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ABSTRACT:

it is shown in the quasiclassical approximation that the off-shell supermultiplets
of the Supersymmetric Bag Model can be constructed merely according to the
‘intuitive rule’ (changing a creation operatc: into its supersymmetric partner). We
also demonstrate how to form the candidate on-shell supermultiplets to be used
as the trial state vectors for the variational method. The energy expression for an
on-shell supermultipiet (a set of composite particles) of the model is given.
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Supermultiplets in Hilbert Space for the Supersymmetric Bag Model

The lagrangian density of the field theoretical model to be discussed is
Lix) = {[5(60A+60A + FTF) ++/g (i BbE - iEQE)J
+ [A+*8B, F>G, £>x| + 2[ Asa, F2K, Zonl}
+ {4[ (m+fo) (GA+FB) + fKAB + 2MKg + h.c.]
- 1lu[(m+fo+)Exc + Min© + MY(2B+xA) + h.c.|}. (1)

It is nothing but a simple case of the supersymmetric model proposed
previously which s renormalizable merely by rescaling the field
operators[3]. One may look upon it as a supersymmetric extension of the
"field theoretical bag Model"” in hadron theory which appeared in the
early seventies["]. The left-handed chiral superfield (A,;,F) togetrer
with (B,x,G) may be considered as a "matter field" of mass m and
(o,n,K) as a "Bag field" of mass M. They are coupled to each other
through non-gauge interaction terms in which f is the coupling constant.
Therefore we give it the name "Supersymmetric Bag Model" (SBM).

In this note, we discuss the problem of solving an SBM to obtain the low-
lying bound-state solutions which are composed of a number of matter
field particles.

The variational method we adopted follows T.D. Lee's works“].
especially in the aspect of separating the bhag-field operators into a
classical part and a quantum part. Our discussion is approximate on the
quasiclassical level, neglecting the bhag-field quantum excitation, But it
gives us good results at least when the bag field mass is large and the
coupling constant is smat), (1]

The main problem we encounter is how to construct a representation of

supersymmetry on the Hilbert space of state vectors.



We find that the representation problem on Hilbert space can be solved
to a certain extent for an SBM, because its supersymmetry charge
operator Q can be brought into a form consisting of monomials with
products of only two field operators which are separable with respect to
the matter field and the bag field.

According to Noether's theorem, one obtains from (1) the conserved

supersymmetric current of the model

s* = §{[WH(F4FT) - yVyH(£% A+Ed AT)]
+ [E2x, F>G, AsB] + 2[ Aso, E+n, FoK]},

which is consistent with the results of [5]. By a repeated application of
the equations of motion, the supersvmmetry -harge operator Q=[S0D3x of
an SBM can be put into the form

3 0 . m T
@ =1/ dx ([L{A6e") -_2£y°(xA+xCA*) - iy ¥¥o (£CA% AT

+ i(20gA+E0,AT) ] + [A+B.,Esx] + 2 Ava.Eon,mprM]]

which shows explicitly the characteristics just mentioned above and can
be put further into the form more convenient for our discussion:
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+ similar terms for Bag fields, (2)

where
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and af}‘n(b'i'sn) is the bosonic (fermionic) creation operator of a matter

field corresponding to a complete set of orthogonal wave functions {Wn}
({0gnW,} with 6 as a constant spinor) in the expression
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[We put a bar on an operator to indicate that for an antiparticle. |

For the bag field we make the expansion
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in which a classical part od(nd) is separated out. This kind of separ-
ation technique is effective in finding low-lying bound-state

solutions! 1] and is equivalent to the coherent state technique”].

The global U(1) invariance of an SBM enables one to separate the
Hilbert space (constructed by means of the creation operators and the
corresponding bare vacuum) into a series of sectors characterized by the
net number N of the matter field particles (the bag field is 'neutral')
and to consider only the representations of supersymmetry or a sector
of given U(1)-charge N (later on, we denote the vectors belonging to
sector N as N>, N'> ... etc.).

The closed set of independent states obtained from a N> by successive
application of EQ provides us with an off-shell supermultiplet in the N-
sector. If the members of the set are at the same time the eigenstates of
the Hamiltonian with the same energy, the supermuitipiet will become an
off-shell one.

Every solution of an SBM must belong to a certain on-shell supermulti-
plet of the model. But as the first step for finding a solution, one has
to know how to construct an off-shell supermultiplet.

The possible resultant state vectors obtained during the process of a
successive application of €Q on N> are wholly determined by the struct-
ure of Q (see (2)). The first type of monomial term (a'i'b, ab+, etc.)
changes a bosonic {fermionic) creation operator in [N> into a fermionic
(bosonic) one without altering the total number of operators in |N>. The
second type of term (ab, '5+b+, etc.) alters the number of particle-anti-
particle pairs, hence, the total number of operators in |N>.

Moreover, the time derivative 5sn for instance is determined by

a,, =1 [H, a

an (3)

[for H, see (9)| and in general depends not only on the matter field
operators of modes other than n but also on the bag-field operators.



Therefore, it is most desirable for the aim of constructing an off-shel!
supermultiplet of finite and minimum dimension to make the I''s in (2} to
satisfy

() Torpr sp = Sipy , for all s,s',n,n',

(i) I's'n',sn

0, for all s,s',n,n', (a)

by an appropriate choice of wave functions. In fact, if it were the case,
all members of an off-shell supermultiplet to which a given state [N>
belongs could be constructed from N> merely by changing some creation
operators in N> (in all possible combinations) each into its supersym-
metric partner, i.e., according to the 'intuitive rule'

-ip

a + -t

s',n) ’ b-i'sn(B.rsn) > a g3 s'n)'
s,s' = %, %, {5)

_ + ;
sn(aTsn) > b s'n(BT

For the non-interacting case (f=0), all requirements of (4) can be ful-
filled exactly by simply taking plane waves as W _(x) together with a
suitable choice of constant 4-spinors ¢g,- And the off-shell supermulti-
plet constructed from a N> according to the '‘intuitive rule' is also an

on-shell one, i.e., an exact solution of the model.

For the interacting case (f#0), (4) implies a series of constraints on the

wave functions which are too strict to be fulfilled for all modes.

As for the low-lying bound states, however, one can confine oneself
within a subspace H(N) of the N-sector in Hilbert space, which consists
of state vectors containing only the lowest mode (n=1) matter-field
creation operators. It has been proved that for a model given in [3] the
state vectors from HN) give good approximations to energy eigenstates
("quasiclassically approximate solution') at least in the case of weak
coupling (f<<1) together with negligible bag-field quantum excltatlons“l

and one can easily check that the proof is also available for the SBM.,

On H(N), the time derivatives 5, and 59 (index n is dropped for n=1)



will take the effective forms

55 = - i(w'as + w“'ésT) , t')s = - i(e'bs + s"BsT) . (6)
with constant w'-w"=w and c'-e"Ze¢ independent of specific state vectors
of HN), And the matrix elements of Q between two states N>, N> of
HN) become

<NUJQIN> = €, (*) cnrpa b N> + € 7) oNTPRb N 4 L.

SS
with
B o[- (esa0) + o+ Y] o,
oV = w (20 )W, d x 1 [ W, tW,d x . (7)

Hence, one can make Cssn(-) =0 and Cgq (+) 4 o (for all s,s') by

choosing n=1 mode matter-field wave functions as follows:
(i) same spatial wave function for both fermionic and bosonic matter field;

(i) ¢4y and J2u—<| satisfying
[(e-20) + y'm + yoyxg(“;_ltps‘ =0 .
- = 1 .
fe-20f = [m2 + (p (1)2)3%;

i) e=w (to satisfy <N'|%|N> = 0). (8)

Then, the validity of (4) will be established for H(N) on the quasi-
classical level and one can construct the off-shell supermultiplets in
HN) merely according to the '‘intuitive rule' (5). The outstanding
peculiarity of a supermultiplet thus constructed is that all its member

state-vectors have the same total number of creation operators
(.'.Ps'1,s1 has been made zero by Cs's(-) = 0).

To check the validity of {5) on H!N), one inserts (5) into (3) and



finds that the three-operator terms of a(b) containing a particle-anti-
particle pair (coming from the four-scalar interaction term of H) do not
contribute to the matrix element of Q between any two member state
vectors of the supermultiplet constructed as above. Moreover, from the
structure of [H,asj, one sees that the difference w'-w' is a quantity not
dependent on N> or {N'> of <N'JQN>. Of course, (6) is valid only
when the bag-field operators in H are approximated by their classical
parts.

From {1), the Hamiltonian of an SBM with one matter field can be put
into the form

3 + 0 T 0
H=[dx :{%3,Ad A +23,872"8 + 2,070, 0 +
+ VAT-7A + v87.vB + Wotevo

2
+ % fmy + fc|2 (A*A +8'8) + M5'o

+ fz-“i(o*AB + oATBT) + % ATg* AB

T +
+ 4 /g (E.raog + Ec aogc + ixﬁox + ch boxc

. T
+ 2 inTaon + 2 i€ aonc)} : + counter-terms. (9)

The counter-terms are introduced for the renormalization of the model
and contribute only to the quantum corrections of the solutions. They
therefore have nothing to do with the quasiclassical approximation,
provided that the free parameters appearing in H have been set to the
renormalized values[ I,

As for low-lying bound states in the case when the quasiclassical approx-
imation is good enough, one can consider only {}[(N)} in the Hilbert
space. The independent members of an off-shell supermulitiplet of dimens-
ion Np in a H™) can be teken as
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with

) (NB“s) + N(Fl%) - Z (N(é)s+ N%:i%) = N, i=1,2, .., Np . (10)
s S

[NBS“) and NBS“) (NFS'“) and NFS“)) denote the numbers of bosonic
(fermionic) n=1 mode creation operators of matter-field particle and anti-
particle respectively|. But the average energy <ti|H|ti>EE“) of ftp is
generally not of the same value for various values of i. So, in order to
get a candidate for the on-shell supermultiplet, one has to form Np

independent linear combinations of (10)

lti.> — X. cii lti> R i'i = 1, e, ND, ‘11)
)

with the constraints
|C“| = ‘Ci' , for alti =1, .., ND, (12)

such that the average energy of ft;'> is the same

N
D .
i fiiy> = TcleV = z°|cg e = € for all =1, .., Np.
j=1 F1

And E can be evaluated straightforwardly from (9) and (11) as

N ~ 2 V212
_.%_of d’p {[ F + JXP 4+ 20k co® X +1‘I—"§.Y2JY

TRT

+
+ (VY) + == [ (VX) + u.2XJ + ! 3(h+dbond+lndc aoﬂcd)} ’
s Rgmo (13)



where
> > W, x
pEmyx , vi—, € 3Zegq/mg, p=Mmy, k= U, Up,j

X(p) = fog(x)/my, Y(p) = f W (x)/a’my;

Ng = % 1IN . N =§ (NGL + RUL ), (BsF);

~

cosO = ) |C]|2cose“), cosn(d) = (NB'§)+ NBgi))cos(Gs*e')lNBm;
i s

= 7 (g0 + REL)® & aNgD REL cos2o
S

k= U Ug,l - 0 = Arg Ugg - Arg Ug, , 8' - see (2) .

One can easily check that the coefficients {Cii} of (11) are thoroughly
determined by (12) and the orthonorma! relations <ti"ti'> = 6“, i,i=1,
«+» Np (hold up to some phase factors which can be absorbed into lti'>
and [|ti>}). Namely, for a given off-shell supermultiplet, there is only
one set of Np linear combinations which has the same average energy
among its members and one has to choose this unique set of state

vectors as the trial state vectors to perform the variational procedure.

To find the energy eigenstate vectors, one should vary Ez<t;'|Hft,'> to
reach its minimum with respect to |ti'>, i.e., the wave functions and all
other parameters characterizing the creation operators and the bare vac-

uum, such as, X(p), Y(p), 0, 0 k and even p, (the position of the

surface S, across which X, Y masy have spatial discontinuities). Then,
from 5E=0, 52E>0, one obtains the equations (together with appropriate
boundary conditions) determiniig wave functions X, Y and all other para-
meters. Substituting all these results into (13), one obtains the formuia
for E, i.e., a mass formula for a massive supermultiplet of composite

particles (n., does not contribute to E, since 5E=0 gives 3 n_,=0).

The approach described briefly above can be applied also to similar

models obtained by other suitable choices of parameters appearing
in (3]



_lo_

Lix) = ¢iT¢i|D + (kitbi + 5mii¢i¢i + */3 giik¢i¢i¢k + h'c‘) .F ¢

A model with matter field of 2ero mass (m=0) has no mixing of left- and
right-handed matter-fields and gives rise to an ‘intuitive rule’ aL+¢bL+,
aR+sz+. The contents of supermultiplets will change radically in compar-
ison with that of the m*0 case. For example, there can exist the super-
multiplet containing only one %-spin composite fermjon in > number of
sectors with different U(1)-charges.

One may also consider the possibility of introducing gauge interactions
{including gravitation) into the model.

Acknowledgements

The author is grateful for the warm hospitalities of W. Hoogland and the
theory group of NIKHEF-H. He wishes to thank B. de Wit, J.W. van

Holten and D. Petcher for helpful discussions and comments.



_11-

REFERENCES

(1)
[2]

[3]

(&)

[4)

R. Friedberg, T.D. Lee, Phys. Rev. D15 (1977) 1694.

T.D. Lee, Quantum Fields and Particle Physics, %7.2, (Xe xue
Chubanshe, Beijing, 1980) (in Chinese'.

P. Fayet, S. Ferrara, Phys. Rep. 32C (1977).

A. Salam, J. Strathdee, Fortschritte der Physik 26 (1978) 2.

J. Wess, "Supersymmetry and Supergravity" Part |, Lectures given
at the Princeton University. 1982.

M. Creutz, Phys. Rev. D10 (1974) 1749.

P. Viniciarelli, Lett. Nuovo Cim. 4 (1972) 90S5.
W.A. Bardeen, et al., Phys. Rev. D11 (1975) 1094.
B. Zumino, Proc. 17th
Physics, London 1974, Ed. J.R. Smith.

B. ds Wit, D.Z. Friedman, Phys. Rev. D12 (1975) 2295,

International Corference on High-Energy

ez 2 2 = J



