T Yée2cry

y-
Conttibution to the Taf»ical Meeting on"Phase space approach to nucleat dynamics”
N Trieste 30/9-4/10 {1985) - .

MOMENTUM DISTRIBUTION Of NON-INTERACTING FERMIONS ENCLOSED IN A BOX-

N H. KR1VINE
. Division de Physique Théorique*, Institut de Physique Nucléaire,
1 91406 Orsay Cedex, France
ABSTRACT

We_ study the finite size effect on the momentum distrijbution
n{k} of an ensemble of A non-interacting fermions enclosed in
a box. Analx(tical expreﬁ‘sions are obtalned in the two limi-
ting cases —>>1 and k——<<1 (k. being the Fermi momentum).

It allows us to analyze Fthe convergence of n(k) toward the
standard step function in the infinfte medium. Applying oyr
results to the nuclear case, we compare the changes in n(k)
generated by the finite size of actual nuclei to thcre due
to short range correlations. Both effects are shown to be of
same order of magnitude. The next step should be to take in-
to account the shori range correlationsdirectly in finite
systems.

1. INTRODUCT1ON

The nuclear Interaction is responsible for the departure of
the actual distribution of momentum in the nuclei n(.:() from the
step function limit O(k-kF) (case of the uncorrelated nuclear
matter). In first approximation the effecl of the interaction
can be divided into two parts i) a selfconsistent average field ;
ii} the short range correlations (SCR). In a further simplification
one can 1) mock up the average field by confining non-interacting
nucleons inside a Hill and Wheeler box of length a and ii) simulate
the SCR by replacing the point particles by hard spheres of core
radius c. By doing so, one can get analytical expansions of n(I),
the small parameters being respectively (ak}_)'1 and cke. In this work
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we will first calculate n(k) for free paint partlcleé In a box,

then derive simple expressions in the two limiting cases -kk—<<1 and
T(k—>>1. The structure of our formulae resembles that of Belyakov
[q] who has calculated n{k) for a gas of hard spheres ; we are then
able to compare, the role of the finteness of the nuclei to that of

the finiteness of the nucleons.

2.  BACKGROUND AND NOTATIONS
The particles move freely lnside an Infinite cub’c potential

well. The individual wave functions are

Yomn = ‘Pl(xwmw)wn(”

q)“ﬂ:{%—sinn%x 0 < x<a (1)

‘01(") = 0 . otherwise

Like in the r-space, the Fourier transform of the wave functions can -

be factorized. Therefore the momentum distributlon is

p(¥) = IZ [Gap ) G000 ] |Gtk 5 - @
s myN

1n the ground state, the summation entering (2) runs for R&,m and
n positive lIntegers , with the condition 27 + m? + n? <N
N and E {the energy of the A particles of the system) are related

by

2 2
- L I 2 (Ramand) 3
a L mn
b 1
The energy of the last particle belng 3T N, it is natural to
define the Fermi momentum by
ke =3 /N . (W)

Let us now relate N to the number of states A (we assume one
particle for each state). Eq.(3) identifies A with the number of



points of integer coordinates inside the octant of the sphere of
radius ¢N. for large N

T L AL L 5)
The precise coun‘tlng ls known as the lattice remainder problem [2]
and surface and curvature terms can be obtained. N N
To deal with dimensionless quantities we lntrgduce (.’f = F
(x will star’\d for l: l) and replace p 3 by n{x) =%’ where
p,= (35}« In the thermodynamic 1imit {a and A%+ = with

a finite matter density)

n(®) = 1 k <1
-0 c > 1 3 (6)
3. RESULTS
We are interested in understanding how n(¥) tends to its
limit (6). For sake of simplicity let us explain the calculation

when « = 0. In that case, it is easy to show that

lfﬁl(p) . % 7} , % odd
- R 2 even (7)
Therefore n{ 0) reduces to (;‘3)’ Ewln—r with £,m and n being

odd. The result is
? 2y
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One cannot derive compact formula for any k , but in the two limiting

cases « <<1 and « >> 1. After some straightforward if tedious

calculations one can write, up to first order in (akF)-1 and «*

a®) 21 - Ryt (s d e k << 1 (8)

For & > 1, the distribution is highly anisotropic (and depends
on the shape of the potential). For instance, in the cube,
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FIG.1 - n(¥) as function of k in the cubic case (A=26).

The full line corresponds to Ky = Ky =K, = £ , the
dashed line to Ky = KZ = L and L3 =0, tae dotted
line to k_= k_ =0 and KZZ= K . The approximation (8)

is represer’fted b; the crosses.
4.  DISCUSSION

4.1 Role of the shape of the infinite well

We have replaced the cubic shaped domain by 3 parallelepipedic
or a spherical one and shown that n(Q) is still given by eq.(8)
provided- that the size of the cube, a, is replaced by 6% (V and
S are the volume and the surface of the box). Therefore we believe
that eq.(8) holds for x = O irrespective of the shape of the domain.
Now for large values of x , the behaviour of n(¥) is strongly
affected by the shape of the potential. In contrast to the cubic
case, for instance, in a spherical potential (all magnetic substates
being filled) n(:) is spherical symmetric and decrcases to zero
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4,2 Role of the depth of the potential

We have obtained analytical formulae in the case of a finlte
square potential in one dimension. As expected, if the well is
far from being filled, the situation resembles that of the infinite
case. Now when all the bound states are occupied, n{¥) shows large
shell oscillations and, on the average, n(0) increases while the
plateau for k <1 is decreasing more rapidly. We belleve that
the same trend remains true in 3 dimensions.

5. COMPARISON WITH THE EFFECTS DUE TO THE SCR

The momentum distribution has been calculated by Belyakov [1]
ina gas of hard spheres. By expanding his ‘formula up to the first
orde.r. one finds

NTIEER —"71— 0.40 Lokp)® [1+ 1,07 k*] k<< (10)
v is the spin-isospin degenerac; (v= 4 for symmetric nuclear
matter) which plays here a key role.

In the nuclear case ckF = 0,7 and (akf_-)-1 varies from 0.12
to 0.052 from A = 16 to A = 108. From egs.(8) and (10) one sees
th.;t both finite size effects are of the same order of magnitude.

Concerning the energy per particle, for peoint particles In a

box
ak
R EE § S L an
(EIA)O
for the hard sphere gas
k
E/A 0 % v-a
(—Em=1+3(ﬂ)—3——+... (12)
o
3 1 2
where (EIA)o =% m Y

Although similar, both formulae have different meanings : the
first corrective term of (12) is generated by the {pseudo) potential,
whereas it is of course of kinetic origin in eq.{11). In the



infinite medium the SCR produce an Increase of 75 % of the ener'gy
while 1in nuclei the finite size effect on EfA varies from 29 %
. to 12 % from light to heavy nuclel. ’

Despite its schematic character, our study can help disentangle
the various effects entering the actual n(k) : 1)} the finite size
effect smoothly varylng with A, 1i) the shell effects caused by
the filling of the orbits, 1ii1) the SCR effects. An interesting
extension of this work is ta consider SCR directly in finite system
wlthin- the same framework, using the technique of the pseudo
potential [3). i
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