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Y 0 I 2 3 4
W ol 28,8 |33,9 | 40,8 | 50,5 |64,7
K5 | 28,8 |35,2 | 43,6 | 56,7 |76,3
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The purpoee of this note is to help enswer e simple but important
question : whet is the velue of the basic QCD semle peremeter /’ﬁg' ?
Preciae knowledge of this peremeter ias necesssry for testing the in-
ternel consistency of perturbative QCD snd even more essentisl for
grand unified theories, where s fector of two uncerteinty in /I;,-s—
results in & fector of 16 embiguity in the proton life~-time.

This kind of sensitivity of the theoretical predictions to the
velue of Ag; is unfortunately ebaent in perturbetive celculstions
which hewe so fer been the mein source of informetion on it, A& con-
servetive conclusion from enelyses of herd scettering processes in
lepton-hadron, hedron-hadron end electron-positron interactions is
thet all these processes ere quentitetively consistent with QCD for

Am- in 8 rether brosd renge 100-400 MeV/c /1/. There are, however,
data which prefer even smaller 72/ or higher /3 yelue of /LT“. This
large spresd in the extructed velues of /1;; is not too slarming,ss
for different processes different theoretical essumptions must be
made in order to extract this guentity from rew experimentsi deta,
The leck of sufficiently precise dete { st, say, 1% level }, the in-
herently weak dependende of perturbative celculstions on leand limi-
ted understending of the higher twist contributions do not ellow an
sccurete determimation of /]E; from hard scattering processes alone,

The only type of celculations in QCD, which is sufficiently sen-
sitive ta /L—,}-and for which precise experimentisl dsts exist sesems to
be the lattice celculetions of the hsdron spectrum. Whether these
celculations are also reliable is a difficult question to which we
return at the end of this note. Given some quentity & with dimension
(energy)d ,the results of such celculations take (for massless quarka)



the form

- 1/4/_) (1)

where A@ is & celculedble number and /7 is the dimensionel parsme-
ter appeering in the construction of the continuum limit of the lat-
tice approximetions, This is defined ss the simultameous limit of

the lattice spucing & end the bere coupling g{a), corresponding to

this spacing, according to
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or equivalently
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where b=.33-2n,)/6, e=(153-19n,)/(66-4n,) and n, denotes the number
of light ( effectively messlesa ) gusrks taken into account, The no-
tion "light" and "hesvy” are defined with respect to the natursl lat-
tice scele, given by the inverse lattice spacing 3'1, The form of (2)
and (3) is given by the esymptotic freedom property of the continuum
QCD. If we identify lattice spacing e with the cut-off in the conven-
tional cut-off regulerizetion of the continuum CD, the relaticn (2)
is just the ususl dependence of the bare coupling constent g on that
cut-off., Renormalizebility of QCD dictates the shape of (2), btut does
not fix the value of /1 . Different renormalization schemes corres-
pond to different values of Al end thus slso to different 52(9).

The question whether perturbation expension -~ when summed to ell or-
ders - gives @ unique end well defined result is e difficult problea,
which hes so far no definite enswer /4/. For ocur purpose it is im-
portent only to realize thet there exists simple reletion between

/4 -peremeters sssociated with different renormelization schemes, As
the lettice regulerizetion together with the limiting procedure :le-
fined in {2),(3) represents just one of the possible renormelizetinn
schemes, there is elso & relstion between ’1L from (2) end the pe-
remeters /];,7 )/’mm corresponding to the ususl MS snd MOM schemes in
the continuum spsce-time,

A eimple, but essentisl conclusion from th2 farmula (2) is thet
for different ng, we get different dependence of a(gz) on 32. Not only
is the locsl slope nr-dependent, but more significently, the absolue
te normelization changes drameticelly with n, going from 0 to more
Tealistic n,=3,4(see the figure 1).F0r}6=6/gz around 6,which is the
typicel value ugsed in current Monte-Carlo simulstions, s(gz) decree~




se8 by an order of megnitude between "f=° and nf=4 ! Consequently,
given the value of -(32) at some perticulasr g} ( by comparing MC cael-
culationa with experimentel deta ), the velue of /, extracted by
meens of the formule (3) will significently depend on the chosen va-
lue of n,. Moreover, the closer we get to the continuum limit, the
bigger the difference.

The relevence of the sbove, in fact quite simple observetion for
lattice celculations in QCD is connected with the fact that there are
complications, both principal and practical, with putting querks on
the lattice. There ere essentially two different spproaches how to
include quarks while evoiding the notorious species doubling problem,
in one way or enother /6/. I shell not discuss merits end shortcomin-
g8 of either the Wilsom fermiona/7/ or & family of three in the spi-
rit related but ir detail distinet formulations, known under the ne-
me Kogut-Susskind rornionala'lol. Whet is essentisl is to reelize
thet each of these four formulations represents different reguleri-
zation procedure and is thus asssocisted with different A -parameter,
Teble 1 conteins the value of the retio /1;; ,4‘ es a function of n,
for Wilson rermiona/ll/ end for Kogut-Susskind fermions in the momen-
tu-'apaca/g'lz/. Analogous results for other two verisnta of the lat-
ter sre to my knowledge soc far not eveilable, This is unfortunate
egpacially in the cese of Kogut-Susskind fermions in the configure-
tion space/lo as there is recent large statistics Monte-Carlo csl-
culation/n/ of the hadron spectrum using this formulation.

Table 1.
The ratiolqﬁ}/41L es @ function of n, for Wilson (W) end Kogut-Sus-

kind (KS) fermions,.
ne 1] 1 2 3 4 5

v 83.42 89.24 96.36 105.24 116,27 131.73
KS [83.42 92.42 103.05 117.97 137.33 164.17

Figure. The function f£(g2)
from (3) for verious ve-
lues of n, (80lid limes)
end the retio, multiplied
by 10'2, of the curves cor-
responding to ne=0 and

ne=4 (desh-dotted line).




In the following I em going to discuss results of three recent
Monte~Carlso calculetions of the hadron spectrum/13'15/ end their imp-
lications for the extraction of /lzg . All these celculstions were
performed in the quenched epproximetion, which amounts to neglection
of 811 quark loops on the lattice. For Wilson fermions there exists
in principle ( though not in prectice ) straightforwerd procedure,
known es hopping persmeter expension, how to include querk loops of
arbitrary size . The required computer time grows, however, linearly
with ihe volume of the lattice and therefore only lettices of modera=-
te size ( up to 8% ) could so far be employed.

The juestion I went to ®8ddress is the following : do the lattice
Konte~-Cerlo calculstions in the quenched epproximastion give us en es-
timste of Agp , or if not, et least some bound on it ? To answer
this question, we need to know how to define the continuum limit in
the quenched approximetion end which physicel quentities are most
suitehle for compsrison with lattice calculetions in this approxime-
tion. I consider the mass of the f -meson 88 particulsrly suitable
for fixing /4;; by adjusting its velue to give the messured mF0‘770
Gev/cz, but the following conclusioms would chenge by only something
like 10-15% if other low lying hedrons (proton, A , lsmbds) were
used for ihe seme purpose, We cannot use the pion, @s it ie sensiti~
ve to the current querk mess (contrery to the particles mentioned
above) end serves in fect 1o fix the velue of the so-called criticel
hopping psremeter. Teble 2 shows the velues of the lattice apecing e,
required to reproduce the experimentel value gr=0.770 Gev/c? 8t par-
ticuler /3 , together with the corresponding lineer lattice size and
the resulting velues of /u and /153 for nf=0,3,4. The authors of ref,
[13-15] cleim to be elready in the continuum region, in which the phy-
siesl quentities should not depend on the lettice spacing, or equive-

lently, /3 .
ref. 03l | Qe ] B3] Table 2.
e ]| 0.251 0.10| 0.15
afem]]l 2.5 1 2.4 Lattice specing a, correspon-
/1 ne=0 2,6 4.5 4.5 ding linesr lottice size d end
b nf=3 0,62 | 0.98| 0.98 the resulting /| -perameters
[Mequ] ne=4 | 0.28 | 0.45| 0.45 as defined in the text. Based
nf=3 5 130 130 on caelculetions in ref, {13-15}.
/1if ne=3 | 32 50 50 The celculstions were performed
[leV/c] npe=4 | 21 29 29 Btﬂ =5.7 in/13'15/endﬁ =6/14/



Their cleim is besed on the observation that the meesured dependence
of the product mg s(/3 ) on fg is fitted well by the formule (3)
with nf=0. I shell come to this point when discussing the reliabili-
ty of the used ecelculetions et the end of this mote, There is some
discrepancy between the results of ref.[i]l end those of 714,15/
which should for nr=0 give the seme value of MS *

The extracted welues of /lgg depend significantly on the assumed
number of light qusrks. I consider ne=3 or 4 realistic as the latti-
ce spacing 394 ) required to give the correct mass m corresponds
to momente well above u,d,s quark messes and just et the threahold
of the chermed querk mess, Clearly finer analysis of quark mess ef-
fecta would be worthwhile. I took ng=3,4 just to show the megnitude
of the effect of including light querks., For Kogut-Susskind fermione
used in/13/ the ratio/4§§/47L is 83 yet not known, so I took &s an
estimete the velue valid for its momentum space varient 9 .

Table 2 shows clearly that for reslistic values of ng the recul-
ting values of /455 are significently lower than those obteined from
most herd scettering processes. This mey be somewhet disquieting,
but it is on the other heand not excluded that the effects of higher
twists end/or orders are in fect more importent then ususlly assumed.

Seversl objectioms can be raised againts “he ebove ressoning.
First, one might gquestion the justificetion of using ng=3,4 within
the quenched approximation, when the latter amounts to neglecting
querk loops on the lattice while the ng-dependence of e( 3 ) in (3)
ig just the consequence of the existence of nuark loops, However,
what is neglected in the quenched approximation sre lerge querk loops
thet is loops explicitely visible on the lattice. From the point of
view of fte. continuum QCD, fluctuetions due to querk loops smeller
then the lattice specing can essily be included by using formula (3)
with the correct, reslistic Rp=3 ar 4. There is no obvious inconsis-
tency in neglecting lLarge while including smell quark loops, More-
over, once we go beyond the guenched approximetion , within the hop-
ping peremeter expsnsion in our cese, progressively lerger end lar-
ger qusrk loops are taken into @account. As there is no sharp distine
ction between "large®” and "small" loop, there is aleo no basic dif-
ference between the quenched approximation and that of finite order
hopping peresmeter expaensiom. In the latter, ome would probably not
hesitate to take ng=3 or 4 when constructing the continuum limit,

I therefore think the same cam,and in fact should,be done in the

quenched approximation, too.
Secondly, ome might argue thet it is difficult to see how the



quenched epproximetion could, even on the infinite lettice,"feel"™ the
existence of querk loops smeller then the lattice spacing, as would
b2 necessery if the dependence of the measured quentity mpa(/4d) on

should teke the form of (3) with nfﬁo. This objection holds,
however, even in the cese of finite order hopping perasmeter expan-
sion. Only if quark loops of ell sizes are included,one can hope to
get such & dependence. A8 the ratiomel behind the quenched approxi-
metion relies on neglecting lerge while reteining small quesrk loops,
one should, when relating lettice specing to /h_ and /5 use the
formule (3) with ne=3 or 4 end eccept the fect that there will be
no scaling region in the strict sense of the word. In 8 limited re-
gion of fﬁ velues, where on & finite lattice sceling ie ususlly ob-
served with ng=0, the difference in the shape between a(,z '"t=°)
end a( /2 »0p=3) or s( ﬁ; sng=4) is small end the only consequence
of using nf=3 or 4 inateed of “f=° ia thus a big decrease in the re~
sulting A .

If 0 scaling region exists, even on a infinite lattice,
then the results for mp will depend onr the chosen,ﬂg s contrsry
to the conventionel procedure. This is, however, herdly surprising,
as by increascing /3 we decreese the lettice specing a(/3 ) end thus
also the smount of quark loops tsken into account in the quenched
epproximeticn. In this situstion the optimel choice of /g is then
@ compromise between two opposite reguirements : high values nf/g
ere necessery to zet into the continuum limit, while smell /3 ig
prefered from the point of the velidity of the gquenched epproxi-
metion., Thus the following procedure suggests itself :
1) sceling region is identified using (3) with ng=0,
2) in this, usuelly nerrow, window of /3 valuea,/ZUOg) is determined

from compserison of experimentel dets with Monte-Cerlo calculeti-

ons using (3) with nf=3 or 4,
3) /3 -dependence of ILAk) is investigeted. The "optimel” value of
A, is to be identified with/a /S)for in the lower pert of
the sceling region defined in 1). This adds some smbiguity to the
errgr on /1L coming from the Monte-Cerlo celculetions themselves
Third, onme might question the relevance end relisbility of the
quenched epproximation celculations for the comstruction of the con-
timum limit, It remeins to be shown quentitatively, how im-
portant the comtributions of quark loops to the hedron nesses reslly
are., Some recent celculations/ls/ going beyond the quenched epproxi-
metion indicete thet, hopefully, not very much. The results of 16th
arder hopping perameter expension give (on moderately lerge lattice



84) for the product mra( =5,7) the value higher by only 20-30/, then
that of the quenched approximetion at the same end the same dis-
tance from the estimated position of the eriticel hopping paremeter,
which means, roughly, for the same current quark mess. This trend is
to be expected, as the energy essociated with the fluctusctions due
to the quark loops should incremse the mass of any hedron, provided
/4L {(and the messes of querks) ere held fixed. Turning this argument
around, in order to reproduce the known messes of hadrons, lower /i,
is to be expected from full, unquenched celculetions, compared with
thet of the quenched spproximetion, The numbers obtained for /LEin
the quenched epproximetion ere therefore probebly upper bounds on
this persmeter. A rother smell difference between the quenched and
unquenched calculations is encoursging, but so far no sceling beha-
vior mnalysis has been performed to establish whether this accuracy
characterizes also the continuum limit, Also, extenaive simul=stions
will be needed to clearly locete the position of the critical hop-
ping perameter.

As for the scaling behsvior of the hadron messes _in the quenched
approximation, the evidence preusented in ref.[iJ-lS is edmittedly
rether unconvincing/IT/. This is disquieting especislly in the light
of the recant discovery/la/ thet the lettice /3 ~function does not
scale, in the region of /3 velues investigated in/13_15/, according
to the esymptotic scaling formula (3). Nevertheless, the general pe-
tern of deviations from it has been interpreted as the evidence
for "sceling in general”, This means that in extracting the physiesl
quantities from lattice celculations one should use instesd nf (3) w
slightly modified formuls

a{;‘) (9[;) 17[/7[ j] (4)

wheref?f ) is 8 universel fuanctiom of g (and possibly ne, see be-
low) which for gz-;o poes over into f(gz). The ratio r(g“)=f(g" J/f(g )
hes been extracted from theoreticel lattice calculations in the quen-
ched spproximation, i.e. for n =0, in ref.[§9]. One finds, for in-
atence, r( /> =5.7)=0.68,r( /3=6)=0.81. Quelitatively the seme situe-
tionr is to be expected in the unquenched calculetions, but the con-
crete numbers mey be different, As we do mot presently understand

the reasons behind the validity of the "sceling in genersl” form:la
(4) it is difficult to speculete on its ne-dependence. Keeping this
reservation in mind, 1 shall masume the approximate validity of (4)
aven for n,=3,4. Taking the sbove correction factors into account

-3



incresses the extracted velue of Fiby e factor 1,5 86t /3=5-7 end
by & fector 1.25 st /@ =6,

Summarizing ell sourcea of uncertainty in the determinstion of /qij
from the svejleble lsttice celculations of the hsdron spectrum I
conclude thet baerring e complete feilure of the quenched epproxime-
tiom in the continuum limit, the resulting value of /1;EJiea below

100 MeV/c.
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Xuna H. E2-85-741
06 onpepeneHmu AjpapaMeTpa KX npu nomMoum
pelteTOYHbIX pacueTcs

MouH Metona Mowte-Kapmo McnonbaywTca mns oueHkH napaMerpa Ag
Oco6oe BHHMaHHEe ynenAeTCA BNHAHMI JIErKHX KBapKoB Ha nocrpoe-
HUe HenpepbhBHOIO npelena pelleTouHoit KX B npHBAMxeHHUH 3aMopo-—
KeHHbIX KBapkoB.lloka’ano, YTO B CHUAY 3TOr0 BbiTEKawmee 3HAayeHHe
napaMeTpa Aﬁg CHABHO 33aBHCHT OT 4HCNAa JeiKHUY KBApPKOB
M HaxooMTcAa B ofmacTH AﬁE < 100 MaB/c.

llocnepHHe pesysntrate pacuetoB B KXI Ha pesleTKke NpM no— 4

PaBora wninosiHeHa B JlaBopaTOpPHH TeopeTHYeCKoH GHiMkH OHAH

Coobmenue O0BEeAMHEHHOrO HHCTHTYTA AAEPHMNX MccnegoBanwh. Qybna 1985

Chyla J. £2-835-741
On Fixing the Scale in QCD from Lattice Calculations

Recent results of lattice Mounte~Carlo caliulations in
QCD are used to estimate the valuc ot Wy . Spucial attendion
is paid to the role plaved by the Livht quarks in the con-
struction of the continuum Iimit of lattice approximitions in
QCDh. The resulting value of VWi turns out to be stronsly Jo-
pendent on s the number of livid quarks taken into e ount.
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