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On the Laurent polynomial rings 
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ABSTRACT : We describe some properties of the Laurent 
polynomial rings in a f ir j i te number of indeterminates 
over a commutative unitary r ing. We study some sub -
rings of the Laurent polynomial rings. We f ina l ly ob­
tain two cancellation properties. 
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A ring fi • ALl^,^1,...^,!^1!, where A is a comnu-
tativa unitary ring and X*,...,X^ ara indeterminates over A, is 
called a laurant polynomial r\Ţfi (aometimae it ia called a to­
rus extension). A laurant polynomial ring can ha raalisad at» the 
ring of quotienta of an usual polynomial ring with respect to 
the aultiplicative system generated by the indeterminates ţţ,«. 
.,!_. Therefore it is natural to study «hat properties of the 
polynomial rings oan be extended to the Laurent polynomial ringe. 
Ve also shall obtain some cancellation propertiea of thaaa rings. 

1JJSS9S> I*t A be » dp—In ţflri ̂ ,...,2^ indetorai-
nates over A. If f C A U , ^ 1 , . . . ^ ^ ia invsrtihle in ACT). 

l~4*t...,lnfX^l then there are a €A invortiblo «,» A ««* a^,..., 

Proof. Let'a first remark that it suffices to prova 
ths lemma for n • 1. Let I • 7^ and let f,geAClfX~tj be such 
that fg » 1. Since 1 is homogsneous in AtXtX\] it follow that 
f,g are homogeneous. Therefore f - si", g • bl11, where a,b6A, 
n,n€Z,. Hence ab « 1 and n - -a. 

Remark. The proof of the lemma 4 is standard, we in­
cluded it here because it is usefull for the rest of the paper. 

^.Proposition. Let A be a domain and X an indetermi­
nate over A. then Aut^Afr,*"1}) • JtxACl,!""1} » Ad,*"1} 

Proof. L»t t €AutA(AtIfr,i3) and let a « t-1. we may 
suppose that 
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«here a^ ta. feA, a,n,n,Y€H, s^ 4 0 , ©n j* 0, Therefore 

I.*(X)* - P 0 • H t̂CX) + . . . • y ( I ) B (1) 

If dag t(I)>0 fro» (1) it follows that dag e.dag t 

• 1. Therefore dag • - dsg t - 1. If ord t « 1 thsn t(X) - sX 

and from (1) it follows that s(X) - bX and ab - 1 (a,b€A). If 

ord t$ 0 froa (1) it would follow that A - (n-Y)awd tt which is 

iwpossitls. 

If dsg t <0 from (1) it follows that 1+v.ord t -

n.ord t. Taarafore 1 - (n--r).oro t, hanea ord t - -1. Sines 

dsg t <0 it follows that crd t - dag t - -1. Then t(X) - | , 

whara i * U [0$. Fro» t(s(X)) » X it follows that a is inverti-

bla in A. 

2*IjMH&. L«t A ba a coarotativa unitary rina. X an 

lndetarainata ovar A and IfeACX.X"1} «uoh that A"Z>X" a»̂ » -

1 H ™ »(ACxfr^T 

Haixr*3) • ̂ affi^trt - ACi.rt iad tcAu ĉADt.r1]), 

W&gg. t(Z) - I . 

H(A) such that 
X a(I) • \ ejU4(X) , 

A-



3. 

Let XL be the ideal generated by c<ţ,...,c_.d<.f..,dt 
in A. Sinoe n i i t nilpotent ideal an*. ACX,X"13cA.CT,r'i3 • 
oACl.r*1! it follow» that ACXtX"*I - At!,!"1!. 

It remains to prove that T it an indeterminate over 
A. Let a0,...,am€A he such that a0+a-Y+...•aaI!B - 0. Let B be 
the subring of A generated by *,i.»ao**',,ani* *** coefficients of 
Y in ACX,!"1} and the coefficients of X in Ad,!" 1]. Let 
t: BCX,X~13 * BCX,*"1} be the B-morphian defined by 
t(X) - I. Since B is noetherian then B|[l,Z"iD is also noetherian 
and the surjection t is also an injection. 

4.Proposition. Let A be a oonmttative unitary rinf 
and I an indeterainate over A. If t €AutA(ACXtX""T) then 

t(X) - \ ajX1, where i±€V(A) for i i< st aa is invertible 

i« -m 
in A and a - i 1. 

Proof. Let A* - - a — and let's conaider the oanoni-
H(A) 

cal nap u» Aut^ACX.X"^) • AutA.(A*Cl,rt). If 

leAut^U'Cx,*"1]) let y€ACx,X"1] be auch that y «od H(A) -

e(2). Therefore —*•*• j j » —AfcYi7 J . i t follows that 
KACx.rT S(ACy,y-X 

there i s gCAut^ACx,*"*1!) such that g(X) - y. Then u(g) - a t 

so the aap u i s onto. 

Let's remark that ker u - ^n €AutA(ACXtX"13)| n(X) -
« . ^ " • • • • * »0 • *i* • . . . + ânXn, a ^ f U ) ^ . Since u Is onto 
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1, Aut.(ACl,I 13) 
i t f o l l o w that Aut4,(A*CX,r~ J ) = - therefore, A ker u 

i f t€AvtA(AtX,3T i3) then t(X) - g(I) • n(X)t where g«.AutA*(A*C 
n 

I,*"1!) and n(X) - \ a^1» a ţ E l U ) ( i - - « , -m4-1,. . . .n). 

i * - • 

Remark» The proposition 4 Bhovs that the structura 
of Aut^CAd,!""1]) is not far fro» that of Aut^UC*]) (cf.with 
ill). 

5. Lemma. Lat A.B be domains. K • Q(A)t AcB. If there 
is f £BvA such that BcKtf,f-i3 then f ia invertibie in B or f 
is irreducible in B. 

Proof, Let's suppose that f is not invertible in B. 

If there are gfh €£ such that 

f - g.h (1) 
g i h 1 r- i 

then g - — , h - - ^ . «hare g^.b^ feKlfJ, u.rfc». 

From (1) i t follova that 

g ^ « f1*u+v (2) 

Since f i s irreducible in K£f] there ara a,n ţ i 
such that &. • f", h* - fn (modulo the multiplication by an i n -
rartible element). Therefore g - f"~u

f h - f*^. Since f"1 ^B 
i t follows that m-u^O, n-v >,0. From (1) we deduce that m-u - 0 
or n-v - 0, i . e . g or h ia i a w r t i b l e in B. Therefore f ia i r ­
reducible in B. 

6.Proposition. Let A>B be floflfllM» K * Q(*) AB& ^ • 
•••»*n ^ i < t < r a ^ t 9 1 1 o v e r A * u c h t t i a * ACŞCApLţ.X^^ X . 
X^13. If B i s a QCD-doaain and there i s f«*BsA such that B c 
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B£f,f*13 and af"*1 £ B for every a€i N Vo'i then B - AtflL 

Proof. From the lema 5 it follows that f is irredu­

cible in B. 

Let b €.BCKCf,f \I. Then there are a,a^,... ,8^6 A , 

a + 0, t,n€I such that 

abf* - a0 • aif • ... • a^f" (1) 

I f t > 0 then f divides a0 in B. Therefore there i s 

hfeBCKCf,f"13 such tha t 

a0 - f .h {*) 

Since ve nay suppose that b f 0, we nay assume that 

aQ + 0 if t > 0- Therefore from (2) it would follow that h -

a f £BV in contradiction with the hypothesis. Therefore t » 0 

and the relation (i) becomes # 

ab « aQ + a^f •• ... + aBf
a (3) 

Ve shall prove by induction over a that in (1), a 

divide» 60,a1f...,an. 

If n • 0 then ab - « 0 , therefore b feK ftaCXj ,Xp, 

• ••ţXQţJ^ J • A. 
Let's prove that "m^s" implies "m»s*1". 
Since t - 0 it follows that be K M . But &Xfl -

K£f+a3 for evevy a feK, so we may suppose that f is without cons­

tant term. Then there is c€A such that 

a0 • ac (4) 

It follows that 

a(b - c) - f(a,ţ • ... • a,**"1) (5) 
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Slim* X iff irr-vîucitla IR B aod B i s a GCD-donaia 
then there ia 4 B such that 

b - c • 4f (6) 
Than 

da - a^ + . . . • **** (7) 
By the induction it follows that â  • aoif vhara 

e#l...te 6A. Chsrafora 
a(b - c - ^t - ... - oBfm) - 0 (8) 
Bina* a> 0 and B ia a doaaln i t follow» that a • 

c «- e i f 4- . . . • o a f*ţaCf3 . Va daduos that 1 - AfcfJ. 

Başark. If A C B C A l X p t t V . - t V 3 ^ » BCFlf.f-*1} 
and thsre i s a 6A N {O\ such that af_ i €.B than i t la possibls 

that B / Atf3. for i&staacs, l i t i - I , B - at - j ~ , r l > 

t . I I I . t a , a i C B C i C X , » ! ; 1 , ^ , ^ , BC<£f tf- 13, f - i - —^ 

£ B, 2f"1 - -£feB and B / ACf3 - z t —^ 3 . 

v 

7f*fr9PftilUflB» *ft.4jJ>.*S ApTOiftf» * - «(A) ajd.I 

an indstsrainats o ? « A sneb that A cB Ck[Xtf^}, I f B ia a 

gCP-domla and thtrs i s f € B \ A such that BCltf^f""1] tasa 

B - ACfl a£ B - Atarax""*], whar* a , t>£A\[o} f « « I * . 

Proof. If f"1 <eB than f * aX*f whar* a i s inwsrtible 

in A and • « £ , . Sines f at A «a har» • £ £ * • Iharsfora 

ACaX», a-VTJcsCKCal", a " V ^ I . 

83 ac* B C â d , * * 1 ] i t f o l l o w that a - ACal", a"1!""!. 

I f fwi 4z f fro» ths laaaa 5 i t follows that f ia ir -

r*ducibl« in B. If a f 1 â£-B for «vsrj a6A {of tht» • - At/5 



7. 
by proposition 6. Let's suppose that there is*sAs{.0Î such 
that *kf gB. we reexamine under this hypothesis the relatţoas 
(1) and (2) froa the proof of the proposition 6. If B^ Afcfl then 
we say suppose that aQ t O, h 6B and 

a0 • f.h (2) 

Since a0 is homogeneous it follows that f,h are homo­
geneous in AtX,X~Jf hence f - cX*, a » dX"Bt where c,d6A v{o} , 
od • a0« s6i \{o}. The relation (1) from the proof of the pro­
position 6 becomes 

• 9 

I 
V^!xa(i.t) ( r ) 

a c i - t 
But froa b£ACx,X~1J i t follows that «•*; £A for 

•very i • 0 ,1 , . . . ,m. Therefore we may suppose that there are 

CjdeA^tA , efeH* such that 

iCoi8tdjra3CB<:ACx0,jr8D (•) 
l e t «bjl*, e£?£B^)p\ . Then ( e i f e 2 ) I 8 ^ 3 jO< f 

where (e4|Ve2) i s the greatest common divisor of ê  and »2 *& B* 

Let H - | b e B | b - e ^ , e ^ A\4.0$ , V - |b£B ; 

b - fdx-a
f f^A>^ort . 

Prom the above i t follows that there are e,f£A such 

that HCALeXl, ICACfX"8!. From (*) i t fellows that 

ACeX^fX"9] CBCACeX'.frt (•• ) 

Hence B - ACeX^fX"*}.. 

9T**9WW<>ft' Let t bo a commutative field. X ^ . . . , 

*n IfAfţfr§4&a*«g fTfF * ffl* * ft *9M*a sucfa ţfrlţ k U ^ k U ^ X j ] 
i i di" A - 1 then there i s an llflttermtaatej^ 
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Rroof. Lat P - kCX1,Xţ1
t...,Xntţi] and 1st £ -

(X^-1, ... ,1̂ -1 )R0A. Baeauaa (X.,-1,. .., X^-1 )fi is a naxiffial 

idaal in B it follows that p_68pec A. The rast of the proof is 

similar to that of 5-6 from Cl3. 

9.Corollary. Lat k be a commutative field» I^,...,! 

indoterminatea ovar k and A a QCD-domain sueh that kc.ACk(Xjt 

XJ tm.m^X^fX^l» If dim A » 1 than A is isomorphic to k(Xj7 2£ 

ţo kt*,,!;1}. 
Proof* By proposition 8 thara is an indeterminate Z 

over k such that kcACt£X,X"*T. Prom proposition 7 it follows 
that A - kDO or A - kCaî'.bX"9], where atb*k\lpl , s*£*. 

Sinca kCX8,*"*] » kCaX8,bX"fl3 it follows that A is isomorphic 

to kCl^ or to kCX^Xţ1!. 
Remark. If k is algebraically closed, A a normal af» 

fine ring of dimension 1 ană n • 1 our corollary 9 follows also 
fro» *,1 of CS3. 

IQ.Proposition. Let A be a domain. X an indeterminate 
over A and B an UFD such that A CB CAlXtTT*}9 fhen B « A or B is 
IsoaoYpfale to AOft or to ACel.aT'1!. where c,d*A toi . 

Proof. Let*a suppose that A jj- B. Lst X - Q(A). There­
fore 

KCK^BCKCM"^. 
Sin'„e Kĝ B i s a GCD-dooain froa the corollary 9 i t 

follows that there i s f eB\B>K such that K0AB - &£f] or X»AB 

- *u$r"i. 
lift 8 - AN lo] . îben X -*6-1A. 
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Let's suppose that X»AB - KCf3. Because K M - Ktafl 

for every a 8 we may suppose that f e.ACX,X"j. Therefore f fc 

AtX,!-1] n (K8AB) - AtXfX"
13 nS~1B - B, hence f t»B. Sxnce K«AB 

• XCf3 it follows that B KCfJ. If f~1 ei B it follows that f 

is irreducible in B. Prom the proof of the proposition 6 it fol­

lows that B - ACf], hence B is isomorphic to ADO. 

If f-^feB tfcen Be«ff,f"*l. 

Let's consider now the esse K®»B « KCf»f~ 3. Because 

KCf,f 3 - Xtsf,(sf)~ 1 for every 8&S, we may suppose that f * 

ACX,X"13. Therefore f fcAtX,X~i3 H (X*AB) - B, hance f 6B. Since 

KGAB - X£f,f~
1] then BCXC^f"1}. Therefore B - Atfl (and B is 

isomorphic to ADO) or there are cvd<A\(olF twfcM* such that 

B - ACoX^dl"11^, heace B is isomorphic to AEcXtdJT J. 

11 .Corollary. Lat A be a doaain. I an indeterminate 

over A and B a noctherian U7D such that A CB CA£X,t~\}. Then A 

is L UTO. 

Proof. It suffices to reaark that B is a graduate 

ring» B • \ Bit where B0 » A, 

i€S 

12.Proposition. Let A be a domain. lp...,XQ ̂ nd£-

terminates over A and B a PfD. If A C B C A C X 1 ,xf ,..• i 3^! 1^ 

and tr.deg.AB £1 then B - A or B is isomorphic to ACxl or to 

ACcX,dX~1:i, where X is an indeterminate over A. o,d6Ax<0^ , 

Proof. 

Let X - Q(A). Then 

i CX« AB cxCx,, iq\... ,xn,x;
13. 

If tr.deg.AB - 0 than dim(K«AB)$ tr.deg.K(X©AB) - 0. 
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Hence B CES therefore B >» A. 

Let's suppose that tr.deg..B » 1. Then dim(K»,B) .̂ .1. 

If dim(KK.B) = 0 then B « A. Therefore we may suppose that 

dim(K$AE) « 1, From the corollary it follows that £»AB is iso­

morphic to KlXil or to K[Xi»X« 3. Then there is an indeterminate 

I over K such that M^B . K[l] or K«AB - KCT,Y~ 13. 

If K«AB « Ktt] then Be KEY], hence B is isomorphic 

to BttJ. 

If K«AB - KtT.T"
1} then BcKtY,!"1], hence B is iso­

morphic to ACU or to ACcTtdî"
1], «here c,d«A\|oţ . 

13.Proposition» Let A be a UFD. A cB a ring extension. 
IffiY.I indeterminatea ovy A find T an indeterminate orer B. If 
BCT,T*1J - ACX^.T^r-1,*,»"1! ̂ nflLAtX,!"1! B then B is iso­
morphic to one of the following ringst AtX,*""1!, ACI,X" 1,T], 

ACX.f1.cY.ar'i3. where c.d«A\{(A . 

Proof. Since A is a UÎD it follows that BET,!""1] 
- ACXtX"'1,Y,I~1,Z#Z*1:] is a OTD, henea B is a UTO. 

Ve may suppose that Z £ B. Indeed, if Y.ZgB then 
BCT,T-1J - ACx,r1

tît23cr<l,z-VcBcr1,z"'b-fl-1B CD 

where 8 is the B i tplkitive system generated by T,Z. 

from (1) it would follow that 1+dim B^dim B£T,f"1!l 

4 dim eT^B^dim B, a contradiction. 

Since 2 «î B it follows that 

Bfi<*.- DBtT,*"1] - (0) (2) 

Indeedf 1st u fcBfXZ-DBCft,*"*]. Because Z-1 € 

B t T . r t s ^ there is u(«)fcBCT,r>'*Js{PÎ «»& that Z-1 - a(f). 

therefore rhare is gCDCBCl,*"1} such that u - h(t)j^lP). If 
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u / 0 then g(T) A 0. Sine* u *>B it would follow that h(T) -

l^T*, g(T) • b23T
B, where b ^ ^ C B s ^ p ] , «62. Therefore Z-1 -

b^T31. But 2 la homogeneous in BCT,T"T. Therefore n » 0, hence 

Z- 6 B, a contradiction. Therefore u » 0 and (2) la proved. 

It follow that we hare the following ring extension 

(Z-1)BC*,f-^ (Z-DapL^.T.r^.Z.Z-^J 

Therefore 

ACX^JCBCACl,!"'1!^,!-1^ (J) 

Since B is a W D the proposition results from (3) 

and the proposition 10. 

Remarks, i) if in the proposition 13 the ring A is 

noetheriaa then B ia isoaorphic to ACT,!,*""1! or to ACX»X~\cIt 

dT*13, where c,d£A>»-{pi . 

ii) The propoaition 13 ia similar to an analogous 

result on polynomial rings.(C9D). 

Definition. A commutative unitary ring A is called 

strongly n-torue invariant if from the equality of Laurent po-

lynoraial rings Att1,XţV..,X&tţ13 - BCl1tlţ1,...,Tn,i;13 it 
follows that A » E. 

We shall give t*o sufficient conditions fcr the 
strongly torus invariance. 

For the first result we need the following lemma. 

14.Lemma. Let A.B be commutative domains. Z^t...tX 
indeterainates over A and ?.,,...,IC indeterminate» over B. If 
ACX,,*} f...,Xp,XJ1] - BCT1fTţ1f...»î •Xj;1! &«&..,$*••£•*..W.*-ftft-
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papaneona forma «i;J 6âlX,.*ţ1,....XlfX[1,."»Ill.ţi3 , v^BCl,,, 

TtV^Xj.XjV..»!,.!^ «a* e^.f^gZ wen that ̂  - ^X* 1 3, 

Rroai. I*t A± - UX,^ 1,...,!^^,...,^,^ , 

T" 3 and we apply lamma 1. 

IS.Eropoajtion. Lat AtB be coammtfttiva domina, X*, 
* * *»̂ k be ind»tarmipatas over A and T^,,..,1 ba indeterminatea 
orar B. If Q(A)CQ(B) aad Aft,,It*,. .^T^X^l - BÎX, ,iq1,..., 

Proof. Lat'a firat reaark iika is the proof of 3.1 
of Cfi] that from the hypotheala it follows that l£B. Indoed, 
lat x Af hence x Q(B). Than z - - , whara b.VcB, b' ̂  0. 

b' 

Since btb* ara hoaogoneoua of degree aero in BCÎ^,Z^ V.,.,1n» 

I" j we have degr T x « 0» hence x «B. Therefore A<B. 

8inca i(B«i hav» BLl^I^"'.....^.!^ - Aft^XJ1, 

J . . , 3 q 1
t . . . ^ n , X ^ 1 C B C X , , ! } 1 , . . . , ^ , ! ^ ! by the hjpotheela.There-

fcra 

Ve ahall pro** by inductlou o*&~,- n that A *- B. 

If n « 1 i o 4 b 5 B , banco •,. » \ a ,*! . Sia** I , ie 
/ * 1 



13. 

algebraically independent over B and b,a^&B it follows that 

b « a . hence b€A. Therefore B C A . i.e. B - A. o¥ * 

Let's suppose the result proved for n-1 indeterminates 

and let's prove it for n indeterminatea. Because A CB we have 

A^I1»I1 »***»In-1*Xn-1^'-B^t1»X1 »* * * »Xn-1 »Xh-1-'* 

Since AIX,,!;1 Vl'O^'O - ̂ l^-X^^] 
Cln,X^

1D it follows that ADr,ltjq
1,.-..*n_1»

Xh-11 " ^ p ^ V - . , 
1 t 

*n«1tJn-1 • n e n c t ̂  inaction A - B. 

16.Corollary. Let A be a domain and A* its 

integral closure. If A' is strongly n-ţorus invariant then A ic 
strongly n-torus invariant. 

Remark. Por n« 1 our proposition 15 and corollary 16 
are proved in 3.1 and j.2 from C&). Our proof of the proposition 
15 ia diverse from that of 3*1 from E83. The corolxlary 16 can 
be deduced from the proposition 15 like 3.2 is deduced from 5*1 
in L81. 

17.Theorem. Let k be a commutative infinite 
field ang 1 a k-algebra which is a domain. If card(Aut. (A))< 
card(k) then A is strongly n-torua invariant. 

Proof. Let R - AO^,Xft...,Jn,X*l - B C I ^ I ^ 1 , . . . , 

^ . Y ^ 1 ! . For m€k \{6\ we define J^-.R ¥ B as followst 

V V " »*d (J - 1,2, . . . ,n), Fa(b) - bf MB. 
Let's remark that *B€Aut(ft). Ve also have 

*.<Xi> " W ? 3 ) " •"^•^•VV" 8iace viJ 
it homogeneous in ̂ ••••t*^i^ ( f 1f««I E it follows that we 

deg riA 
h«ve \ C T J J ) • • *Tij* T***9*OT* 

file:///Ctjj
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e- .+ deg v. . e-, degY X_ ê  
P (X.) « m ia i0.T. .T.iiJ - m x * « m X.X,, ehere e- -

degY y X.. It follows that 

H - ^ ( A X X ^ 1 . . . . , ! ^ 1 } . 

Let p: ACX1,Xţi,...tXn,XJ1D »A be defined by 
pCl^) - ... » P(x

n) " 1» P(&) " «t a^ A •** !•"* *îA fl ' • » 
ACX^X^1,...,!^!^1] be defined by i(a) - a, a£A. Ve define 
s i A - » A by 8. • P**„°i. therefore s.€End(A). 

Ve shall shov that sm is sur 3active. Let a 6A. Since 

aeAc'i =?m(A)Cl1tXJ1,...txn»3ţ13 there are a. « CA svch that 

a - \ V%...jn
)xi •—V- »•» 

finite 

Let a1 - \ a« ^ £A. It follows that s„(a') - pC^Ca')) -

\ p(P_(a, , )) - a, hence e_ is onto. 

The nap a is also jnjectire. For proving this let's 

remark that ker p - (X.,-1,...,1^-1)8. But »J1(l»r pOFa(A)) -

(af ̂ - l ,...,• ^-DBftA - (0), hence ker pO»B(A) - (0). 

therefore ker *B - (o), i.e. sB is injeetir». 

let fi - {am | «6k^ \ol) . Ve shall prore rhat if 

A t B theft card 8 > card k, which is in contradiction with the 

hypothesis. 
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Lat izj.. •« p(̂ i-j) €1, • ] * « p(Tjj)€A. Since 1^ 

e. 

Bacause V ^ " V^id"'1*.*1"*1**1*) -
•J 

» ij **.v **.• ^ ^.T. ^ ^ . „ i ^.u.. it fol-

1-a f 
lows that »a(^£j) • •

 i i^'u[tj» 

If th«ra ia (1,4"» such that 1-e-jfjj > 0 th»n «acr* S 

^card it, ia contradiction with tfea hypotheais. 

If ̂ -«4^4 " 0 to* *H (itd) *&•* ei*i- * 1* Benea 

f.- . 
I » u. .X,x , whare f. » I 1 aad £< » f<4 - a . . Tharafora fl *-0 xj i • i i x.j i f f -1 
A D ^ X ^ , . . . , ^ , ! ^ - iitX.%*q\...tXnfi;'

,3 - BCu11Ii
<l,(u11X,'

1)f 

f f -1 

If A j* 3 tban fro» tha proposition 15 it follow» 

that thara xa s6ltfi, fherafora thara ara fe4 4 &B such that 

Sinca a€A B wa hava a ̂  Ot tharafora »B(a) / 0 

baeausa aK is ia^activa. fharafora thara is (dţt***tin) •**& 
that p(b. # # < ) ^ O. Sinea u^,...,»^ rf O and tha field k is 
infimita from (*) alad the expression of »a(a) it follow» that 
card (8) >oard k. 

fharafora wa mat have A • 1 and thms A is strongly 
n-torue invariant. 

1g.Corol?.ary. Lot k be a conwitatire fiald and A a 



16. 

domain that contains >, If .£itfc(A) ia infimlte ttmn A jjf strong 

gly n-torua invariant. 

Remark. For n » 1 our corollary 18 foil eve fro» 3.8 

of DCL 

Aaotber sufficient condition for the atreeg'y toruB 

invariance can be obtained with the i»elp of the bslow lefined 

paeudo-locally nllpot&nl derivation*» 

Definition, Let A be a ri*.g, We call a pseudo-local-

ly nilpotent derivation on A an infinite sequence of endonor-

phiEina D - ^ei'ig2 *•'*•&•* 0tt * a e additive group (A,-*-) such 

that» 

i) For ev*ry a &A ther* ar« BK*)»W(a) feZ, such that 

X>^(a) - 0 if »>!(«) «r n^H(a). 

ii} ic(*b) « \ Dt(e)D,(b) fSr every a,b€A tn*S. 

i+j-n 

A paeudo-lceally ailpotent derivation S * (*i)i£ % 

U called trivially if D p * idA and I>i - 0 for i f 0. 

Reaark. The former definition ia siailax to that of 

the locally nilpotaat derivations from C?l. 

^.Proposition. Lat A ba a co—utatiro ring that 

contains an infiolte field.If on A there ara as pseudo-locally 

got trivially ailpotsnt derivations then A la strongly a-torue 

Ir-oof. Let*a suppose that tfcere were a sesreufcativa 

ring fl 4 A» 2^t...,XD inaetenainateB over A end I*,.*.,! inde-

teralaatas over B oaaa tha* 



A£a v̂3Cţ v«.»»X^,Xj^ j » 8(Xţ«*4| ţ « . . t x n , l ^ J . 

Let a e l A ^ l . Then thare ia f ( T 1 t « . . t Y n ) c l C ţ 1 , Z ţ i , 

4 - . , X a , T â i 3 N B ««eh that 
a - f ( T i t . . . , X n ) . 

He aaj suppose that 1(1^,...,^) » \ g.(T2,...,Tn)I^, 

where €j(T2,...fTn)6BCT2,T5 ,...,Xn,T^J, •i^^tS- (X2,...,Xn) 
^ 0, 8- CX2....,Xn) ̂  Ot *, or Og y 0. 

Let 9 be a new indeterminate and let's consider the 
•orphism oi B C X ^ Y ; 1 , . . . , ^ , 1 ^ >BCx1tx^1,...,xn,x;1,i,ri3 
defined as follows? G(X1) » Y^, G(Y2) - X2,...tG<Yn) - Xn.Then 

•2 
G(a) - Y^ 6 j(r 2 l...,Y n)X^. 

X^l. Then h^U^,...,!^) 4 0, h- (X,. — .^) >< 0. 
If n2 / 0 let a^,...,atl6AN{o] be such that 

h (**«•••va) + 0 (this choice is possible because A contains 
an infinite field). If i- • 0 than m,. / 0 (because a* • *u » 0 
would imply a 6B) and let a^,... taQe A\{0^ be such that 
hBi(a1,...,an) i 0. 

Let t: AD^,i;V..,Xn,X;\Tfir13 • Aft.rf 
fee the A-aorphism defined as follows: t(X*ţ) • a^t«..vt(XQ) • aQt 

t(T) • 9. (Ve aay suppose that a^,...tan are non-zero eleaents 
froa an infinite field included in A, Henee that a^,...,^ are 
iaTertiVle). Let ix A< » ACXitXţ''t...tX|l,Xj1tT,T"i3 be 



tu* canonical inclusion ana lat*a consider ftA *- a£f,*~\], 
«bar* ft» teG«i. 

Than f ia a ring aorphisa and we have 

f(a) - \ h.(a1,...,an)T;i6ACTfT"13xA because h (e^,...^) 

/ O o r b^(ai,...,au) ̂ ( i f ^ / O o r i j - 0,»^ A 0). 

Lat f(«0 - \ o^T1. Lat'a consider D^a) :- c^. 

finita 
Sine» f is 1 ring morphia» it follows that Cl>i)ig2 ia a pseu-
do locally nilpotant derivation oa A. Bacausa f(a) ̂  1 it is 
not trivially. Thorafora B - A, and A is strongly n-torus inva­
riant for evary n. 
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