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ABSTRAUT

A model is developed which is capable of describing the evolution of gain
resulting from both rapid radiative and expansion cooling of a recombining,
freely expanding plasma. 1t igs demonstrated for the particular case of a
carbon/selenium plasma that the cooling rate which leads to optimal gain can
be achieved by adjusting the admixture of an efficiently radiating material
{selenium) in the gain medium (carbon). Comparison is made to a recent
observation of gain in a recent NRL/Rochester experiment with carbom/selenium

plasma for the n = 3 + 2 transition in C VI occurring at 182 A. The predicted

1 1

maximum gain is ~ 10 cm™ ', as compared to observation of 2-3 cm™'.
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1, INTRODUCTION

Population inversion and significant gain at wavelengths below 200 A have
been achieved in laser-produced recombining plasmas.1 These observations are
in line with theoretical calculations, which predict optimal gain conditions
when:

a.) The electron temperature decreases rapidly enough so that succegsive
ionization states of the active ion are far from eguilibrium;

b.) The density is high enough so that th.ee-body recombination, which
accurs principally into upper quaitum levels, is the dominant
recombination mechanism;

c.} The density is not too high, however, lest collisicns quench the
inversion; and

d.) Optical trapping is not important.

These conditions have been achieved experimentally in magnetically

2 (The magnetic

confined carbon plasma created and heated by a CO2 J.aser.“
field not only maintains the desired high density, but has the additional
advantage that the confined plasma has good uniformity along the field,
thereby providing a long gain path.) Inversions between principal guantum
numbers n = 3 and n = 2 (182 A) and Letween n = 4 and n = 2 (135 &) of the
hydrogen-like carbon ion were obsarved after the laser pulse. In these
experiments, the reguired rapid coocling is prinecipally due to line radiation
from the carbon. if, however, additional cocling is required, it has been
shown both expe):imertta].ly3 and theoretica11y4 that tae inclusion of a somewhat
higher atomic nupber material, such as aluminum, in the target plasma
composition provides an effective increase in the cooliing rate.

1f, however, such a plasma is allowed to freely expand in the absence of

a confining field, then the radiative cooling vrate decreases with the



density. Although this reduced efficiency of radiation is offset to some
extent by cooling due to expansion, one expects that the inclusion in the
plasma of relatively more efficient radiators, for instance materials with yet
higher atomic number, is reguired in order to achieve gain conditions.
Evidence far the importance of radiative cooling in creating conditions
for gain in a freely exparding plasma is contained in the results of a recent
NRL/Reochester experiment.s In these experiments, a thin foil target of
selenium and formvar (Cy{H;g05)} was illuminated with 0.35 micron radiation
from the powarful OMEGA Jlaser. & line focus of up to 13.6 mm length was
used. The 182 A line of C VI was observed to be enhanced axially. Because of
its higher atomic number, selenium provides the dorinant radiative cooling.
Motivated by these physical considerations and experimental results, we
have developed a computational model which enables us to investigate the
combined effects of both adiabatic cooling and radiative cooling by admixtures
in order to find conditions for gain in recombining hydrogen-like carbon. A
significantly greater level of detail is required to accurately compute gain
than to compute total radiated powei-. We therefore describe the evolution of
the carbon ions with a set of rate eguations which not only describe
trangitions between' ionization stages, but also, for hydrogen-like carbon,
between the upper levels as well. ©On the other hand, in computing radiative
losges from a high atomic number admixture, we empldy a version of the less-
detailed hydrogenic average ion description,6'7 modi fied to take account of
the noneguilibrium collisional-radiative conditions of interest. The effects
of hydrodynamic expansion are included in our otherwise homogeneous,
cylindrical model by assuming a radial velocity profile of the form v(r,t) =
{r/R(ﬂ)} dR(t)/dt and employing encrgy and momentum conservation to determine

R{t).
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The model is described in detail in Section 2. Applications are made in
Section 3. First, radiatiwve cooling of a carbon/aluminum plasma at constant
volume is caleulated and compared with more detailed calculations.® This
comparison demonstrates the accuracy of the average ion model for radiative
cocling calculations. Next, application is made to carbon/selenium plasma,
including expansion. The dependence of the magnitude and time ewvnlution of
population inversion on radiative and expansion cooling rates is shown.
Optimal conditions for gain are obtained by varying the fractional composition
of carbon and selenium and the initial pla-srha size. Conclusions are drawn in

Section 4.

2. COMPUTATIONAL MODEL

Our interest is in computing the evolution of a carbon/selenium plasma
during the fast recombination phase. We idealize the NKRL/Rochester
experimental geometry!5 by assuming that the plasma has already expanded by an
amount comparable to the width of the laser fecal line (about 100 microns) and
has taken on a cylindrical shape. We also assume that complete mixing or
carbon and selenium has occurred during this initial expansion phase. Our
calculations model the subseguent evolution of this homogeneous, cylindrical

plasma.

A. Carbon
The collisional-radiative mucao:iel9 is used to compute the evolutian aof the
ground state densities Ni(t) of each ionization stage. The governing rate

equations are

b
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for § = 0,7,...,6, Here, S](T,) and ol(T,N,) are the rate coefficients for

collisional ° ionization and for collisional-radiative racombination,
respectively. Only coliisional ionization from the ground state is included
for calculation;1 simplicity. For C VI ions, this approwximation is quite
accurate throughout the temperature range of interest, When the temperature
is greater than ~ 200 eV, the density is also high (¥, > 5 x 1020 cm'3), and
all the excited states are in local thermodynamic equilibrium (LTE) with the
free electrons and the fully stripped carbon ions. Under these conditions,
ionization from the excited states is taken into account by the collisional-
radiative modei.’ 017 at lower temperatures, the recombination rate dominates
the ionization rate even when the contributicen from the excited states is
included. The rate coefficient for collisicnal-radiative recombination12
includes both three-body recombination and photorecombination, and takes inta

qccount the contributions to recombination due to cascade through highly

excaited states,

B. Average Ion Model

The evolution of the radiator ions is calculated by employing & screened
hydrogenic average ion model.%7 1 this model, as in the Fermi model of the
atom, the electrons are treated as a fluid. The model replaces the set of
ions with discrete charge states i by a single "average ion" with occupation
numbers P, equal to the average of the P% for each charge state i over all

-
charge states:
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Here, fi is the fraction of the ion with charge i. The energy of the nth

shall, En' is written as

22

Ean:-Ry-—-&i- , (2)
n

where Ry = eZ/ZaO with a, = ﬁz/m o2, The first term, Eg, is the electrostatic

potential arising from electrons outside shell n, while the second term is the

potential dua to the nuclezar charge 2 as screened by electrons with principal

quantum number n' < n. The interaction of electrons within shell n is

accounted for by assigning half of them to outer shells and half to inper

shells., These effects are included through the introduction of screening

constants, d{n, m), which desecribe the screening of the nfP shett by the

nth, Specifically,

o 3 ez esz
E =53 onm} P+ Z aim,n) (N
n m>’n M
and
g - -1
7, = % n?;n otn,m} B~ 3 ola,n) B, a)

where r, = aonz/zn is the radius of shell n. The average ionization state %

is then

Z=2-Yp . {5}



We employ HMore's screening constants,7 which give a more accurate value for
the ionization potential, especially for E <¢ Z, than do the original values
due to Hayer.13

The shell structure of the average ion is described by three
classifications: Local Thermedynamic Equilibrium (LTE) shells, inner shells,
and colligional-radiative shells, PFor those electrons in shells with large
quantom number, collisional processes dominate radiative processes.

Consequently, these electrons are in local thermodynamic equilibrium with free

electrons. These LTE shells are populated according to the Fermi-Dirac
distribution,
2
2n
P = ’ (6')
n ) mTe 3/2 fEnl
1+ o [ 2) exp(- T )
e 21K e

which can be approximated by the Saha-Boltzmann distribution,

3/2
2 e | .
2 2mR n
= 6
P o=n" N () exn(m—) 16)
e e
because the levels are nondegenerate, 1i.e., Pn << Y. Equation [(6) is
applicable for N om £ng nmax where the principal quantum numbery Drpe 1S

chosen 50 43 to give a smooth transition to the collisicnal-radiative shells,

and n, is the total number of shells kept in the model. We find values for

ax

O1rE and n of about 10 and 1%, respectively, to be adequate for our

max
calculations.
The inner shells are those ny filled shells for which the excitation rate

is negligibly small. For any inner shell, the population is given hy
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—=0andPn-2n";n<n . (7)

The (nI + 1)"‘h shell is the effectiwve ground state.
The populations of the collisicnal-radiative shells are described by the

set of rate eguations,

ar_ Mmax
at T Z {(Nesjn * Ajn) Pan - Nesanan}
j=n+1
n=-1
+ }: {NesjnPan - NS+ L) Pan}
]=nI+1
- Ne(snpn - Neﬂn) ’ (8)

for n = ny + 1, ng + 2 eeaea g = 1. In Eq. (8), sij(Te) and Aj]-_ (i > i)
are the rate coefficients for collisional excitation and for radiative
decay. S, and B,(T,) are the rate coeffirients for collisicnal ionization and
for direct three-body recombination to the shell n, respectively. Hydrogenic
oscillator strengths modified as given in Eqs. (A21) and (A22) of Ref. & are
used in these rate ccefficients. Q, =1 - }?“/2n2 is the wvacancy factor for
the nth shell which takes into account the availability of the final state in
a transition, In Eg. (B8), the contributions from dielectronic recombination
and from photorecombination are neglected because, for high electron density

plasma, the net three-body recombination to highly excited levels dominates

both of these effects.

C. Hydrodynamics
Consistent with cur assumption of a uniform cylindrical plasma, we assume

a radial velocity profile of the form



D

r
vir,t) mu(t) ' {9)

with u(t) = dR{t)/dt the speed of the plasma boundary R(t). WNeglecting atomic

processes for the moment (we include them in a full energy balance in

Section 2.D), the transformation of internal energy to directed energy of

expansion is described by the energy conservation equation,”

av _ _ 4l §,2
el [zﬂu) . (10}

Here,

T (1)

is the pressure of the total number Ng, 1 of electrons confined to the volume V
= mR2L of the cylindrical plasma of fixed axial length T, A small
contribution to the pressure from ion thermal motion is neglected in
Egq. (11). The "effective mass" ﬁ is related to the total ion mass Mq by

fdax v2
EM ———==bN . (12)

1
T u2V 2T

=i

Combining Egs. (9) through {12), we obtain

2N

m
L]

¢ T

Dalﬂa
s

e
= (13)

o4

for the acceleration of the boundary.
The rate of change of elegtron thermal energy {(cooling) due to expansion

is given by

-
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aT
Iy =
2 e,T dt

d (1 =2
- [5 Mu ) . (14)
With the neglect of radiation, the left hand sides of Eqs. (10) aud (14) may
be egquated and the plasma radius and electron temperature are seen to satisfy
the adiabatic relatiom,
TER4/3 = constant. ' {15)
D, Energy Balance
We can assemble the contributions to che evolution of the electron

thermal energy U,{t):

dUe(t) _3d_ o T
at T 2dt Ve,Te
du du qu .
e e e
‘(EE‘ +(dt) *[EE” . (16)
Se c exp

The first twa terms are the contributions from atomic pracesses in the
selenium ions and in the carbon ions. The last term describes cooling due to
expansion as given by Eg. {14). The thermal relaxation between electrons a.d
ions is neglected because the ion thermal energy is much smaller than the
electron thermal energy.

Por selenium, energy exchange with electrons through <collisicrnal
excitation and de-excitation, collisional ionization, and three-body

recombination are included, j.e.,

dao n "nax
_& = W, N . S, . ~
(@) = %5 Yot E_IH I, U] (om0, - 5m,0)
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Here, Ni,Se is the selenium ion density, Bjn = E, ~ Ej are the excitation
energies, and (Lz)nn are the fate coefficients which yield the radiative
cooling power due to &n = O transitions. These 4n = C transitions provide an
important cooling mechanism when the temperature is much lower than the energy
of the resonance transition. Their contribution is calculated by adazting the
results of Ref. 6, given for a plasma in corenal equilibrium. The transition

energies, E, oscillator strengths, € for 4An

nn’ and the Graunt factors,

nn' Inn’

= 0 transitions of Ref, 6 enter the modified expression,

A

nn
(Lz) - snn En E /T '
nn

nn
A +N S e ©
nn e nn

(18)

where Snn and A, are the rate coefficients for collisional excitation and for
radiative decay, respectively.

For carbon. only the domipant contribution of cooling by rescnance line
radiation is included because the carbon contribution to the power balance is

small. Specifically,

au 6 : . 3
(EEEJ = }; Nf Nesies ex AEges 3 2 3 f (19)
= 3=0 ' esies de * AJ

where ex and de mean excitation and deexcitation, respectively.
By solving Egs. {1}, {2), (S)-(8}, ({(13)-('6), and (19}, the time
evolutions of plasma parameters Te(t), Ne(t), Nq[t) (3=0, 1, «ea, 6) for

carbon, and Pntt) for selenium are obtained.

s
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B, Gain Ccalculations

We apply the r:elatj.on,9
4
i X 9.
41n2y/24 1 _ _ 73
( ) 8fe A}. (N g Ni) ‘ (20}

i

for the gain per unit length, k.

31 for radiation interacting with a transition

between levels i and j. Here, N;

; are the population densities and g; the

statistical weights €for the respective levels, Aji is the spontaneous

transition r=zte, }‘ji is the wavelength of the transition (1.82 1078 cm for the

3 + 2 transition in C VI), and AA is the Doppler-broadened linewidth which is
obtained by assuming T; » T, for T, < 50 eV,

The excited state popuiaticons Nj of C VI are calculated, given N, N6.

N7, Ty, and Ty, by assuming that the excited levels have reached quasi-steady

state. This assumption is wvalid because the relaxation of the excited states

15

is fast and the population densities are small compared to the éround state

population densities.

v

The gain relation, Eg. (20), is valid for the case in which Doppler
broadening dominantly determined the width at line center. an evaluation of
stark broadening16 due to electron impact and ion guasistatic breadening
indicates that the former is larger at the line center. For the case of
maximum gain presented below, impact broadening was smaller than Doppler
broadening by at least a factor of two. We have therefore assumed, for
simplieity, a Doppler lineshape throughout in the gain computations,

Self absorption, most importantly for the C VI L, line, can seriously
affect the gain. This is due to the decrease of the "effective" decay rate

S
out of level 2 and the corresponding increase of N, with increasing optical
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depth T. We account for this by writing n21,eff - A21 n(t), where P(T) < 1 is
the probability of photon excape.17 An upper bound for the C VI ground state
population N2 for vhich the L, line remains optically thin, T < 1, and,

1
therefore, P{T) = 1, can be estimated from the expression,17

1
2% 2 £ WR

o 21742 (21)
= r
3] 2Ti 1/2
mec(M. )
i
valid for a Doppler lineshape. Here, the wavelength k21 = 3.4 x 1077 cm, the

pscillator strengtn f12 = 0.42, and al) quantities are in c¢gs units. Taking
Ty = 4 x 10711 ergs {25 eV) and the plasma radius R = 1,5 x 1072 cm, we obtain
17 -
u15_<_5.0x10 cm3 . (22)
This is a severe limit, and is much smaller than the density at which gain has
been observed in the NRL/Rochester experiment.5 One possible explanation is
that the Daoppler shift due to the rapid radial expansion leads to a reduction
of the effective optical depth. As shown in the Appendix, this reduction is
accounted for by making the replacement
1
r, /2
(ET_)

T+ T = 06— 1 . {23)

With a typical expansion wvelocity, u, of 2 x 107 cm sec"’, the upper bound

becomes much less restrictive, so that

? 18 on3 (24)




Because of the large agpect ratio L/R >> t, the axial expansion velocity
is neqligible for times t £ L/Cq, where Cg is the ion acoustic velocity and
the lirewidth appropriate for the gain calculation, Eg. (20), is that due to

thermal Doppler broadening with locsl temperature Ty.

3. RESULTS

In order to check the accuracy of the radiative coocling rate cbtained by
using the average ion model, we compared results from it with results from a
more detailed collisional-radiative model® which contains element specific
rate c¢oefficients and energy levels. The comparison was made for a
carb&r;,’aluminum:,plasm;a at fixed wolume, Sample results for the ewvolution of
the elec;tron temperat:lre and for the gain, }:&%32, of the C VI H, line are shown

in Fig, 1. 1In this ca‘se, the carbon and aluminum densities are 2 x 1018 en~3

i . 1
and 6 x 1017 cm"z, rieg?e?ctively. Initialiy, the carbon is taken fully
stripped and the aluminuui:he]iium-like. The temberature evolution is quite
comparable for the two models, with the average ion model yielding a somewhat
lower temperature decay and, therefore, an upper bound for Te(t). The gains,
k32, obtained from the two models show close time behavior and magnitude.

For the carbon/selenium plasma, a range of plasma compositions and
initial radii near the values estimated for the NRL/Rochester exper:i.muznt5 were
investigated Iin order to examine the variation of gain evolution,

when the radlative cooling rate is relatively small, population inversion
i3 observed, but the gain is small because the plasma has already greatly
expanded and the density is low at the time of inverslon. The change in

electron density due to recombination of carbon and selenium is negligible

compared to that due to expansion. Such a case is shown in Fig. 2(a), where
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the total number of lons correspond to salid target thicknesses of carbon and
selenium of 500 A and 100 A, respectively. The variation of electron
temperature with plasma radius is seen to follow closely the adiabatic

relation, Ed. (15), with the result that

[ 8]

log([T, (tJ/Te (o)1
Tog[N_(£)/N_(o]] =3

{(Note that the ratio of the vertical scales for T, and W, in Fig. 2(a) is
2:3.) In order to obtain high gain when expansion cooling dominates, the
initial plasma radius must be much smaller than that considered here. Such
would be the case in a thin carbon Eiber experiment.18

If the selenium fraction is too large, radiative cooling is too fast,
with the result that the optimal temperature range of 10-40 eV is reached when
the electron density is too high. Such a case is shown in Fig. 2(b), where
the initial selenium thickness has been raised to 2500 A. The gain is quite
small because the population inversion is quenched due to rapid collisicnal
mixing of levels 2 and 3, resulting in near thermal equilibrium between them.

An optimal configuration, which was found by wvarying the target
thicknesses, is shown in Fig. 3. The equivalent solid thick.aesses of carbon
and selenium are 450 A and 1000 B, respectively. Initial values FEor the
plasma radius, electron temperature, and electron density are 5 x 1073 cm,
500 eV, ar% 1.5 % 1¢4? cm"3, respectively. The population densities of the
initial jonization states ar> determined from steady state ionization balance,
which yields alwost entirely fully stripped carbon and neon-like selenium.
The peak gain of 10 em™! occurs for Tg & 25 eV and N, 25 x 10'? em™°, The
rapid rise and relatlively slow decay of the gain is characteristic of an

expanding plasma and is attributable to the decrease of the absolute
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population densities with time. The gain exceeds 1 en~! for about 1 nsec.
The radiation and expansion make approximately =agual contributions to the
temperature drop in this case. The time evolutions of the carbon population
dengities are shown in Fig. 3(b)J. The population densities of C VI, N?, and
of C VII, N?, are nearly equal at the time of peak gain.

Self absorption of the C VI L, line limits the maximum achjevable gain.
Ircreasing the amount of carbon beyond the optimum of Fig. 3 results in
appreciable opti.cal' trapping, with a sigultant decrease im gain as shown in
Fig. 4. For target thicknessazs of 600 & and 1000 A for carbon and selenium,
shown in Fig, 4(a), self absorption reduces the gain by a factor of .o
relative to the optically thin resuit, to a value of 6 em™t. Figure 4(b)
shows tha effect of further increasing the carbon thickness to 1000 A. The
gain i3 reduced by a factor of six relative to the result obtained by
neglecting trapping.

Peak gains calculated for several target compesitions and for initial
radii of 5 % 1073 ¢m and 6.5 x 1073 ¢m are presented in Table I. The rrles of
carbon as a lasing medium and selenium as a cooling medium are clearly seen,
Por target thicknesses of 400 A for carbon and 750 A for selenium, similar to

5

target conditions in the NRL/Rochester experiment,” choosing an initial radius

of 6.5 x 1073 em gives a gain comprable to the observed value of 2-3 em™ T,

For this initial radius, the largest gain, 9 cm'1, is obtained for target

thicknesses of 800 A for carbon and 1000 A selenium.

4., CONCLUSION
We have developed a model which allows a calrulation of the evolution of
gain in a freely expanding plasma conled both by radiation Ffrom high atomic

number components and by expansion. A comparison of the relatively simple
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average ion model used to calculate radiative cooling with a more detailed
code has been made far the case of c¢arbon/aluminum plasma, which shows the
accuracy of the former for this purpese. Since the average ilon model allaws
easy replacement of radiator ion species, it is a powerful tool for the design
of the target used in a recombination X-ray laser.

Bpplicatior of the model to a freely expanding carbon/selenium plasma
yields optimized gains approaching 10 em™t, Higher gains are unachievable due
to optical trapping of the La line of C VI, and due to collisional mixing of
levels 2 and 3 of C VI. The former mainly restricts the amount of the lasing
medium (carbon) and the latter the amount of the cooling medium (selenium).
With a choice of an efficient cooling element (in the sense of radiative
cooling power per electron produced by the cooling medium), we may create a
more favorable condition for a high gain, i.e.. N? below the optical trapping

limit and N§/N3 >> 1 when T, (= T;) falls below 40 eV.
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Table I
Peak gaing in cm~! obtained from different target thicknesses of carkon and

gselenium and initial radii. The value inside the parentheses is the gain when

the optical trapping is neglected.

c/Se (A) R = 50 (pm) R = 65 {um)
400/750 6.9 2.8
300/1000 7.0 3.4
450,/1000 10.3 5.2
600/1000 6.3 (13.3) 6.9
800/1000 3.9 {15.3) 9.3
1000/ 1000 3.1 {18.4) 4.3 (11.9)
500/1500 4.5 (10.1) 8.0 (9.0}
1000/1500 2.6 {11.4) 2,4 (15.2)

500/2000 2.8 (4.0) 4.1 {8.4)

4]
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Figure Captions

Comparison of the average ion code with a detailed code for C/Al

plasma (n; . = 2.0 x 10'8® on™? ana n; a1 = 6.0 % 10'7 en~3).  The
former agrees well in the Te, Ne (not shown), and gain profiles with

the latter which uses specific information of Al.

Two extreme cooling cases: (a) too slow cooling (C/Se = 5007100 k)
and (b} too fast cooling (C/Se = 50072500 A), In case (a), the
plasma has already well expanded at the time of population inversion,
while in case (b), population densities between levels 2 and 3 of
C VI are almost thermalized because Ne is too high at Te = 1’0‘~

40 eV. The arrow on the time scale shows the time of the largest

gain, Kgp, 0.2 en~! in (a) and 0.4 em™~! in (b).

Optimized qain case (C/Se = 450/1000 A); (a) profiles of Te, Ne, and
Kqqr and (b) profiles of le (3 = 6,5,4) and Nﬁ"/gk(k = 2,3). When
the cooling rate is optimized and optical trapping is not important,

1

the gain of the C VI 182 R line reaches around 10 cm ' from the

initially fully stripped carbon and neon-like selenium,

Effect of optical trapping: (a) C/Se = 60071000 & and (b} C/Se =
100071000 A, The increase of the carboa amount from Fig. 3 cannot
generate a higher gain because of the self-absorotion of the C VI L,

line,
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appendix

The optical depth derived by Holstein'’

gives the wvalue for the
stationary plasma where the frequency of emitted radiation is constant in
space. For the case of expanding plasma, the emitted radiation seen by an ion
at a different position is Doppler-shifted by an amount which is position-
dependent.,

The absorption coefficient at fregquency Vv, k{(v), of Doppler-broadened

line is given by17

v - \Jo 2 o 2
kv =k exp [~ (——)° (3) 1, (a1)
[+} [e]

kN

" s
where v, s the absorption frequency at the line center of an absorbing ion,

1
_ "/232 AEN
o mcv
o

2r, P2
and Vo = (_ETJ .
i

The radiation emitted from the central region of plasma (v{o) = 0) is seen by

an ion at r to be Doppler~shifted as

v(r)
vaev o=y (1 - ——7;-]

where v(r) = (¥/R}u is the expanding wveloclty at r and u = v(R). So



where o = {u/c) (V/R) is used.

The change of radiation intensity emicted at the center of plasma is
given by the equation,
dar

v
i %k (v) Iv . (a2)

By integrating Eq. {A2), we obtain

r v -V -urc "
= exp [—kof dr exp{- [—————3-~——-;—]'} . (a3}
o o )

I {r)
Iv(o)

Therefore, the probability of traversing a distance, r, including all the

profile of Doppler-broadened emission spectrum at the center of plasma, is

-] IU
T{r) =f OD(V) Wd\) P

where the Doppler-broadened line shape, Ppr is given by

v -
_ 1 c - ac
pylV) = g o exp [- (—— )t (hd)
s (>3] [-] o]
Then
® r v 2

T{r) = 1%— [ ax exp (-xz) exp[-ko [ ar exp {—[x {1+ Eg.x) %—~§ ) }]
o

172 o
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L]
2
= -13—f dx exp(~x"} exp {-ko exp(-xz)

a2 .
2 .
x v, N v, - 2
xjo ar exp{+ax (1 +?x)-v—o--i-(‘l +-é-—X) (7;;{-) H o+ oas)
where x = {(v-\:g/\)a} (c/v ) and (ac/V v ) = (v/v ) (u/v)) (1/8) = (1 + % v [c)

x (u/v,) (1/R) are used,
For the estimation of the last integral which contains the effect of the
Doppler shift, consider the radiation emitted near the line center with the

effective absorption radiusg, ¥, such that

u r vio)
vy RS- v % s
o a

v
1+-2x“1,

and v(f) = vge

Then Ej. (A5) becomes

o r
™T) ! f daz exp(-XZ) exp[-ko exp(-xz) [ ar exp{-(};—— 1;—)}]
-0 [e] [s]

kc voR = 2
e

o 1
= -,1—-] ax exp(-xz) exp[- dy exp(—yzl]
.,T/2 - o

k OVOR

x»
= —.;z—f ax exp(—xzb exp[~ 0.6 exp(—x2)] . (A6)

b1 - .}

In comparison with Bg., (2.19)Y of Ref. 17, the Doppler shift due to radial

expansion modiflies the optical depth, Tpe of Doppler-broadened radiation as

v
= -0 .
I =k R+ T 0.6“ L (A7)
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