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Jubstitute this table for tabic 1 on pa^e 3« 

n f 0 I 2 3 4 

a 28,8 33,9 40,8 50,5 64,7 
K6 28,8 35,2 43,6 56,7 76,3 

(v Объединенный институт ядерных исследований Лубиа. 1985. 



The purpose of thie note i s to help answer e simple but important 
question : whet i e the value of the basic QCD eeele parameter Ajg ? 
Precise knowledge of th i s parameter ia necessary for tes t ing the in 
ternal consistency of perturbetive QCD end even «lore e s sent ia l for 
grand unified theories , where a factor of two uncertainty in /tjfr 
resu l t s in a factor of 16 ambiguity in the proton l i f e - t i m e . 

This kind of s e n s i t i v i t y of the theoret ical predictions to the 
value of Agi i s unfortunately absent in perturbative calculations 
which have so far been the main source of information on i t , A con
servative conclusion from analyses of hard scattering processes in 
lepton-hedron, hadron-hadron and electron-positron interact ions i s 
that a l l these processes are quanti tat ively consistent with QCD for 
/1;g- in a rather broad range 100-400 MeV/c . There are, however, 

data which prefer even smaller or higher ^ value of 'lite'. This 
large spread in the extracted values o f /1лгГ * s n o t t 0 ° alarming, as 
for di f ferent processes di f ferent theoret ical assumptions must be 
made in order to extract this quantity from rew experimental data. 
The lack of auf f i c i ent ly precise date ( a t , say, 1% leve l ) , the i n 
herently weak dependende of perturbetive calculat ions on/fj^and l imi 
ted understanding of the higher twist contributions do not allow an 
sccurate determination of Лщ from hard scattering processes alone. 

The only type of calculat ions in QCD, which i s auf f ic ient ly sen
s i t i v e to /Jjjjand for which precise experimental data e x i s t seems to 
be the l a t t i c e calculat ions of the hadron spectrum. Whether these 
calculat ions are also re l iab le i s a d i f f i c u l t question to which we 
return at the end of th i s note. Given some quantity 8* with dimension 
(energy) ,the resu l t s of such calculations take (for massleee quarks) 
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the form 

<Г- 4 fa)* 
where -Л is a calculable number and /1^ is the dimensional parame
ter appearing in the construction of the continuum limit of the lat
tice approximations. This is defined as the simultaneous limit of 
the lattice spacing a end the bare coupling g(a), corresponding to 
this spacing, according to 

/ 
or equivalently 

*А(1Ь0 Ь AVfa/tj 

where b=*33-2nf>/6, c=Q53-19n f)/(66-4n f) and n f denotes the number 
of light ( effectively masslesa ) quarks taken into account. The no
tion "light" and "heavy" are defined with respect to the natural l a t 
tice scale, given by the inverse la t t i ce spacing a . The form of (2) 
end (3) is given by the asymptotic freedom property of the continuum 
QCD. If we identify l a t t i ce spacing a with the cut-off in the conven
tional cut-off regularizetion of the continuum ЭСС, the relation (2) 
is just the usual dependence of the bare coupling constant g on that 
cut-off. Renormalizebility of QCD dictates the shape of (2), but does 
not fix the value of Л . Different renormelization schemes corres
pond to different values of A and thua also to different g (a) . 
The question whether perturbation expansion - when summed to a l l or
ders - gives a unique and well defined result is 8 diff icult problem, 
which has so far no definite answer . For our purpose i t is im
portant only to realize that there exists simple relation between 
/ ] -parameters associated with different renonnalization schemes. As 
the l a t t i ce regularizstion together with the limiting procedure de
fined in (2),(3) represents just one of the possible renormalizati .n 
schemes, there is also a relation between Л[_ from (2) and the pa
rameters Affi i^Mofi corresponding to the usu9l MS and MOM schemes in 
the continuum space-time. 

A simple, but essential conclusion from the formula (2) is that 
2 2 

for different n f we get different dependence of a(g ) on g . Not only 
i s the local slope n--dependent, but more significantly, the absolu
te normalization changes dramatically with n,. going from 0 to more 

о r ea l i s t i c n-=.3i4(see the figure O.ForjS =6/g around 6,which is the 2 typical value used" in current Monte-Carlo simulations, a(g ) Зесгеа-
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see by an order of magnitude between n-=0 and n-.=4 ! Consequently, 
given the value of aCg) at some particular ax ( by comparing MC ca l 
culations with experimental data ) , the value of AL extracted by 
means of the formula (3) w i l l s i gn i f i cant ly depend on the chosen va
lue of n f . Moreover, the c loser we get to the continuum l i m i t , the 
bigger the di f ference . 

The relevance of the above, in fact quite simple observation for 
l a t t i c e calculat ions in QCD i s connected with the fac t that there are 
complications, both principal and pract ica l , with putting quarks on 
the l a t t i c e . There are e s s e n t i a l l y two di f ferent approaches how to 
include quarks while avoiding the notorious species doubling problem, 
in one way or another ' . I sha l l not discuss merits and shortcomin
gs o f e i ther the Wilson fermione'"' or a family of three in the s p i 
r i t related but i s d e t a i l d i s t i n c t formulations, known under the na
me Kogut-Susskind fermione . What i s e s sen t ia l i s to rea l i ze 
that each ot these four formulations represents di f ferent regular i -
zation procedure and i s thus associs ted with dif ferent Л -parameter. 
Table 1 contains the value of the rat io 
for Wilson fermione' / 1 1 / 

ЛйА as a function of n.» 
and for Kogut-Sueskind fermione in the momen

tum s p a e r ' . Analogous resu l t s for other two variants of the l a t 
t e r are to my knowledge so far not ava i lab le . This i s unfortunate 
e spec ia l ly in the case of Kogut-Susskind fermione in the configura
t ion space as there i s recent large s t a t i s t i c s Monte-Carlo c a l 
cu la t ion of the hadron spectrum using this formulation. 

. Table 1. 
The ra t io 'l/jj/'Y as a function of n- for Wileon (W) end Kogut-Sue-
kind (KS) fermione. 

«f 0 1 2 3 4 5 
w 
KS 

83.42 
83.42 

89.24 
92.42 

96.36 
103.05 

105.24 
117.97 

116.27 
137.33 

131.73 
164.17 

f igure . The function f (g j 
from (3) for various va
lues of n - ( so l id l ines ) 
and the r a t i o , multiplied 

f « : by 10" of the curves cor
responding to n f=0 and 
n-=4 (dash-dotted l i n e ) . 

trf>4 
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In the following I am going to d i scuss r e s u l t s of three r ecen t 
Monte-rCarlo ca l cu l a t i ons of the hadron spectrum' 3 " 5 / and t h e i r imp
l i c a t i o n s for the e x t r a c t i o n of / i j j j . All these ca l cu l a t i ons were 
performed in the quenched approximation, which amounts to neg lec t ion 
of a l l quark loops on the l a t t i c e . For Wilson fermions there e x i s t s 
in p r inc ip l e ( though not in p rac t i ce ) s t ra igh t forward procedure, 
known as hopping parameter expansion, how to include quark loops of 
a r b i t r a r y s i z e ' ' 1 6 ' . The required computer time grows, however, l i n e a r l y 
with the volume of the l a t t i c e and the re fore only l a t t i c e s of modera
te s i ze С up to 8 ) could so fa r be employed. 

The quest ion I want to address i s the following : do the l a t t i c e 
Konte-Carlo ca l cu l a t i ons in the quenched approximation give us an e s 
t imate of A„} , or i f n o t , e t l e a s t some bound on i t ? To answer 
t h i s ques t ion , we need to know how to define th» continuum l i m i t i n 
the quenched approximation and which physical q u a n t i t i e s a re most 
s u i t a b l e for comparison with l a t t i c e c a l c u l a t i o n s i n t h i s approxima
t i o n . I consider the mass of the P -meson as p a r t i c u l a r l y s u i t a b l e 
for f ix ing AfS by ad jus t ing i t s value to give the measured m>0.770 
GeV/c 2 , but the following conclusions would change by only something 
l i k e 10-15ЯГ i f o ther low ly ing hodrons (pro ton , Д , lambda) were 
used for Lhe same purpose. We cannot use the pion, as i t i s s e n s i t i 
ve to the cur rent querlc mass (cont rary to the p a r t i c l e s mentioned 
above) an3 serves in f a c t to f ix the value of the s o - c a l l e d c r i t i c a l 
hopping parameter. Table 2 shows the values of the l a t t i c e spacing a, 
required to reproduce the experimental value ny=0.770 GeV/c, a t par
t i c u l a r /2> , together with the corresponding l i n e a r l a t t i c e s i ze and 
the r e s u l t i n g values of AL and A^ for n f = 0 , 3 , 4 . The authors of re f . 
JJ.3-I5J claim to be a l ready i n the continuum reg ion , i n which the phy
s i c a l q u a n t i t i e s should not depend on the l a t t i c e spacing, or equiva
l e n t ! ^ , /b_ 

Table 2. re f . Ы Ы &5j 
a[fml 
dfrl 

0.25 
2.5 

0.10 
1 

0.15 

л 
[lUeV/cJ 

Y» 
n f =3 
n f =4 

2.6 
0.62 
0.28 

4 .5 
0.98 
0.45 

4.5 
0.98 
0.45 

Am 
[MeV/cJ 

n f =0 
n f =3 
n f =4 

75 
32 
21 

130 
50 
29 

130 
50 
29 

L a t t i c e spacing a, correspon
ding l i n e a r l a t t i c e s i ze d end 
the r e s u l t i n g A -parameters 
as defined i n the t e x t . Based 
on ca l cu l a t i ons i n re f . [13-15J. 
The ca l cu l a t i ons were performed 
• t / J - 5 . 7 i n / " . " / ^ / £ = 6 / 1 4 / 
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Their claim is based on the observation that the measured dependence 
of the product и « а ( й ) on /2 is fitted well by the formula <3) 
with n^=0. I shall come to this point when discussing the reliabili
ty of the used calculations at the end of this note. There is some 
discrepancy between the results of ref. Ц.31 and those of ' 1'*> 15/ 
which should for n̂ ,=0 give the same value of nsj . 

The extracted values ot Ags depend significantly on the assumed 
number of light quarks. I consider n̂ .=3 or 4 realistic as the latti
ce spacing а^й ) required to give the correct mass m„ corresponds 
to momenta well above u,d,e quark masses and just at the threshold 
of the charmed quark mass. Clearly finer analysis of quark mass ef
fects would be worthwhile. I took n-=3,4 dust to show the magnitude 
of the effect of including light quarks. For Kogut-Susskind fermions 
used irr the ratio ^Hs/Au is os yet not known, so I took as an 
estimate the value valid for its momentum space variant . 

Table 2 shows clearly that for realistic values of n f the resul
ting values of /laj are significantly lower than those obtained from 
most hard scattering processes. This may be somewhat disquieting, 
but it is on the other hand not excluded that the effects of higher 
twists and/or orders are in fact more important than usually assumed. 

Several objections can be raised againts the above reasoning. 
First, one might question the justification of using n-=3,4 within 
the quenched approximation, when the latter amounts to neglecting 
quark loops on the lattice while the n«-dependence of a( & ) in (3) 
is just the consequence of the existence of quark loops. However, 
what is neglected in the quenched approximation are ler^e quark loops 
that is loops explicitely visible on the lattice. From the point of 
view of tke. continuum QCD, fluctuations due to quark loops smeller 
than the lattice spacing can easily be included by using formula <3> 
with the correct, realistic n-=3 or 4. There is no obvious inconsis
tency in neglecting large while including small quark loops. More
over, once we go beyond the quenched approximation , within the hop
ping parameter expansion in our case, progressively larger and lar
ger quark loops are taken into account. As there is no sharp distin
ction between "large" and "small" loop, there is also no basic dif
ference between the quenched approximation and that of finite order 
hopping parameter expansion. In the latter, one would probably not 
hesitate to take n_=3 or 4 when constructing the continuum limit. 
I therefore think the same can;and in fact should,be done in the 
quenched approximation, too. 

Secondly, one might argue that it is difficult to see how the 
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quenched approximation could, even on the i n f i n i t e l a t t i c e , " f e e l " the 
existence of quark loops smaller than the l a t t i c e spacing, as would 
Ьэ necessery i f the dependence of the measured quantity m»a(/3 ) on 
(b should take the form of (3) with n . / 0 . This objection holds, 

however, even in the case of f i n i t e order hopping parameter expan
s ion. Only i f quark loops of a l l s i z e s are included,one cno hope to 
get such a dependence. As the rational behind the quenched approxi
mation r e l i e s on neglect ing large while retaining email quark loops, 
one should, when re la t ing l a t t i c e spacing to Л± and /3 use the 
formula (3) with n^=3 or 4 and accept the fact that there w i l l be 
no scal ing region in the s t r i c t sense of the word. In a l imited re 
gion of fb values, where on a f i n i t e l a t t i c e scal ing i s usual ly ob
served with n-=0, the difference in the shape between a(f i ,n f =0) 
and a{ / 3 ,n_?3) or a( fe ,n,-=4) i s email and the only consequence 
of using n«=3 or 4 instead of n f =0 i s thus a big decrease in the re 
sul t ing AL • 

If v.o scal ing region e x i s t s , even on a i n f i n i t e l a t t i c e , 
then the resu l t s for mn wi l l depend on the chosen /3 , contrary 
to the conventional procedure. This i s , however, herdly surprising, 
as by increasing fl we decrease the l a t t i c e spacing e ( / 3 ) and thus 
also the amount of quark loops taken into account in the quenched 
approximation. In th i s s i tuat ion the optimal choice of fi i s then 
a compromi'si» between two opposite requirements : high values o f / 3 
ere necessary to eet into the continuum l i m i t , while smell / 3 i s 
prefered from the point of the va l id i ty of the quenched approxi
mation. Thus the following procedure suggests i t s e l f : 
1) scal ing resion i s ident i f i ed using (3) with n f=0, 
2) in t h i s , usually narrow, window of & values , /l^ffi) i s determined 

from comparison of experimental data with Мог.'."-Carlo c a l c u l a t i 
ons using (3) with n-=3 or 4, 

3) A -dependence of AL(&) i s invest igated. The "optimal" value of 
At i s to be ident i f i ed with ^ / / J y f o r / 3 in the lower part of 

the scal ing rfpian defined in 1 ) . This adds some ambiguity to the 
error on A/_ coming from the Monte-Carlo calculations themselves. 
Third, one might question the relevance and r e l i a b i l i t y of the 

quenched approximation calculations for the construction of the con
tinuum l i m i t . I t remains to be shown quanti tat ive ly , how im
portant the contributions of quark loops to the hadron masses real ly 
are. Some recent calculations^ ' going beyond the quenched approxi
mation indicate that , hopefully, not very much. The reaults of 16th 
order hopping parameter expansion give (on moderately large l a t t i c e 
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8 4 ) for the product пиа(Л=5.7) the value higher by only 20-30^ then 
that of the quenched approximation at the same Ô and the same dis
tance from the estimated position of the c r i t i ca l hopping parameter, 
which means, roughly, for the aame current quark mass. This trend is 
to be expected, as the energy associated with the fluctusctions due 
to the quark loops should increase the mass of any hadron, provided 
AL (and the masses of quarks) are held fixed. Turning this argument 

around, in order to reproduce the known masses of hadrons, lower Au 

is to be expected from ful l , unquenehed calculations, compared with 
that of the quenched approximation. The numbers obtained for Afgin 
the quenched approximation are therefore probably upper bounds on 
this parameter. A rather small difference between the quenched and 
unquenched calculations is encouraging, but so far no scsling beha
vior analysis has been performed to establish whether this accuracy 
characterizes also the continuum l imit . Also, extensive simulations 
will be n«aded to clearly locate the position of the c r i t i ca l hop
ping parameter. 

As for the scaling behavior of the hadron masses in the quenched 
approximation, the evidence presented in ref. j_13-15j i s admittedly 
rather unconvincing' . This i s disquieting eapecially in the light 
of the recsnt discovery^ ' that the l a t t i ce p -function does not 
scale, in the region of fo values investigated in - 3 - " , according 
to the asymptotic scaling formula (3). Nevertheless, the general pa-
tern of deviations from i t has been interpreted 7 ' as the evidence 
for "scaling in general". This means that in extracting the physical 
quantities froa la t t i ce calculations one should use instead of (3) w 
sl ightly modified formula 

V-iW-iwlfy] 
where ft Я I i s a universal function of g (and possibly nr, see be-

' r 2 2 2 2 
low) which for g ->0 доев over into f(g ) . The ratio r(g )=f(g")/05(g i 
has been extracted from theoretical l a t t i ce calculations in the quen
ched approximation, i . e . for n f=0, in ref. [19j. One finds, for in
s t ance .^ Л =5.7)=0.68,r( /3=6)=0.81. Qualitatively the same si tua
tion i s to be expected in the unquenched calculations, but the con
crete numbers may be different. As we do not presently understand 
the reasons behind the validity of the "scaling in general" formula 
(4) i t is diff icult to speculate on i t s n--dependence. Keeping thi3 
reservation in mind, I shall assume the approximate validity of (4) 
even for n~=3,4. Taking the above correction factors into account 



increases the extracted velue of ''syby B factor 1.5 et /3=5.7 and 
by a factor 1.25 at /b =6. 
Summarizing all sources of uncertainty in the determination of/'sj 

from the available lattice calculations of the hadron spectrum 1 
conclude that barring e complete failure of the quenched approxima
tion in the continuum limit, the resulting value of /f^g-liea below 
100 MeV/e. 
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Хила И. E2-85-74I 
Об определении Л-параметра КХД при помощи 
решеточных расчетов 

Последние результаты расчетов в КХД на решетке при по
мощи метода Монте-Карло используются для оценки параметра Ajj-j 
Особое внимание уделяется влиянию легких кварков" на построе
ние непрерывного предела решеточной КХП, в приближении заморо
женных кварков.Показано, что в силу этого вытекающее значение 
параметра Л^д сильно зависит от числа легких кварков 
и находится в области Л — < 100 МэВ/с. 
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Recent results of lattice Monte-Carlo cab ul.it ion.; in 
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