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ABSTRACT. 

The equations of motion for an electron in a free electron laser amplifier are written in 
hamiltonian form, and exactly solved for the circular polarization case. Successively, an ap­
proximate solution for a general polarization (elliptical or linear) and weak laser field is ob­
tained by a relativistic generalization of the two-timing technique. 

Finally, the theoretical perturbative results are confirmed by comparison with numeri­
cal solutions. 

1. - INTRODUCTION. 

The free electron laser amplifier is a device in which a relativistic electron beam inter 

acts with a static period magnetic field (wiggler field) and a travelling optical wave (laser 

field). 

The mean initial conditions of the beam may be chosen to yield a net energy transfer from 

the electrons to the laser field, thus producing an amplification of the latter. 

If the beam density is not too high, the Coulomb interaction between the electrons, as well 

as quantum effects, may be neglected. 

In these conditions, a theoretical investigation of the behaviour of a FEL starts with the 

calculation of the classical one-electron trajectories in the combined fields. 

Among the various designs which have been proposed for the FEL, specially interesting 

are the circular case (both fields circularly polarized) and the linear case (both fields linearly 

polarized in the same direction). 

Though the circular case has been deeply investigated, there is a lack of theoretical (and 

experimental) results for the linear case, which is the main object of our investigation. 
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This work is organized in five sections. In Section 2 the principal results of previous tr.a 

lysis are briefly considered, and aHamiltonian approach to the equations of motion is presented. 

In Section 3 some interesting cases are discussed, and an exact solution for the circular case 

is obtained. In Section 4, we describe a scheme of perturbative analysis, the expansion pararne 

ter being the laser field strength, which generalizes the well-known nonrelativistic two-timing 

technique. In Section 5, some plots of computer solutions of the equations of motion are presen 

ted and discussed. 

2. - EQUATIONS OF MOTION. 

The classical one-electron trajectories for the circular case are calculated in ref. (1). In 

this analysis, which assumes the electron longitudinally injected, the longitudinal motion (once 

obtained this, writing down the transverse motion is straightforward, as will be shown) is de­

scribed by 

f(t) = - f l 2 s in ($ ( t ) ) (1) 

2 
where Q is a function of the field strenght and electron energy, and 

£U) = £ 0 + am + Kj <)z(t) . 

dz(t) = z(t) - < z > t , 

< 7. > being the mean electron longitudinal velocity, and 

2ffC „ 2nC 

•••ir ' «v-ir 

where Aw and Aj are the period of the wiggler field and the wavelength of the laser field, re­

spectively. 

As shown in re fs . ( l ,2 ) , maximum gain is achieved near the resonance condition 

Am - 0. 

which, in turn, may be written as 

<*> -^srh-)- (2) 

1 w 

The right side of (2) is easily recognized as the velocity, measured in the laboratory frame, of 

a frame in which the two fields have the same frequency (W frame). Thus, the resonance 
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condition amounts to saying that the velocity of the W frame is the same as that of a frame 

in which the electron mean velocity is zero. Equivalenti}, when à(à - 0 the electron motion ÌB 

bounded in the W frame. 

All of the following calculations will be carried out in the W frame, where the two 

fields can be represented, with fairly good approximation, by two plane monochromatic waves, 

travelling in opposite directions along the z-axis. 

In units where the speed of light, as well as the charge-mass ratio of the electron are 
(4) equal to 1, the equations of motion for an electron in an electromagnetic field are' ' 

d¥ = {j>pF_ j>£_ ^ k _ (3) 

d*2 d X i " d X k as 

where • is the proper 'ime, A1 is the electromagnetic four-potential, and summation over re­

peated indexes is understood. 

For electromagnetic waves it is always possible to choose a gauge in which the 4-potential 

is purely transverse. Supposing,then,the potential independent of the transverse coordinates, (3) 

implies the conservation of the transverse components of the generalized 4-momentum 

dX 
- ^ - + A1 = P1 = const i = 1,2 . (4) 

Using (4) in (3), we get the equation of longitudinal motion 

l S M l Mz* dM . . . 
27T + — T I = - — (5) 

where 

M2(z,t) = 1 + | P - A ( z , t ) | 2 

the bars denoting Euclidean modulus of the two-dimensional vector. We may attain a more use 

fui formulation of (5) by passing to the Hamilton-Jacobi equation, which in its relativistic for-
(3 4) mulation reads ' 

( - S T - A i ) ( # -AÌ>* »• <"» 
ax1 l oxi 

The action is defined as the line integral of the electron Lagrangian along the effective path, 

which obeys the variational principle 

<JS = 0 

the variation being taken for given initial and final position. Equation(4) permits tu to look for 

solutions of (6) of the form 

S= P x ' + S ' f z . t ) . (7) 
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Equation (S), with S given by (7), becomes 

(JSL,* . (451,2 . M2 
dt oz 

from which we see that the scalar M plays the role of a space-time dependent effective mass of 

the electron in its longitudinal motion. Regarding (8; as a Hamilton-Jacobi equation for the elee 

tron motion in the z-t subspace, we also see that it obeys the variational principle 

dJMde = 0 (9) 

with 

da2 = dt2 - dz2 . 

Equation (9) may be written as 

ójht(z, z,t)dt = 0 

being 

L.(z, z.t) = M^? = - M / I - Z 2 . (10) 
t at 

Hence, the Lagrange equation for the electron longituJinal motion reads 

- , - ^ , , . - / l - z 2 - ^ (11) dt /n* az 

which is equivalent to (5). 

The canonical momentum conjugated to z is given by 

d L t Mz 
P = ~ = , . (12) 

flz j / q — J ? 

and the Hamiltonian corresponding to (10) is 

IT = i P -L. = - J L - . (13) 
Z l ^TT2 

Note that, though relative only to the longitudinal motion, H effectively represents the electron 

energy. In fact, it is readily verified that 

,dt 2 .dz ,2 . ,2 
' d i ' " ( d7 ) = M 

which in turn implies 
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The Hamiltonian may be written in terms of z, P and t as 

from which 

H = / p 2 + M2 (14) 

Pz P - - , M SL . (15) 
/ P 2 + M2 ' * / p , 2 + M2 d z 

The variational principle (9) permits us to write the equations of motion by using any couple of 

variables. For example, choosing the phases 

0 = t + 7 , T= t - Z 

as independent variables, and noting that 

the Lagrangian reads 

do2 = dOd* 

Lv = M ^ | = My/T (16) 

(whenever the phase variables will be used the dot will indicate differentiation with respect to x, 

and the brackets will indicate t-average). Consequently 

Whenever M depends on either one of the couple of independent variables, a new constant of mo 

tion ii> found, and the solution of the equations of motion is obtained by quadratures. We discuss 

now some exact solutions of the equations of motion. 

3. - EXACT SOLUTIONS. 

Suppose A_ depending only on x. A potential of this kind represents the more general su -

perposition of waves, travelling in the positive z-direction. Being M independent of 0, equa­

tion (17) implies the conservation of the 0-component of the canonical momentum 

-~s -- P - const . (18) 
2V0 " 

As may be readily verified 

dO df M 2 
da ds 

which gives 



dT JVI^ 
dS fi (19) 

So equation (18) implies that, for the motion in a superposition of waves travelling in one dire£ 

fion, the phase is a l inear function of the proper t ime. 

Clio law of longitudinal motion is 

4P„ J M M dT (20) 

while the t ransverse motion is obtained by (4). For a wave of unity angular frequency 

£ = Re lA 0 exp i r ) . 

Supposing P = 0, which means absence of constant t r ansver se drift, and using the vector identity 

[RC(X)]2 = | | x | 2 + jRe(x2) (21) 

yield 
M " ! + | |A.o| + | R e ( A ; e x p 2 i f ) . (22) 

», • 1 ,„ , dz 1 dr , dO , . ,, ,... , , . j .. 
Being z ^ x(8 - T ) , -n~ = ;r -rr ( T " - 1) the condition for bounded motion, viz. c at I dt dT 

is satisfied if 

< £ > • » 

dO . 
< d r > (23) 

which means that the coefficient of the linear part in 0(r) must be equal to 1. Using (20) and 

(22). the hounded motion condition may be written a s 

'414.1' •"? (24) 

2 
For a circularly polarized wave. A' = 0 and the longitudinal motion is uniform. When the 

initial conditions satisfy (24), the trajectory is a circumference in the t ransverse plane. 

For a linearly polarized wave, assuming the polarization directed along the x-axis, the 

trajectory is an eight-figure in the z-x plane. For weak fields, it reduces to i ts nonrelativistic 

limit, a segment pr.rallel to the polarization axis. 

Consider now two waves of the same frequency, travelling in opposite directions along the 

/.-axis. For unity frequency, what may always be imposed by an appropriate choice of the length 

unit, the potential is given by 
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A(z. t) = Re (A° exp i (t - z) + A° exp i (t + z)) . (25) 

Supposing again P = 0 and using (21) lead to 

M 2 = * + Ì k ° i | 2 + Ì I ^ | 2 + R * | * 5 £ 1
2 « p 2 i ( t -z) • | A° 2 exp2i ( t + z) + 

(26) 

+ A°* . A° exp2iz + A* • A^exp 2 i t j . 

If both waves are circularly polarised, A°| = A?, 0. 

Furthermore, depending on the concordance of polarizations, either _Aj - A . or A_ - A, 

vanish. In both cases M depends on only one variable, what permits us to solve exactly the equa 

tion of motion. 

If the polarization are concordant, A° • P? 0 and M 2 is given by 

1 | f t o | 2 1 | . o | 2 i T 1 _ I A o . Ao M2 = 1 + Ì |A» | 2 + i |A°2 |2 + Re(A° A°2 exp2it) 

and is independent of z. The z-component of the canonical momentum is then conserved 

Mz 

the law of longitudinal motion being given by 

= P •• const. (27) 

( P z d t 

z « / Z . (28) 
J VP + MZ(t) 

Note that the electron never changes its direction, what makes bounded motion impossible (save 

of course, when the electron does not move at all). If the polarization are discordant, 

M2 - 1 + \ | £ | 2 + i | A ° | 2 • R . [ A ° * . A° e x p 2 i z ] (29) 

does not depend on t, and energy is conserved , 

M 

/ITP 
which yields 

= E = const. (30) 

d! . + E 
d z " " / E * - M2(z) 

where the sign must be chosen in such a way as to mantain dt positive. The law of motion is 
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and motion can be bounded or unbounded, depending on the value of E. For the transverse mo­

tion, equation (4) has to be used. 

4. - PERTURBATIVE ANALYSIS FOR ELLIPTICALLY POLARIZED WAVES. 

In nonrelativistic mechanics there exists a method, due to Kapitza, known as "two-tim­

ing approximation", which permits to separate a slow component of motion from a rapidly oscil 

lating one 
(3,5) 

hod. 

where 

What follows may be viewed as a relativistic generalization of the Kapitza met 

The motion in the one-wave field is given by (20). Using (22), it may be written as 

0 = e + - ^ Re (^7 A°2exp2iT) (32) 

a " I ' + \ |i?\\ J _ 1 « ® = c o n s t - • e = ® T + const. 

In case of bounded motion, B- 1. 

Suppose,now,that a second wave, weak respect to the first, is added. We can look for a 

solution of the form (32), where 8 is now a slowly varying function of x. 

Heinjj Bi<.\ 

l o 2 

9 = 8(1 + « R e ( ^ A j exp2ir)) (33) 

o 2 2 
NcjjlcctinR all terms containing fr and supposing P = 0, the effective mass M (Q,r) reduces to 

M 2 '- ' + | | ^ . ° | 2 + R e < 5 Ao
]
2exp2it) + Re(Ao

1.A°Jexpi(T + 0)+ A°-A°*expi(r - 0)). (34) 

'l'ho la^rangian L T = MV9 may then be written as 

/
' - 2 

f [ ( 1 + a R e ( | A_°2exp2iT))(l+aRe(|A° exp 2ir + 

+ ant!(A°1.A°2expi(r+0) + A°- A°*expi( t - 0)))] 1 / Z 

and, up to the first order in A , 

LT 2\[a8\ì + Ì | A ° | 2
 + R e ( | A°2exp2iT) + 

+ \ Re ( A" • A° exp i(r + 0) + A° • A° exp i(r - 0))] . 

As in the Kapitza method, being 8 « 1 , we may replace the effective Lagrangian by its 

t-avrrage, obtained keeping 8 constant. 
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L T s l / a e [ l + i A" 2
 + I R e ( A ° 1 A ° <expi(* + Q ) > + A ° - A ° * < e x p i ( * - 0 ) > ) ] . (35) 

Suppose 8- 1, which corresponds to an almost bounded motion in absence of the second wave. 

We may then consider B-x constant in one period, thus getting 

<expi(T-0)> = e x p - i ( e - T ) < e x p - i ^ - R e ( ^ - A * exp2iT)> , 

<expi(T + 0)> - exp i ( e -T)<exp i (2 + ^ - R e ( ^ - A ° 2 e x p 2 i r ) > . 

0 2 
Supposing now A, real, what may always be imposed by an appropriate choice of coordi 

nates, and using the integral representation of Bessel functions of integral orde' 

rn 

cos (x sin t - Nt) dt 
/

n 

co 

it is readily verified that 
Ì A ° 2 

r,à ~2 °®A1 
, . OCT - O £ . „ >v _ . —1 . 

<exp(-i — A j SHI2T)> = JQ( - ) , 

oft 2 a&ò.ì 
< e x p i ( 2 T + - ^ A ° sin2T)> = - Jj ( ^— ) , 

the imaginary parts of complex exponents giving no contribution to the integrals. Then 

2 
L T ? l / a é [l +\ | A ° | + R e ( B e x p i ( e - T ) ] . 

where 2 2 
1 a A < i * 1 a A < i 

B^2(ÌJo(-4L-)A-0
1 -\3^~T-^V- <36> 

and we have put 8 = 1 in the arguments of B e s s e l functions, which are multiplied by A?,. The 

action S is given by 

S = J fa J ^ + R e ( B e x p i ( 8 - * ) ] \fb dt = J — |"l + aRe(Bexpi(8-T) l V6 df = 

- p - [Ì +aRe(2Bexpi(«-T^j * ' 2 ]/è dr . 

s * / f 1 +
2

L | A . ° i | + R e ( 2 B e x p i ( 8 - t ) ] 1 / 2 ^ d r . 

Using the variables: T = j (8+r ) , Z = - ( 8 - T ) we see that S may be written in terms of T 

and Z ae 
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s = fumai 

where d i 2 ~- dT2 - dZ2 and 

M2(Z) = 1 + | A° +Re(2Bexp2iZ) . (37) 

A ° 2 

—i 1 1 * 

Noting that, —r— never becoming greater than - , B never differs too much from r A -A , 

we see that, as long as A° « 1 , Equation (37) is formally equivalent to (29). 

The function T(Z) obeys then the same equation as t(z) for the circular cases . More­

over, suppose 

t(z = z0; = o . £1 =4- . 
1 7 = 7 « 

Opportunely shifting the T-origin, what does not affect the previous considerations,and choos­

ing cos 27. r 0, we have 

T(Z = zo> = 0, -g-l - f . 
I Z = z 0 o 

(38) 

o 
where M is ^iven by (37), and E still represents the initial electron energy. The electron p£ 

Rifiorì is implicitely given by 

9 

z - Z + j R e ( ^ - A ° exp 2iT) . (39) 

For a qualitative understanding of motion, consider first the slow oscillation Z. Its am­

plitude is implied from the condition 

E 2 - M2(Z) £-0 

and is the same as for the circular case. Denoting its T-period by T* and the t-period by 

t*. gives 

.* ^t . a „ , 1 „o 2 

The law of li angitu dinal mot 

T = t 

ion then 

z 

/ 
J 1/E 
zo 

reads 

Edz 
2 - M2(z) 

t. T * + f He(—A^j | } x p 2 i ( t 0 + t * - z(tQ + t*) - exp 2i (t0 - 2(t0f| ) 

f rom which, since T * » 1 
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Thus also the period of Z is the same as for the circular case. Denoting next the fast 

oscillation as zx, (39) gives 
1 2 

z l = f R e ( 2 T - l e * P 2 i ( t - Z j - Z » • <40> 

In a first approximation we may consider Z = 0, which gives Zj coinciding with the mo­

tion in the one-wave fieH. For a better approximation, consider Z given by the broken line in 

the figure below. 

-> 
t 

A indicating the amplitude of the Z-oscillation. As may be seen from (40), the frequency of Zj 

is 
A © * 

w = 2(1 - ———) for Z increasing, and 

Ad) 
CD = 2(1 + ) for Z decreasing, 

3% 

where (o* - 2>t/t* is the frequency of the Z-oscillation. 

We conclude that, in the bounded situation considered, the electron longitudinal motion is 

formed by the superposition of the circular case solution corresponding to the same initial con­

ditions, and a freouency modulated oscillation, whose amplitude i s the same of the one-wave so 
- Aw* 

lution, and whose frequency oscillates between (0 - 2(1 + —jp— ). 

Note that, being eo*«l the fast oscillation may be identified with the one-wave solution, 

the approximation becaming better as the laser field strenght decreases. 

5. - NUMERICAL SOLUTIONS. 

The Hamilton equations (15), together with the transverse motion equations (4), have been 

numerically solved by Runge-Kutta methods. Tho expressions assumed for the fields are 

A„ = A l x c o s ( t - z + 0jx) + A 2 x cos(t + z + 0 2 x ' • 

A y = A j y cos(t - z + 02y> + A 2y cos(t + z + 0 2 ) . 

The data required are the initial electron position, the constant vector P and the initial 

z-momentum P, 0 . A change in the initial transverse position does not affect the shape of the 
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.solution, while this is strongly dependent, as should be clear, on the initial longitudinal posi-

' ion, a change in which corresponds ,o a phase shift. 

Figures a re plots of numerical solutions obtained for the linear case (0 = A, = Agy). The 

initial values have been chosen to yield, for one wave only, a bounded solution (what happens if 

the resonance condition is verifiedL Figs. 1-4 represent the electron z-position as a function 

or tinte. Tor different values of the laser field strenght A~x. In Fig. 1, this is mantained small 

with respect to the wiggler field strenght. This is the case considered in the perturbative ana­

lysis, ;ui<l the reader may convince himself that the results of Section 4 are confirmed. Pa r t i ­

cularly, the slow oscillation always corresponding to the circular case solution. 

0 I l _ J 1 l _ J J 1 l _ l ( 1 1 1 _ 1 L _ J • • • f . • • • • . . • . . . . . . 

o too t 5>.nn son 

FIG. 1 

In Figs. 2 and :t the two fields have a comparable strenght. Note that the decomposition 

"I motion in two oscillations of different, frequencies may no longer be made. Furthermore, mo 

Mon is now unbounded. In Fig. 4 the two fields have the same strenght. We see that motion is 

attain hounded. 

Mot-cos er, it appears as a single oscillation whose period is exactly double than the 

one-wave motion frequency. 
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F i g s . 5-10 represents the e lec tron t ra jec tor i e s corresponding to the s a m e va lues of the 

parameters . When the l a s e r field strenght is s m a l l ( F i g s . 5 , 6 , 7 ) the trajectory i s an eight -

-figure osc i l la t ing back and forth between the bounds of the slow motion. In F i g s . 6, 9 ( c o m ­

paratile s trenghts) the trajectory appears complete ly d i sordered . In F i g . 10 (equal s trenghts) 

we note again s o m e sort of order . 

We may observe that the e lectron motion undergoes two order -d i sorder "phasetrans i t ions" 

at some cr i t i ca l values of the l a s e r field strenght, the o r d e r parameter being the mean l o n g i ­

tudinal ve loc i ty . 

F i g s . 11, 12, 13 show the e lectron phase space paths . F o r the c i rcu lar c a s e , the phase 

space paths have proved to be a pov.erful tool for an intuitive understanding of the gain m e c h a ­

nism. In F i g s . 1-13 the following parameters are held f i xed: z 0 = ft/4, P - 0 , P_= 0, A j x = 

'• ^lx " "• ^2x °' t t l e v a rj ' i"g parameter being ^2x" 
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