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ABSTRACT 

A nonconventional extension of the canonical quantization method for 
local field theories is presented. This approach lacks some of the diffi
culties of the conventional one (e.g. there are no ultraviolet divergences 
in the cor respond i'.g S-matrices) . 

АННОТАЦИЯ 

Дается новый метод расширения канонической квантизации для локальных по
лей. Настоящее приближение не содержит некоторых затруднений общепринятого 
подхода (например, в S-матрице не появляется ультрафиолетовая дивергенция). 

KIVONAT 

Lokális térelméletek kanonikus kvantálási módezerének egy nemkonvencio
nális kiterjesztését alkotjuk meg, amelyben a konvencionális módszerrel együtt
járó néhány nehézség nem lép fel (pl. nincs ultraibolya divergencia az S-mát
rixban) . 



One ofthe most successful theory of physics is quantum (q) mechanics. 
Its mos powerful method is the canonical quantization which algorithm pro
vides the q version of a wide class of classical (c) mechanical systems. But 
the conventional extension of this method for quantum field theory still oc
cupies an ambiguous status [1]. On one hand it led, appended by the renormali-
zation prescription, in an experimentally very successful theory,[1,2] while, 
on the other hand, beside the divergences in the perturbation expansion, fur
ther researches revealed some fundamental inconsistencies in this conventional 
theory [2,3,4] (by Wightman [4] these difficulties in catch words are listed 
as (1) Haag's theorem, (?) ultraviolet catastrophe and (3) instability of 
vacuum). Considering this ambiguous status of the conventional procedure, the 
question arises: Is the conventional procedure the only one for extending the 
canonical quantization method for field theories or there exists another way? 
Here we mention an affirmative answer for this question in the cases of clas
sical local field theories (CLFT) given by Lagrangian densities, while the 
detailed presentation of this approach will be published elswhere [5,6]. 

Though the present canonical quantization method can be applied for any 
Lagrangian CLFT,[5] for simplicity's sake, here we presents it for a CLFT of 
a single real scalar field q> and of Lagrangian 

L(t,x) = [\ Э Ц Ф 9 У Ф - V(<p)](t,x) (1) 

Our method maximally exploits the p* nciple of locality which means that 
this canonical quantization substitute -\ч identical с mechanical systems 
described by (1) at each point x of the . - constant hyperplane IR , with 
their identical q mechanical counterparts [5,6]. In the presentation of this 
canonical quantization method we closely follow here the introduction and 
presentation of the q mechanical canonical quantization in standard text 
books [7]. Thus we start with the discussion of the canonical formalism of 
CLFT in a completely local fashion. By implementing a Legendre transforma
tion on L = L('p,d>,Vcp) with the use of the с field equation (in what follows 
eq.), we obtain the canonical eq.'s 

Ф = ЭМ/Эп, - Л = ЭН/Э<р - V(3W/8V(p) (2) 
where H = Н(<р,п,7ф) = пф - L is the Hamiltonian density. Eq.'s (2) are equiv
alent to the с field, eq.. Hamiltonian-Jacobi eq. can also be introduced for 



the action density S = S(x) = fdtl.it ,v) . Along the с mechanical line of 
thoughts we obtain 

3S/3t = -Him, aS/d«p,V«P,t) (3) 

for S as the funct ion of cp,V(p and t , where ЭЭ/Зф = n . Poisson b r a c k e t s of t h e 
loc. i l p h y s i c a l q u a n t i t i e s F ( t , x ) = FÍ4>,n,Vft>,Vn) ( t ,x) can be de f ined a s fo l lows 

6F X 6 F 2 6 F 2 6 F X 

{ F 1 ' F 2 } = 6w~ 6n~ ~ 6Ф~ 6п~ ( 4 ) 

where 6F/6(p = 3F/9tp - 7 0 r /9Vp) or 6F/6n = 3F/3u - V(9F/3Vn) i s t he " func
t i o n a l d e r i v a t i v e " of F wi th r e s p e c t t o Ф or n , r e s p e c t i v e l y . Th~ t ime d e r i v a 
t i v e of a l o c a l q u a n t i t y F can be e x p r e s s e d , wi th (2) and (4) as dF /d t = 
= 3F/3t -» {F,H}. P o i s s o n ' s b r a c k e t s of t h e b a s i c l o c a l v a r i a b l e s Ф, Vcj>, n 
and Vn a r e then as fol lows 

{<p,<p} - Ы,п} = О, { П , Ф } = -1 (5а) 

NTI,TI} = {V<p,<p} = О, {Vn,«p} = {п,7ф} = ( -V) ( - l ) (5b) 

{Vn,Vrt} = {Уф,Уф} = О, {Уп,Уф} = ( - V ) 2 ( - l ) (5c) 

Then the canon ica l q u a n t i z a t i o n of t he с t h e o r y means t h a t we r e p l a c e t h e 
l o c a l q u a n t i t i e s (Ф,УФ,П,7Т1) w i th l o c a l o b s e r v a b l e s i<p ,4<s> ,n ,4n), i . e . , wi th 
s e l f - a d j o i n t e lements of a noncommutative a l g e b r a , and P o i s s i o n ' s b r a c k e t s 
( 5 a , b , c , ) a r e r ep l aced by commutator b r a c k e t s 

[ Ф , Ф ] = [ n , n ] = О, [ Я , Ф ] = - i D (6a) 

[ЧФ,Ф] = [Чп,п] = О , [VÍt,(pJ = [n,V<p] = ( - i V ) ( - i D ) (6b) 

[víx,víi] = [ v i , v £ l = 0 , [víi,Vn] = ( - i V ) 2 ( - i D ) (6c) 

(here ti = с = 1 a r e chosen) [ 6 ] . A s o l u t i o n of t h e s e canon ica l commutation 
r e l a t i o n s (CCR) wi th l i n e a r s e l f - a d j o i n t o p e r a t o r s i s 

<рф = ф .ф(ф,х ) , пф = -1Эф(ф,х)/Эф (7а) 

7фф = -1Уфф(ф,х), Vm|> = -Ш^Эф(ф,х) /Э<р) (7Ь) 

where Ф does not depend explicitely on x, i.e., [-iV,ф] = О, and 
-* 2 3 

Ф(Ф,х)€Ь (IRx iR ). By von Neumann's theorem [3] the solution (7a) of the CCR 
(6a) is unique at each point x? IR , up to unitary equivalence (a more precise 
formulation of this statement can be found in ref. 5). We note that our method 
provides the canonical quantization procedure for the approach of CLFT's in 2 3 3 ref. 8. For, the q substitute of the trivial phase bundle IR x IR x(IR x IR) 
of the CLFT of Lagrangian (1) is the trivial Hilbert bundle L2(IR)x (IR3x IR); 

2 3 
the q substitute of the с mechanical system of phase space IR x IR , de
scribed by (1) at (x,t)eiR x IR is its q mechanical counterpart of state 
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2 space и (IR). Another note is that in this representation the wave functions 
ф(Ф,х) and not the field depend explicitely on the points of the 3-space 
IR (as is well-known,[2,3] in the conventional approach the q field <p(t,x) 
actually does not exist as an operator in a Hilbert space). 

The dynamics can be specified in this local approach by the unitary map 
t •*• exp{-ifit}; (ii(<p,x,t) = exp{-iHt}4>(«p,x,0) where H = H(<p, n, Vq>) = in 2 + 
1 A 2 A 

+ j(7<p) + У(Ф) is the local Hamiltonian of the q system. This prescription 
provides Schrfldinger's eq. 

2 
1 I? = (" k ̂ r " I ф2д + v ( (p) ]ф ( 8 ) 

ЭФ 
This specification of the dynamics is confirmed by the following facts. (1) 

2 Eq. (8) implies a continuity eq. Э|ф| /9t + Div J = О with the current 
J = [(i/2)(ФЭФ*/ЭФ - ф*Эф/Эф),(1/2)ф2(фУф* - ф*7ф)]. Thus |ф|2 can be in
terpreted as a probability density for a measurement that at time t the field 
A + $ 
Ф at the point x gives the value Ф when the measurement of the 3-position x 
gives the value x. (2) Eq. (8) implies an Ehrenfest theorem. Namely, the с 
field eq. holds true in expectation value 

Ф - ДФ = -av/Эф (9) 

where, e.g., Ф = <ф[ф|ф> = /d®d x ф*(ф,х,иф ф(ф,х,Ъ) etc.. This results can 
be derived directly from (8) or in an easier way in Heisenberg 's picture. 

Л Л Л Л A 

Namely, the local observables F = F(cp,n,^,Vn) evolve in time as follows 
F(t) = exp{-iHt}- F(0)-expfiHt} or in differential from dF/dt = 3F/3t + 
+ i[H,F]. Then, by applying (6a,b,c) and (7a,b), we get for Ф and n 

Ф=1[Н,ф] = ЭН/Эп, - n=i[íí,fl] = ЭН/Эф - iV(3H/3vtp) (10) 

taking into account that 7Ф = -iV$ = <p(-iV) (10) as operator eq.'s are equiv-
A 

alent in form with the с canonical eq.'s (2). Using the specific form of H 
we have <J = n and n = iV(V<p) - эО/ЭФ or Ф - ДФ = - SV/ЭФ, i.e., the с field 
eq. recovers in the quantized theory as an operator eq . Taking the expecta
tion value of this eq. in any state, we obtain (9). CO The с limit of (8) 
can be performed in the same way as in q mechanics. For this purpose let 
Ф(Ф,х,^ » Ato,x,t)exp{iSto,x,t)}. Then (8) inralies the continuity eq. for 2 2 A = |ф| and the following eq. for S: 

2 2 
H + 1 4 + | í < p 7 S ) 2 + V Í < P ) - •5Ä (^~T + ф 2 л ) А = ° ( 1 1 ) 

Эф ЙФ 
If S(<p,x,t) is of the form S = S, (p,t) + s(x) and s is of the form s - 1ПФ 
then ((pVs) - {V<fi) and so, neglecting the last term proportional to fi in 
the usual unite in (11), we have got back Hamilton-Jacobi's eq. (3) of the с 
theory [9]. 
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Up to now we formulated the canonical quantization of CLFT considered 
and the local description of the dynamics of the quantized theory. We now 
turn to the global description of the quantized system. As we saw the quanti
zation substitute the "connected trivial fibre bundle" of с mechanical sys
tems described by (1) with a "connected trivial fibre bundle" of q mechanical 2 systems [5,8] (the "connection" is described by the term (Vq>) of (1) in the 

2 
с theory and by the term Ф A of (8) in the q theory). We can treat this in
finite set of connected q mechanical systems globally by the tools of q stat
istical mechanics [5]. For this purpose we use the following representation 
space of^the CCR's (6a,b,c). The wave function can be generated as iM«P,x,t)= 
» $((p,p,x,t)x(x) , where p = -iV. Then the set of the (operator-valued) func
tions Ф(ф,р,х,и equipped with the Ä-valued scalar product <Ф, |Ф->>С = 
= /dip**, (ф,р,х^)Ф. (cp,p,x,t) constitutes a Hilbert space Hj over A where A is 

2 3 
a *-algebraof linear operators in L (IR ) [5,10]. One may consider this rep
resentation space Wj as the local state s, ace of the q system; the elements 
Ф with the property <Ф|Ф>с = 1 (1 is the unit in A) may be called local 
states; the local observables are represented by self-adjoint operators (A-

A 

module homomorphisms) in H»; the expectation value of a local observable F 
in the local state Ф is F = <ф|Г[ф>*£А; H* carries all the informations one 
gets by local measurements [5,11]. 

The global state space of the q system is then obtained by averaging 
over the local state space Hj. The physically interesting measures for this 
averaging are provided by von Neumann's density operators, 0<p<l, in A. Then 
the global state spaces are the Hilbert spacesHp=Trp'Hj:={®|eeH^, Тгр<Ф •>í< 

<•»} equipped with the complex scalar products <Ф,|*2
>о = T r o <*il*2 >A* T h e 

global states are the rays of H , the global observables are represented by 
self-adjoint operators in H (we note that a global observable corresponds 
to every local observable in Hz) and the expectation value of a global observ
able f corresponding to the local one, F, in the global state Ф is 
f = Тго<Ф|Р|Ф>*. Н р carries all the information obtained from the infinite 
set of q mechanical systems in the q statistical state p of the measuring 
apparatus [5,6]. 

To see some advantages of the present approach we consider the perturba-1 2 2 tion theory using the interaction picture. Let V(tp) = _- m Ф' + VJ (Ф) . Then 
in the interaction picture v(t) satisfies free field eq. while the (local) 
states are governed by the interaction local Hamiltonian Wj = Vj(ф) according 
to Tomonaga-Schwinger's aq. 1ЭФ/^ = W-Ф. The free field eq. from (10) is 
ОФ -f m ф = 0 . The solution is <p(t) = ác(t) + á c*(t),where [a,a ] = 1 and 
c(t) * /dP()t) (l//2T^)exp(-ik0t) , k Q = Л + m 2, and P()t) is the spectral 
decomposition of p. Then the free local Hamiltonian takes the form 
H Q » (N + j)P0» N = a+a and p0"fp + m ) . In Fock's representation И in 
Hi - НвА [10] is spanned by Fock's basis Ф(п) = (1//гП)(а+)пФ(0) . The local 
A 4 A 1 4 

observable r = (N + -j)p can be called the local 3-momentum observable of the 
q system [5]. Generelly, we can say that the free field operator eq. describes 
a "trivial fibre bundle" of harmonic oscillators, or, another way of inter-



- 5 -

pretation is that a creates a Klein-Gordon particle of 4-momentum observ
able (p ,p) from the local vacuum Ф(0). Thus in the local state Ф(п) there 

О А 
are n Klein-Gordon particles of 4-momentum observable (p_,p). Go the free 
field description in the present approach is physically equivalent with the 
conventional one. Some formal eq.'s of the conventional free field theory 
now recover as mathematically well-defined eq.'s [51. Thus, e.g., we have 
[i(t,) ,cp(t,) ] = -i£(t,-t.,) for the non-equal time commutators of (p, where 
Ä(t1-t2) = MP(k)<i>c(2Ti) . ím -k^+k ) exp[ ik Q(t 1-t 2) ldkQ, or for the con

traction of wit^) and tp(t2) we have £Uj)jp(t2)=<0| Tfcpit^iftj)) |0>^=iAp(t1 -

- t2) where Д„ is Feynman's propagator, Д (t,-t2) = /dP(k).(2u) -fdk " 
.(m5-k^+k2-iO)"1exp[iko(t1-t2) 1 [5]. 

For describing scattering problems in the interaction picture the local 
S-matrix is obtained along the usual line of thought and is given by the 
expression S = T exp[-i/dtH_ (t) ]. The terms of S can be expanded by applying 
Wick's first theorem and the corresponding terms can be represented by 
Feynman's graph techniques [2,5]. These terms do not contain infinite factors 
when their matrix elements are taken between any two local (or global) states 
from their domain [5]. This statement follows from the fact that in this local 
approach only the local interaction Hamiltonian Н т г jears in S and not the 
total one, "id xHj(x)". Mathematically this implies iat there are no 3-mo-
mentum integrals for the internal lines of Feynman's graphs. The remaining 
energy integrals have the same structure as in q mechanics, so they do not 
produce ultraviolet divergences. Physically, the local Hamiltonian does not 
contain contribution of far away fluctuations. 

l\s to the Lorentz invariance of the theory we note thft only non-unique 
(infinitely many different) representations of the Lorentz group can be given 
in the local state space H~. This and Erenfest's theorem implies that a uni
que Lorentz invariance holds only in mean value in this theory [12]. Never-
theless the global scattering amplitudes <® 1|S*2 >

D
 = T r p ' <*l' S*2 >A o f l o c a l 

states are Lorentz scalars and thus the global scattering amplitudes of wave-
packets (describing physical particles), too. Furthermore in the cases of 
free fields we can select out uniquely local (and the corresponding global) 
states which describe relativistic many particle states. Then these states 
describe the in and out states of (adiabatically) interacting relativirtic 
particles, however Lorentz invariance in the process of interaction is fulfill
ed only in mean value in this approach [6]. 

We conclude here that a nonconventional extension of the canonical quan
tization method for CLFT's exists, which lacks the difficulties of the con
ventional one formulated in Haag's theorem and in the ultraviole catastrophe 
[2,T]~. In this approach the interaction picture exists for nontrivial scatter
ing) problems, too. The corresponding S-matrices have the same structure as 
the conventional ones and are free of ultraviolet divergences. This formalism 
is an explicite example that the q dynamics of a system can be locally im
plemented, according to the physical measuring situation. 
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