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UMruM : 

\ least squares method is proposed to fit the geometrical parameters of a 

•M.'t ol curved tracks assumed to originate in a common vertex : the parameters 

measured independently for each track are first extrapolated with their weight 

mains to a point close to the expected vertex position •, then a local parabolic 

Darainein/ation of the trajectories is used in a fast f i t t ing procedure, where all 

pui a n ie 1er s (vertex ( oordinates and track parameters) are modified at each 

.UT..:tmn : the global amount of computation is roughly proportional to the 

number oi tracks. Moreover this formalism is well suited to add a track to an 

cMMin^ wTiex. or to remove a track from it. 

iVi propose une méthode par moindres carrés pour ajuster les paramètres 

^"omcinquus d'un ensemble de traces courbées supposées provenir d'un vertex 

- "Niiiiiin : les paramètres mesurés indépendamment pour chaque trace sont 

l'alxrc; extrapolés LVCC leur matrice de poids jusqu'à un point proche du vertex 

.••".•.I ; ensuite une preedure rapide d'ajustement, avec une paramélrisation 

parabolique des trajectoires, nodif ie tous les paramètres (position du vertex et 

paramètres des traces) à chaque itération ; le volume global de calcul est à peu 

pri". proportionnel au nombre total de traces. De plus ce formalisme permet 

aisément d'ajouter ou de retrancher une trace à un vertex existant. 
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l . Introduction : 

Vertex f i t t ing procedures are used to obtain a precise detci. ^LIUH , . 

the momenta of charged particles (or neutral ones decaying in charged mode), 

and possibly a discrimination between different possible topologies. They arc 

applied to a set of tracks previously individually f i t ted ; the information on each 

track is summarized by geometrical parameters (5 for 3 D tracks curved in a 

magnetic field) and their weight matrix. 

The simplest approach is to search for the vçrtex as the point closest to 

all trajectories, according to their weights, and then to determine the direction 

cosines of each particle at the point on its trajectory closest to that vertex. To 

improve the accuracy on the track parameters (especially the curvature), each 

trajectory can be fitted again, including the vertex as an additional point ; 

however this is not quite optimal, because the vertex thus defined depends 

partly on the points measured on this track, so it is correlated to them ; the 

correlation is negligible if the weight of this track is small w.r.t. the total 

weight of all tracks involved. 

In sect. 2 we propose a method tc perform an optimal f i t of globally a_l] 

parameters : vertex coordinates and 3-niomenta of all particJo. Rather than a 

constrained Fit (difficult to implement) we consider a parametric l i t , where tin-

trajectories are determined by 3 genera! parameters (vertex coordinates) and 3 

particular parameters for each track 'e-g : two direction cosines and the 

curvature, or the components of the momentum}. This "hierarchical" paramctn-

/.ation (cf. réf. 1) allows a fast resolution of the linear system to be solved at 

each iteration, using operations on (3X3J matrices ; the number of elementary 

operations is merely proportional to the number oi tracks. 
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\ioreo\er we show in sect. 3 that this algorithm is well suited to the 

addition of a track to a vertex already fitted with other tracks, or to the 

subtraction ol a track from a vertex : such an operation is simplified by linear 

approximation of the variables as functions of the parameters. 

2- Global f i t t ing algorithm : 

2.1. Formalism : 

Let us consider a vertex with n tracks (n Jj. 2). The track i was initially 

dev nbed by 5 parameters ^,-.<?("{ - - f^and their weight matrix W . The 1,-are 

now. variables depending on the parameters X, Y, Z (coord, of the vertex) and 

P ù i f < î ) f i ' î (defining the track i at the vertex) : 

**• = F

A - ( X , Y , Z . Pc-, > r<» > ftj ) 

V.c want lo find V (X, Y, Z) and the j \ - • which minimize The V : 

or. with matrix notations : 

ï ' r « S Ac,-*" W; A ^ -
* { 

Jo do this, u.r linearize F around starting values of the parameters : 

i i .e. F < V + £ V , p v -+ <Sp t- ) ^ F ( V ; P l - ) ~ J V <5V - E": 5~p; I 

T\'v equations for the minimum are then : 

( .£ *• W; B.- ) 5 V + £ (*' W,. E-) 5p ; = ^ û* W,' âV (™) 

and. ior'each . ' : ( E * W ; ï> ; ) & V + ( t . H ' 5 , - ) <5 p- = " f ^ «; &V C ' - l ) 

where : . <5 V = f £ X , S r , 5 2 j and (Jft. - ( «fp;-., , ^p.-^ , «JjV ) 
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arc the variations of the parameters (unknowns to be calculated). 

. I>. is the matrix of derivatives of ^w . r . t . V 

. Ci Is the matrix of derivatives a( fcw.r.t. fV 

So wc obtain 3 equations involving all parameters : 

A SV + -21 B,- % = T (2 .1 ' ) 

„ „ h A £ . D'VM; &^ a n d B. D* W; E.-

and 3 equations in\ol\ing X, Y, Z and f\- ip^^.Pij for each of the n values of i 

Lq. (2.2') gi\cs of- as a function of û ' : 

u i th these expressions. (2.J') becomes : 

(2.2') 

(2.3) 

(2.M 

This i'. a system of 3 equations giving « * , ° < , ° Z , hence »£. through (2,3). 

Some extra algebra provides the covanance matrix of the parameters : 

cov(V.V) ( A - f 8,'CV)"' 
cov (V,£.) . - cov (V.V). B_. C f 1 

cov (p.,^.) , 5 , - C,"1 -+- C ^ s f c w ( v v ) B - C ^ 1 

All parameters are now correlated. 



2.2. Parametrization : 

\\c need only a focal parametrization of the trajectories from the vertex 
to the point where the quantities fl,-* are defined (generally the first point 
measured on the track). If the distance is too long, we can in a first step 
extrapolate the <\± - to a point close to the expected vertex, and propagate Wt-
into < i t W^-2); . where "à- s the derivative matrix of the initial < t̂-* w.r.t. the 
extrapolated ones. Lxact and approximate expressions of •&• arc given in app.l 
lor some simple cases. This propagation can also account for multiple scattering 
between the vertex and the track detector. 

Around the vertex we can use, either a helix parmetrization, or, simpler a 
second order expansion of the trajectory. As an example, if the QK>- are the 

position (v and '/.), the direction (slopes U-=.-iand ov = 22i ) and the curvature at 
i l v dx ' * * , 

a gi\cn value of x, we choose as parameters p,-^ the slopes til - -& >^:-^J, 
at the vertex (X, Y, Z), and the curvature (which is independent of the point 
chosen). 

The trajectory is defined locally by 

u,. - 0; + *6 * -x ) 



-B* , ^ u , B are the local magnetic field components, and P. is the signed ratio 

o! electric charge to momentum. 

Hence the derivatives (with A x - x - X ) 

3 j / & - Y ( J ; V ; 

•V;-|5;4* 

•i +• 
• 3 U ; 

&-K. 

* & . . Ax. 

O 
! 

z_ 
AaJ-

2. 
. Ax. 

I'or short distances many terms containing Ax orAxVan be neglected. When the 

distances arc also negligible w.r.t. the radius of curvature, î>v- and ^- have very 

simple expressions : 

CA-x] O O 

O O^J O 

o o -\ 

0- \ o 

V; 0 A 

< • 
o o 

! * • • 

0 Ù 

I'erms i n u brackets can be omitted when the ratios (error or position)/(error or 

-.h-j,'.') and (error or slope)/(error or curvature) are large w.r.t. the range of the 

parametrization. If the extrapolation length between the lirst measured point 

and the \.ei tex is not too large these ratios are of the order of the measured 

length, so in most cases the above condition is fulf i l led. 



3. Updating the vertex : addition and subtraction of tracks : 
3.1. Linear approximation formalism : 

The linear approximation of the variables as functions of the parameters : 

is applicable provided that the parameters do not vary largely when adding or 

subirai ting a single track. 

Let us suppose that we want to add a (n-tl)-th track to a vertex already 
• onstructed with n tracks. We take as starting values : V and p. (i 1 to n) 
previously f i t ted, and p . so as tc have small differences Aq , between the 
vjkit's deduced from V and p . through (2.1), and the measured ones (e.g. 
i hoesmg the measured curvatures, and the direction at the vertex so that the 
direction at the first measured peint coincides with the measured one). 

Within the linear approximation, the contribution of the first n tracks to 
thr ^ is d quadratic: function of o v a n c j Sfy. 

["tie contribution of the (n * l)-th track is : 

Minimizing the global gives : 

for < = <! h> « : ( t ; ' W; £>;) S V-(-(E*W,' E,-^ 2<f; - O (3.2.) 

(lC w„, \„) Mr (£*,K» ^ « ) SP-, = <3-3-) 



With tho notations u.scd in (2.1') and (2.21)* plus : 

*„•, = Dnt ««„ V , 
"T„ 4 1 = D ^ , W n + 1 A ^ „ + 1 

A c uoi j in : 

n+1 ^ s 

<1.V> 

Lqs. 0.2') and O.V) give <5"j>; (i 1 t o n * 1) as functions of i V : 

5 P . = - c j 1 E ; SM C;=i <*> ") 

Sp = C""1 ('u - S f c <TV) 
n.i) 

•Ith O.l ' ) : 

- n n ^ i . , 1 (3.6) (A+A -M£l:Csï)S\/=THn-^C9 

•us ^s !p ! „ oi 3 equations gi\es SV'- (£X,<5 Y 5Z), and then 5p. through U.7.) and 

/\-£B.-c,:Y- vas already calculated in the n-tiaik t i t , one I;, 

i ompute the righi-uand side and an additional term tu the lel i - lund snU-. Vs t. 

Ct- 3 t ' are already known, so that the amount of calculation needed i;i ih's 

lormaliMii is much smaller than a new (it with n * I tracks (cv> n il limiiec! :(> 

onk one iteration). 
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The same algorithm can be applied to remove a track from a vertex, giving a 
negative ueighl -fy- to this track. 

3-2. Discussion : 

The mam point to discuss is the validity of the linear approximation, 
which allows to consider the derivatives matrices IV and £. as constant in the 
range o\ variation of the parameters. In principle this range should not exceed 
largely the uncertainties on the track measurements : for usual detectors this 
corresponds to negligible variations of D. and C . if a track added to a vertex 
riiodilics strongly its parameters, it is likely not issued from this vertes. If that 
is die case when removing a track, this track should have been rejected from 
[Ins vertex before the fit by preliminary cuts. 

r.qs (3.1.) and (3.2.) give a quick procedure for updating of the global 
and also the contribution of each track to its variation, whence a probability 
( ritcnon to accept a new track, or, if needed, to reject an old track, in order to 
hnd a better topological assignment. 

4. Conclusion : 

The vertex l i tt ing procedure proposed in this paper lias many advantages : 

. IT uses in an optimal way the informfation provided by the 
individual fit of the tracks. 

. It relies on few elementary operations on (3x3) and (3x.5) matrices 
: so it can be coded with high efficiency. 
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. In many cases, the ca lcu la t ions arc speeded up by reasonable 

approx imat ions on s l igh t l y curved tracks. The modular structure of the a l g o r i t h m 

al lows io upplv d i t l e r c n t t r e a t m e n t s to t racks m the same ve r tex . 

. In tt ie l inear a p p r o x i m a t i o n , add i t ion or sub t rac t i on ol t i . n k s arc 

I^s; "pc raUons compared to the whole f i t . They could be used as l o o k [<•• 

. o r . s t r uc t a \ e r t e x t rack bv t r ack , and to examine qu ick ly d i l fe ron t posvb; i 

topologies. 
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Appcadïx 

weight matrix propagation 

. <.- «v.iiu io • j | ( uLiu- ihe matrix o& of dcrr.atives of s qjj.'i li'..I-T 

me track ai a given point P I for example the first measured point!, 

quamitie Q: at a point V extrapolated near to the vc 'ex . As m 

i :,oose lor O; : y, / . u d-^ftA-x. , v aïfetxat ! ixed x and P signed 

charge to momentum. 

Ik-lore j t i \ i j lculation let us remark that, contrary to the accurac \ 

needed lor tra]ector\ extrapolation, we can accept an approximation ot .2) lor 

*.\ci;;ht propagation. So we suppose hereafter the magnetic field to be uniform 

and the energy loss lo be negligible in the range of propagation, in order to use 

u helix parametri/.ation, 

lii most cases, the extrapolation length (projected onto 

du ul j r lo the field) is small w.r.t. the radius of the helix, so 

.in;.'Ir Iroiii V to F is small, and we can use the same second 

..'..: ou îs in 2.2,. and JM approximation of «Ô at first order in i 

a p ane po pi-ti-

that the ro i i l ioi 

ord 

his . 

*r pa 

"gi<- I r 

ir-tr 

A-X -=. -K - -

=7): • 0 

1 o 
\ o 

A * 

O 

A 

O 

o 

A * 

O 

1 
o 

Z-Ax 

(expressions of oi and < were given in 2.2.). 



I! i lu- r o u i ï i o n angle is not neg l ig ib le , we need an exac t hel ix paraim 

. j i . o n . Let its examine f i r s t the rase where the magne t i r A c i d is along \ - a . 
v f ' v ' V V ^ * «/ v 

v.-.- : V ! m r l u t < o i nen ie tu v <3 ^ \ , v. <* • t . < at t i xec x so tl 

i v i v ! os * " . \ v / s i n <**, r v V ? ç B * (R is Signed) and in the s.,n,e 

a - <3_ .tt ! iv i -d v / j i> xhe slope o! îhe t r ack u - r - î . a plan** pe tp rnd i t 

i the nui j ;neîH ! s c l d . and si is the angle vv.r. t . y axis tn p i o ; e r t i o r on:o 

1 he propagat ion along the hel ix f r o m x to x is expressed b\ : 

.r •* , t (*«1**) 
j F v 

*i-

£/.-> o< p __ V V o/ 

C^ra, o(" ~ C«~* <* 

these expressions we deduce the ma t r i x oi de r i va t i ves I I . . , . , , 

3 i / a ^ V 

"A 1 *" t " c " 

1 f \ 0 - H A?c k i» ot 
t Â X ùft t t - A u 

f o A AS 
Û3C fc» c( fc Ax f ^ l i i ^ 

C-

* F 0 0 -1 £ k* tA-x 

t F o o o -1 £> 

c F 
o o o o 1 i 

Hen< e the m a t r i x : 

2> n F / r , n F , / v , n v , / v 

.vhere JV /n - . is the ma t r i x of de r i va t i ves of q w . r . t . q and 0 , . , / , the 

>t de r i va t i ves of q u . r . t . q : 

11 a 

D _ lu û - tW^ 
"F/V 

0 O O O -f / f t 

A a a & A 
o -A o o o 

y J 

t v/vj i t fc 

\d o 0 



When ihe ma inou r ijeld is alon^ an axis perpondu: ular to v-a\is ilor 
y I?" 

>j!npie aion^ /-axis) we del:no q at point V and <\ at poirt f, a1» \ . / , 

- r r ~ • i —-•— <lT fixed x. and i p £ . = — ( t lias the same sienif u ation 

. ,i!;o\e. ttiul s is the sine of the angle <* w.r.t. \ - a \ i s m projet tion). P H ' 

op.i^.ili.^n a!i>ii(; the hehx j;i'-es now : 

t f - t v 

O*"- SK") 

•• — K ( LOÎ <^ - < ^ 3 at ) - 1 
• A - * 

i - i " = R t f - - - v ) = !(< Û ^ I C Î I ' H S _ O-*- a - s") 

2;/a- l" 3 ^ tJ 
C» 

F 

'i 
A 0 o k(cos °< ) , il x fe « <<F 

f O -1 c 
_ t A ^ j A * f O -1 c C"1- c i^s^ <* F 

sv~ 0 O 1 O ATC 

t F o O C -1 o 

C F 0 0 o o 1 

; 4*1 es(A) (>)s«i — t os o( , jnd so on) 

'^ 'V/l" V / V 'V/V 

,.l, l v / r 

-1 o £3 CO 

0 -1 o O 

0 Û S T ^ O 

0 o -1 

o o c3 o 

o 

o 
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o o 
o o 

o o 

c3 O S 

We l o r u e now to the most genera l ease : the magnetic h o l d is no 

akv.g a •• oor ( f inale ax is . We can ove rcome this d i f f i c u l t y w i t h a r o t a t i o n of the 

i r . in .e ,a both 

.il h-

and V, de f in ing q (or q ) as y. /., u i—A 

in the r o t a t e d f r a m e , and <p . 

! l Llie Held is along x -ax is ( resp. z -ax is ) , we can w r i t e , w i t h I he 

neUi t ions as above : 

<=£' ' V / T r ' V r / F r ' ' V r ' A ' r ' ' \ r 7 V r ' \ r / V 

(rosp.«? n F 

We have only to eva lua te i V / F , ma t r i x of de r i va t i ves of q 1 w . r . t . q J ' 

and l \ . . / v ' - '* ' • | C e r ro rs on the pos i t ion are neg l ig ib le w . r . t . the radius of 

• l i g a t u r e , we can consider the t r a j e c t o r y as a s t ra igh t Ime m the range 

' ( . ' - responding to i ts possible f l uc tua t i ons around F or V ; so we ca l cu la te onlv 

I ! T d e m a t i v c - of v. / . u. \ at f i x e d x w . r . t . y. z, u . v at f i xed x . and \ i i o 

The loca l equat ions of the t r a j e c t o r y are : 

The r o t a t e d f rame is de f ined by a m a t r i x R (R R ) 

I* K, <?«.. M /* 
1 = ft,, R, 

U * j ; 

h 
? 

j 
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Wv v.am TO describe the tra|cctor\ b\ equations in this ir.i 

I -- 1° + a * 
•-.ni: Ui'.' oi iho^unah u oî K, we tind that these -.-quation--, dre eq imj l r 

ir-,i ones uhen : 

:e i f rn \ j i ' \ os {taken dt vc Ze, 0) 

^ t / 2 - ^ ^ . u. u-

*" 
^ s ^ j - ' ^ l s f u v ^ *-> O 

/* sK,-y s ^ - i g o o 
r u O a s.Y««-"«)!sK-^)i 

l r r c> o 
! i 



hiifiviuc ;nj: ihc unit vectors R^ *?^ * M of the rotated frame, and the uni: 

\ei tor i along the trajectory, we obiain a geometrical interprétation of these 

H/s-f Is ^ 
r ( ^ u ) j 

1 T,.V 

Ï K-3 
ifii^K Ï K-3 K- à 

%>A 
the same matrix divided by '?.U S^'^X 

AbeiiiR the angle of (! w.r.t. x-axis 

l ierre IMlloir "Méthode d'ajustement dans un problème à paramétrisation hiérar-

• hi:,ôe". L l \ : au-Vj 


