SIMPLIFIED RULES

D. MOULIN, R.L. ROCHE, C.E.A. Saclay

Abstract

This paper presents a simplified method of analysis of buckling
of thin structures like those of L.M.F.B.R's. The edification of the
method is very similar to methods used for buckling of beams and
columns having initial geometric imperfections and buckling in the

plastic range.

Particular attention is paid to the stress hardening of material
involved (austenitic steel) and to possible unstable post buckling

of thin structures.

The analysis method is based on elastic calculation and diagrams

that take into account various initial geometric defecte



1 - INTRODUCTION

Mechanical structures like those of L.M.F.B.R. that do not bear
particularly high pressure can be built with rather thin plates and
shells. As a consequence, this may result 1in such slendermess that
buckling is very likely to occur if large cumpressive stresses are

present.

Buckling may involve modifications of structure shape that are

far enough from the initial one to compromise a satisfactory behavior.

Therefore, careful analysis of buckling behavior of LMFBR
structures is necessary. These analysisesare very difficult and costly,
and it is desirable to perform them/only in the final design analysis.
At the beginning it is very useful to be able to make simplified analysis
in order to make a good choice of shape and thickness of _.shells.

The aim of this paper is to give indications on such a simplified
method for preliminary analysis of buckling of shells. This method is
very similar to methods used for columns having initial geometric imper-

factions and buckling in the plastic range (1).

2 - DESCRIPTION OF THE PROBLEM

Structures made of thin shells cannot, in general, be constructed
exactly in accordance with nominal dimensionnal specifications. This
results in modifications , sometimes important, in the stress distribu-~
tion. In effect, the nominal geometrical drawings of the structure are
such that loads are sustained without occurence of bending stress. But
if the shape is not strickly perfect, because of unavoidable fabrication
tolerances, bending stresses are produced. These bending stresses can
be far higher than the membrane ones that were strictly necessary for

loading resistance if the shape had been perfect.

This amplification of stress due to fabrication tolerance can be
still increased by the new shape modifications produced by the loading
of the structure. The interactive effect of initial defects and their
amplification by loading, may result in the complete destruction of the
structure by instability. In such situations it is worth noticing that
plastic behavior play an important role.



3 - PREVIOUS STUDIES. DIAGRAM PRESENTATION

The stability of membrane structures had been very firmly studied
since the beginning of 19° century . A more recent book has been used
for a long time as a reference one for buckling problems : it is the one
of TIMOSHENKO (2).

The main part of the work is devoted to elastic stability, this
means to classical bifurcation analysis. Nevertheless practical problems
revealed that plastic phenomenon cannot be neglected. Since 1889,
ENGESSER (3) proposed a simple method to take it into account. This
method consisted in the use of the stress-strain curve for non linear
elasticity analysis. The subsequent work of VON KARMAN (4) and of
SHANLEY (5) permitted to increase the efficiency of the method and
demonstrated very clearly that it gives acceptable conservative esti-

mation of the real critical load.

However, all these works dealt with perfect or as-perfect structures.
It was demonstrated that geometrical defects play an important role.
To sum up, all these works together with those of BAUSCHINGER (6) (1889),
CONSIDERE (7) (1889) and TETMAJER (8) (1903) show that,if it is taken
into account plasticityland initial geometrical defects amplified by
imposed loading, the allowable loads can be estimated by a diagram that

has the presentation given by figure 1, where

- Q—E is the stress corresponding to elastic bifurcation calculation

- Su is the ultimate tensile stress
~ Sy is the elastic limit stress
-c is the allowable stress

.y

This presentation which is very close to a two criteria approach
like the one proposed by TOWNLEY (9) in fracture mechanics field, is

 the one adopted in the present paper.

The main difficulty in the construction of such a diagram is to
take into account the stress hardening of materials, like austenitic
s:eel,chac are mainly concerned in practical problems. In addition,
it must be noticed that instability during post-buckling does not



always show the same indifference characteristic like in classical
cases as underlined by KOITER (10).

4 - BASIS OF THE METHOD USED TO CONSTRUCT REDUCTION LOAD DIAGRAM FOR
BUCKLING

More detailed indications on the sources used to set up this
method can be found in (11). It is presented here the equations used
to draw the reduction load diagram for buckling. The effects taken
into account in the formulation concern : defect amplification during
loading, stress-hardening of the materiel, reduction of critical load due
to instability, amplification of bending stress and distribution of

plastic stress through the thickness.

4.1 - Evolution of the defect under loading

This problem is well known. It is stated here that the fundamental
mode is predominant. As a consequence of this, the geometrical defect,
noted £ is increased in accordance with an hyperbolic law which is

given, if buckling is a stable process, by the following equation :

fo
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where -fo is the initial defect (whfh the load is not applied)
- O corresponds to the applied load
-Gz correspond to bifurcation load (critical stress)

In such a situation the curves giving the evolution of geometrical

defect as a function of the ratio &= have schematic shapes given by
o
figure 2. <

4.2 - Critical stress

By reference to the evolution.of defect presented in the preceeding
section, it is clear that the critical load can only be reached with a
non finite defect. In other words, its value defines the equation of

the assymptotic line of the defect~load curve,




The value of the critical load is here fixed from the elastic
bifurcation analysis (that gives the stress noted S E) reduced by two
coefficients noted Ap for plasticity and Ai for instability. This

can be written in the following equation :

G¢c =“F «x Ap x Ai (2)

4.2.1 - Elastic bifurcation stress O E

The value of the elastic bifurcation stress noted C E is calculated
with the nominal geometrical configuration of the structure (the defect
value is zero) and it corresponds to the fundamental mode. This value
can be found in classical handbook like (12) for various shapes and
types of loading.

4,2.2 - Reduction coefficient for plasticity. Ap.

The first proposal for elastic plastic bifurcation was made by
ENGESSER (3). He proposed to use the tangent modelus Et in lieu of
YOUNG's modulus to appraise the critical load of columns. This way is
very conservative for structures considered here, therefore it was -..
chosen the recommandations of GERARD (13) for spherical vessels under
external pressure and thin cylinders under axial compressive loads
(these two cases are among the worse omes, as far as post buckling
behaviour is ccncerned), This method is well documented aﬁd experimen-
tally verified (14) (15) in some cases. Then the Ap value is @

2
ap = (1 peEt/?2 L (3)
174 E
where/-l:O,S -(0,5-v) Es
E

- v is the elastic Poisson ratio
-~ E the Yound's modulus

- Es and Et are respectively the secant and the tangent
modulus obtained on the stress-strain curve of the material
for a "reference stress" noted o *(see figure 3)., The
meaning of this quantity is explained here after and is

chosen in order to give an acceptable definition of plasticity




distribution through the thickness. As an illustration
of this effect figure 4 presents the curve giving, for am
an austenitic steel at room temperature, the value of the
coefficient Ap as a function of the ratio _f{:f*.

Su

4,2.3 - Reduction coefficient for instability. Ai.

The amplification of the defect value, because of instability

in buckling process, is introduced in a manner very similar to plasticity.

If buckling is unstable the evolution of defect with load camnot
be represented by the illustration proposed in the classical elastic
bifurcation analysis (see figure 2). In this case when a load noted crz;
is reached (c“i is less than G"‘E’:), it is no longer necessary to increase
the load to increase the defect. The defect-load curves are represented

by the curves presented in figure 5.

Due to the simple formulation adopted, the reduction of eritical

load due to instability is to be taken into account by an equation of the

form :
£ = __fo_ (4)
1 - ©
CE.AL

where Ai is the coefficient of reduction. This means that the
critical stress (obtained for an infinite value of the defect) is not the
elastic bifurcation one : cp but Ai g The assymptotic line is
vertical, Therefore the corresponding adopted defect~load curve is
given dy the figure 6.It can be compared with a curve corresponding
to the stable path and the "real"” unstable path that is to be taken
into account in a conservative manner. The problem is to choose the Ai
value so that for a given load value,the defect value used in the

calculation is higher than the real on%'in practical design problems.

To reach this goal it was taken into account the reduction of
elastic bifurcation stress due to a representative unstable process in
buckling. A litterature survey told us that this Ai value can be
generally given as a function of initial defect value by an equation

of the form :



Q1 -Ai)z = x-f-‘iAi (5)

vhere - Ai is the ratio unstable elastic bifurcation stress

stable elastic bifurcation stress

- fo is the value of the initial defect
- e is the value of thickness

- K is a coefficient depending on the mechanical configuration
concerned (shape of the shell, type of loading, interaction
of different buckling modes).

The value of the K coefficient retained, corresponds to the elastic
bifurcation analysis of a cylinder under axial compression made by KOITER (16,
K = 3 3(l-v2) which is close to 2,5

2
As an example of the comparisomsmade,it is easy to show that in the

case of sphere under external pressure calculated by HUICHINSON (17) for
a square mode combination) the coefficient value is 27 6 which is
close to 1,5. 32

The curves drawn in figure 7 give another illustration of the

comparison.

Therefore the coefficient of reduction due to instability is defined

by the equation :

ai=d (242,58 (2,559 - »'2
2 e e

which corresponds to the resolution of the equation (5) with a K value
equal to 2,5.

It must be here recalled that two kinds of diagrams are to be
proposed. The first one intends to take into account the reduction due
to instability by the coefficient Ai. The second one can be used only
in the case where it may be justified that buckling is not unstable (in
this case Ai = 1),

4.3 = Amplification of bending stress

1t is well known that for the structures, the shape of which
are close to perfect ones, the bending moment M is equal to membrane
stres3 N multiplied by the geometrical defect as shown in the figure 8.
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According to shell theory and with an hypothesis of complete plastic
distribution through the thickness,the bending stress o b created by the
geometrical defect is given by the following equation :

f
Sp "Cpn b e (6)

4.4 - Reference stress

As quoted before, it is necessary, now, to introduce a stress
quantity that must permit to give an acceptable evaluation of the
plasticity in the thickness concerned. This quantity is used to define
the coefficient of reduction for plasticity Ap (see figure 4). According
to the principles of simplification stated before,6 it is taken a global
formulation that usually defines the membrane stress-bending

stress relation corresponding to a limit loading.

o’=lem| +|ob] (7)

5 -~ DETERMINATION OF DIAGRAMS

Putting together all the equations (1) (2) (6) and (7),established
to take into account all the particular effects identified/ and eliminating
the quantities o} and f the fundamental folloving equation is obtained

¥ aca( 1 + —2 ) (8)

This equation describes all the equilibrium states of the structure,

i.e. all the stable states. In other words, if it is known :

~ the perfect initial geometry of the structure (therefore the
value of S E)

~ the initial defect value fo/e

- the material relevant behavior giving the Ap value as a function
»
of S  value
it is possible to deduce the maximal allowable stress ¢ m for the structure.
Let us call it ©'m max. Then & disgram giving &"m max as s function of SE
can be drawn (see figure 1). A diagram can be drawn from each material



stress-strain curve and is also a function of the initial defect value.
The diagram, drawn according the fundamental equation (8), describes

the domain of stability.

In this domain the maximal value of 6 m is obtained for a given
v
G E value and a given %? value by finding the <  corresponding value.
In other words € m max is obtained as the maximal value of € m obtained

by the fundamental equation (8) when o ¥ is varying between 0 and Su.
4

5.1 = An example of reduction diagram drawn fgg; an austenitic steel

In order to present an example of determination of a buckling reduction
diagram that take into account various initial defect values, it was
chosen to draw it for an austenitic steel, the material Ap -¢” *characte-

ristic of which is given in figure 4.

As an illustration the figure 9 gives the results for values of
& E 2 100 MPa,obtained when the instability reduction is applied and

when not, for %? equal to zero, 1 and 2.

It is worth noticing that reduction due to instability increases

when defect increases.

5.2 - Comparison with other methods

It is alwvays necessary to make some simplifications and hypotheses
in order to have a method of analysis easy to use. However the resulting
diagram must have to be drawn with a certain amount of conservatism
because various practical problems must be covered. It is therefore

advisable to evaluate the margin obtained by this method.

As an illustration of this,it is simply presented the comparisons
made with results obtained by an inelastic descriptive buckling analysis (18)
for two internal components of L.M.F.B.R., called V] and V2. The component
V2 was also submitted to experimental investigation and its experimental
maximal load was determinated. In the comparison between elastic proposed
method and inelastic one it {s important to notice that the same stress-

strain curve was used for material behavior characterization.
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The results of the comparison are presented in the following table :

' M, Mg Sk My ex Mg ex '
oo p P
Vi 4,8 2,1 0,08
V2 2,5 1,7 0,38 | 2,6 1,8

_except that plasticity effect is introduced in the inelastic,bending

Maximal load obtained by the proposed method (instable)

where MI

Y5

Maximal load obtained by a descriptive inelastic method
Maximal load obtained by the proposed method (stable)

Maximal load obtained by a descriptive inelastic method

Gg elastic bifurcation membrane stress

ultimate tensile stress

Su
MI and Hﬁ * game definitions like in the calculation comparison
exp exp

The maximal load is here obtained by experimental

investigation.

These results clearly show that in both cases, where elastic bifur-
cation stress is rather low (<§i/$u £ 0,4), the proposed method, based
on diagram, is conservative wether buckling is judged stable or unstable

but with larger safety margin in the last case.

Similar conclusions are obtained,if it is applied a somewhat different
method to construct diagrams that takes into account the influence of de-

fect in buckling (19). This method is very close to the one proposed here,

moment~curvature curve integrated from the stress-strain curve of the
material, and that evolution of defect,in instable buckling case, is more

precisely represented by the following equation :

- £ - fo , f - fo,%
omoe | CTE ( e )+ M | R )‘

where the nomenclature is the ‘same as before,
The value ogff'l is chosen according to similar criteria as those presented
to choose the coefficient K used to determine the coefficient Ai (see 4.2.3).
It fntends to take into sccount the sace sensibility to imperfections in
unstable buckling,as in a representative cslculated configuration (cylin-
drical shell under axial compression).

As an {llustration of the comparison between the proposed method and

the one proposed in (19), allowable load, for defect value %3 =1, is
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5.3 - Recommendations

The study clearly reveals that the proposed method, based on
elastic calculations and on correction of imperfection by a reduction
diagram ,produces conservative results. It is therefore possible to
propose it for a buckling rule to be used in preliminary design stage.
The defect value must be evaluated from tolerance fabrications written

on the drawings project.

The french construction code R.C.C.M.R, (Recueil des régles de
conception et de construction des matériels mécaniques des ilots
nucléaires RNR) (20) proposes a design rule based on diagrams obtained by
the method presented here. This rule intends to prevent instability
by the limitation of primary stress. This code also proposes a rule
based on the diagrams that takes into account the interactive effect
of cyclic secondary stresses with load-buckling. A background to this
rule is presented in (21),

-~

= CONCLUSIONS

Thin shell structures of high slenderness must be designed according

to buckling risk that may lead to instability.

- Geometrical imperfections,resulting from fabrication tolerances, play
an important role in buckling process of thin structures,

- A method based on simplifications of real behavior, that permits a
simple analytical formulation is presented.

~ The method is usable in preliminary design.

~ The reduction of buckling resistance (knock-down factor) due to
geometrical imperfection is taken into account by diagrams.

- Two kinds of diagrams are proposed wether buckling is anticipated to be
stable or unstable.

- A diagram can be drawn from the stress-strain material curve.

- Comparisomsmade, demonstrated that acceptable conservative results are

predicted by the method and permit the formulation of a design buckling

rule to limit primary stresses,
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FIGURE1 Presentation of buckling reduction diagram
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FIGURE 2 Evolution of f/e (stable case)
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FIGURE 3 Detinitionof tangent () and secant (Eg) moduli from tensile curve
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FIGURE &  Plasti city reduction factor [ Gerard formulation] Ap
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FIGURE 5 Evolution of f/e (unstable case)
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FIGURE 6 Simplified evolutionot geometric defect
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FIGURE 7 Comparison between [16]and|17) instability reduction factoraA:
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FIGURE 9 Reduction diagrams ( austenitic steel at R.T.)




