
A X & o o o t e 

G. V Z 
JPH UVThPh-l987-5 

ASYMPTOTICS OF THE NODAL LINES OF SOLUTIONS OF 
2-DtMENSIONAL SCHIfiDIIHX* EQUATIOHS 

N. Hof f•am-OtCMhof* 
Institut (Or TliaoretUclw Physik 

Universitlt Vien 

*) Partially supported by Bundesainisteriua für Viasenschafc und Forschung. 
Austria, and by "FanJt zur Forderung der WissenschaftIichen Forschung 
in Österreich", Project Nr. P6>0)P. 



I 

I. Introduction 3nd Previous Result» 

In this paper we sharpen results on nodal properties of L^-solutions 
of 2-diaensional Schriidinger equations, recently obtained in collaboration 
with T. Hoffaann-Ostenhof and J . Swetina in [ l | . We shall consider real 
valued H^'^-solutions p(x) of the Schriidinger equation 

(- A * V - E)» - 0 for » 6 0 , . 
( I . I ) 

Q, - U € K*|t I |x| » R), » » 0 , 

(«her« che Sobolev space tf2,2 is defined as in [2)). la Che following i t 
will always be assuaed that 

C < 0 (1.2) 
and that 

V(x) is teal valued and continuous in Q^ 

and l i s ¥(*) » 0 . r— 
Due to these assuaptions we can choose I so that 

} ( I . J ) 

inf (V(x) — - E) > O (1.4) 

which iaplies that the Dirichlet problea ( I . I ) with continuous boundary 
data i s uniquely solvable (see H I ) . Note also that * € c'dig) (see 
e.g. [2]). In the following ve shall use polar coordinates x^ • r cos m, 
«2 " r sin « with r > I and u 6 [-».») , and denote p • p(r ,u) . 

Under additional suitable assuapcion* on V the generally unbounded 
nodal set of p. i .e . (* E »(») • 0! will be investigated for r • 
Particularly it will be shown (rheorea 2.)) that for large r the nodal 
set of p consists of non-intersecting nodal lines which look roughly 
speaking asyaptotically either like straight lines or like branches of 
parabolas. 
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By (IM following exaaple (coapare alto HI) i t is i l lustrated that 
already for spherically syvnt r ic V it is in general far f toe t r iv ia l to 
deteraine the asyaptotic behaviour of the xeros of Let a ( , b ( C I for 
0 < I < • with a € M u (0) and denote by H . ( r ) for 0 < t « a the — — oBi — — 

Whittaker functions (see [3]). Define 

- i / I " »(r.w) • r J ( I t u I« • b, coa M « , ( r ) . t-0 1 1 °»t 

Than i t i s easily »Ma that ( - 4 * 1/4)* - 0 in and since for a l l » 
W , ( r ) - e~ r / 2 ( l • 0 ( r " ' ) ) (see [ 3 » . o.x 

A(m) i l i a — t ^ ' " ? I (« sin U, * b, cos (a) 
r— t ' u t U (r) t«0 1 1 

Ot • 

«hereby (- 4 • l / 4 ) c " ' / 2 U (r) - 0 in 0 . . Obviously given any H > I, then 
oBo • "" 

a , a ( , can be choaen suitably so that k vanishes e.g. in a • 0 of 
order H. In Theorea 2.3 ic i s dasnnstraead how the order M of the xero 
of k i* connected with the asyaptotics of the nodes of » in a cone 
|af < c for i saali enough. 

In the following we suppose ( as in [I]) that 

»(*) » V|(r) • V2(x) j 
V (1.51 

where V, and obey (1.3) and (1.4) separately. ' 

The above assuaptions iaply (««• (I) and [4]) that there exists v € L*(Qg), 
v > 0 for r >_ R such that ' 

( - 4 • V, - E)v - 0 for r > K . (1-6) 

Mow define 

u(r.u) - j<r...)/v(r) (1.7) 

and note that u and » have the saae xeros. The derivation of our results 
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on tlie nodal linos of * will be based on results on the asyaptotic 
behaviour of u given in 111 (see also |S | ) . We shall suaaarixe these 
relevant results in Theorem I . I . For this and later on we need 

Pef. I. I. ( i ) Let I ' , l C a denote f in i t e open intervals and let f : (* . - )" ! 
denoted by f • f ( r , s ) . f is called real analytic in s uniformly with respect 
to r . if vi > K f is teal analytic in the variable s V r ^ l and if V I ' C i there 

k k k exist 4,C > 0 (not depending oa r) such that | l f ( r , i ) / l i | 1 C kl/4 
Vi€ 1 \ Vr > t and for k € M U (0). 
( i i ) U t ( : Oj-»• and define Va €(-»,»> ^ ' ( a ) - (cos («-a), sin (a-*)) € S1 

Va E ( - s . i l - We say g is real analytic in • uniformly with respect to r , if 
for a l l a g(rp- (")) is real analytic in m uniformly with respect to r (as 
defined in ( i )) with C, 6 not depending on a. In accordance with the fore-
going we denote g(rp~'(<a)) - g(r .a) . 

o 
According to 111 (reap. [4]) wa have 

Theorem I . I . Uc V - V, • ba given according to ( I . J ) , (I.*) and (I .S). 
Assune that V( is continuously differantiable with 

<_ c * - , ~ c for r > » (I.S) 

for soae c, c > 0 and that 

for soaa a » i , r '** V- is real analytic in «• \ 
1 1 | ( 1 . 9 ) 

uniformly with respect to r . 

Let p and v be given according to ( I . I ) and (1.6). 
( i) Then u is real analytic in * uniformly with respect to r , 

l ia u(r.^) :- At.) 

exists . A is real analytic in w and for k € II U (0) 

Jk -a i—r (u(r.u) - A(u))i < C. r . a - a in( l .a) }-
( I . 10) 

in for » • I large enough, with soae Ĉ  < -

(not depending on r ) . 
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( i i ) l i c i t (O.j) and Pg - (x C " i ^ S I * '"'> with *B sufficiently 

large. Suppose 4(0) - 0. then for soae H £ H and |w| (Ball 

AM - aM * 0(.M + I) 

and In D^ for HM v, » > 0 

u(r ,«) - Ob)"*1 r""7 2 y b / n X l • 0(r~%')) • Ofr""72"4) ( I . I I ) 

where b - ( | « | / 4 ) " * and ^ danocaa the Retain polynoaial 
of order M 

V > • X <">* E T T i f e <2l>1H1'1 • • 6 « • kH> 
([N/2] denoting the integer p u t of M/2). 

Saaa ismdiate consequences of Theorem I. I on the nodes of * have 
been already noted in [ I ] . See Reaark 2.3. 

Corollary I . I . Choosing » • </(b/r) . ( I . I I ) iapliea 

a ( r . — U * * 2 - (2b)"" •„<») for r • •,*» E 1 ' (1.12) 
b/r " 

and the convergence ia unifotaly in any coapact interval. 
fkl In the following we denote HA • 5 _ h^, 

dx 

l U r . x ) • * ( r , — ) r m and 0<k) - 2 - r 0M . k E * . (1.13) 
" b/T H it* " 

Note chat UJk> exists since akn/)wk exists for a l l k € M due to Theorea 
l . i . 

Theorea 2.I deals with the behaviour of for r - • for k € N. 
In Theorea 2.2 the axyqptotica of W ) r is characterised. With the help 
of these two theorems the aain result on the nodal linea of a, stated 
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in Theorea 2.} will be obtained. In «actione 3, and i the theorems 
given in section 2 are proven. 

I thank T. Hoffaaon-Osteahof (or helpful discussions aad U. Thirring 
for continuous interest and support. Part of thi* work was dona during ay 
stay at tha Inst i tut für Matheaatik der Oniveraitlc Wien. 
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2. Statement of the » n u l t i 

Th« f i r s t n u l l is concerned «ich th« asyaptotic properties of Û  
i t defined ia (1.13). 

Theorea 2.1. M i r the u i u p c i o u of Theorea l . l , O^fr.i) i* real analytic 
ia s uniformly with respect to r (ia the sert« of Def. I . I ) whereby i E I , 
I any f i n i t e open interval. 

Furthermore (or U l l i (Oj 

»k -M 4k 11« 0M(r.«) - (2b) " ^ l y * ) 
r * " , t (2.1) 
with b - ( | E | / * ) " \ for • ( ! , 

and. the convergence is uniforaly in any coapact interval. 

H a r t 2.1. Clearly (2.1) implies that • 0 for r • • , V i E l for 
k ». H* I. 

The next result fives detailed information on the asjn^totics of 
Ju/Jr. 

Tlxorem 2.2. Under the assumptions of Theorem l . l , r1*1 (with 
a • a in( l ,a ) ) is real analytic in • uniforaly with respect to r . 

Further let A(0) - 0 with 

M U* I Ii,} A(«) - J • d» • 0(w ) for saall (2.2) 

for suae d € t and M € H. 
If M - I, then for MH c > 0 

u m 

for a l l u with |c/r ->! bounded for r • • . 
(2 .3) 
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If H - 2». • ^ I, then 

rM/2*l i i ( t > u ) | . ( 2 b ) - " H(N-I)IL. ,{«) • o(l) (J.4) 
(bSr) 

for | i j bounded and r » •• 
I ( M - 2a«l, » > I , then (or KM t » 0 

rM/2»l | 2 { r > M ) j . {2b )-H „(H-I)« («) . 
i r |»-s/<b/r) 

. ( - , )« W i l l i r - , / 2 ( . »OCr"*» • 

• 0(r" , / 2 "*) • |x | o(l) (2.S) 

(or |* | bounded and r • 

Ea i rk 2.2. (a) An iaaadiata consequence of Theorea 2.2 is chat 
rJOH/»r - 0 for r - - for z € B. 
(b) C'early (2.5) iapliea that (2.4) hold, for M odd. Hew«v.r. for M 
odd vc ihall need cha acre dacailad aayaptotics of (2.5) later on. 

Theorea 2.1 and 2.2 together will anabla ua to obtain our sain 
rasult : 

Theoraa 2.3. Suppose tha assumptions of Theorea I.I hold. HIUM A(0) - 0 
with 

A(«) • J 1 • dwH*' » 0t»M**) for |u| snail (2.6) 

for sooe d € R and M € N. Lac a. € R fo* I < i < M danota tha saroa of t — — 
tba Hervit« polynomial H ,̂ i .e . H^(a^) " 0 for I i < M. 

Than for < • 0 sufficiently »«ill and l ( large tha nodal sat of a 
in i (* € * < c) consists of M nodal lines (corresponding 
to the M xaros of H^). they adait a representation in cartesian coordinates 
( ( x j . x , ) £ R2) denoted by • ^ ( ^ j ) ' o r 1 i ' I Therefore denoting 
a - •(«j .Hj) , » ( X j . C . ^ ) ) - 0 for I '« i ^ H. For al'. i , Ĉ  is continuously 
differentiable and Che nodal lines have the following aay^tot ic behaviour: 
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Fur M » 2 and Zj * 0 

W " ( T * 0 < 1 , > / »T for large x, <2.7) 

with b • < |E | / 4 ) "* . Further if x^ > 0 (< 0), then Gj i t s t r ic t ly mono-
conically increasing (decceaaing) for large x ( . 

For N odd, ^ (O) • 0 and without loaa let X| • 0, then 

C.(x.) - * «(I) for large x, (2.8) 
• • /ur 1 

with 4 given in (2.6). 

Remark 2.3. Ax a coasequence of the results suaasrixed in Theorea I.I 
i t was noted i s ( I ] that in D( (or each r there exist a ^ r ) , I <. i « H 
with u(r,Wj(r)) • 0. In Theorea 2.3 the caae A(0) • 0 ia considered with-
out loaa of generality, since by rotation of the coordinate syatea 
corresponding results to (2.7) and (2.8) are iaaadiately obtained i f . 
for instance. 

AM • < - - - )M • d(w-a )"*' • 0 « a - a J * * 1 ) for | a - a I « 1 1 . o o o o 

kote that since A is real analytic i t has only a f in i te number of xeros. 
Hence the zero set of P consists of non-intersecting nodal lines 
characterized by the results given in Theorem 2.3. 

geasrk 2.4. In some sense our aayaptotic results on nodes might be con-
sidered as analogs of the local results on nodes of I . Bers (61, S.V. 
Cheng 171 and recently L.A. Cafarelli and A. Friedajnn IS). 

There are some results on generic properties of eigenfunetions of 
e l l ip t i c operators on compact aanifolds by J. Albert [9| and I . llhlen-
beck ( lul . In the appropriate setting the generic case for the nodal 
lines of p for r » ~ should be straight lines as given in (2.8). Ue hope 
to investigate this problea in future work. 
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teurt 2.5. The results given in Theorea I.I hava been generalised Co 
eh* n-diaensioaal case in IS]. Naturally rha structure of the nodal aet 
near infinity of auch a solution can show a auch acre complicated 
pattern than in two diaenaiona. Partial results will he given in (111-

3. Proof of Theoreai 2.1 

To verify the uniform real analyticity of J^ i t auffices to show 
that given I , then for soae c , I >0 , 

| u i k > ( r . t ) | < c Vi € 1 and Vr » i (3.1) 
" i 

for some K > R large 
To derive (3.1) we f i r s t show that given any co^ect interval J 

then the faaily of functions 

- (U*k , (r , -) : J - m . r >_ I i (with soae I »_ t ) 

is uniforaly bounded for 0 < I < ». 
This can be verified by asking use of the following inequality: 

If f is an n-eiaes differentiable function on a cloaed interval J - R 
of length | j | and if | f (x ) | < M and | f ( n ) ( x ) | < M . where M. -

. . . — o — n j 
- sup |f (x ) | . I < j « n, then for x € J and for 0 < k < a 

x€J 
| f ( k ) ( x ) | < c . Il' * k / " H , k / " (3.2) — n,k o o 

where M' - MX(U .M n! i J1 °) aud c - i t a constant depending only on n n n o 
and k. (See e.g. (I2J.) 

Since for every arbitrary fixed r > t,UH(r,x) f u l f i l l s Che above 
conditions (due to the known properties of u) on any coapact interval 
J inequality (1.2) can be applied and i t reaaina to abow that 

/uk 
sup l0M(r,t)l and sup jll* ( r . i ) l are bounded for r •» ». which will 
x€J x€J 
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become clear ( m the following: That 

«up |U (r,z)i i C(J) for r » I 
tej 

it an iamediate consequence of Corollary I . I . Ob the other hand, ainca 

„ < » . „ - " i l u ( r . - i - ) 
" »• b/r 

we conclude by (1.10) (with k - M) chat ViE J 

If 
|0^M)(r,*> - b" A(—)| < C(J) r"* for large r (3.*) 

h b/r 
* 

with soae C(J) < Particularly (3.4) iaplies that 

B ^ U . x ) - ( ^ ) M B^M)(«) for r * » uniformly in J . (3.$) 

Hence ic follow» via inequality (3.Z) that Ffc ia uniformly bounded for 
0 *_ k <_ M. Tor k >_ H*I the uniform boundedness of F^ i i eaaily seen from 

U ^ i } ( r . M ) - b"**' r " i / 2 « ( r . - i ; ) Vj 6 H (3.6) 
M iu b/F 

and the feet that due to Theorem I.I u ia real analytic in a uniformly 
with respect to r . But this iapliet further that given I C ft, then for 
some e, 4 > 0, 

l U ^ N r . r t l i c r " J / I V« € I and large r . (3.7) 

(3.7) together with the unifora boundedneas of Fk for 0 < k < M verifies 
(1.1). Furthermore (3.7) iaplies (2.1) for k > H+l. 

So finally ic remains to verify (2.1) for 0 <_ k H: Hote f i r s t 
that is for a l l k € 11 an equicontinuous family of functions since for 
i | , i j € J end r » 1 

|»* k , ( r .« | > -U^ k ) ( r .» I ) , « J* |U<k M ,(r .»)idi i « k M l * j - * , 



Cor m e c ^ < • (not depending on r) due to the uniform boundedneas of 
Fk far a l l k. 

To a iapl i fy notation le t g(z) - (Zb)~N «^(z) and g ^ z ) " * V r n , l ) 

with a € J , where Ir ) ia an arbi trary but fixed sequence with r •» • ii e 
for » •» 

From Theorea I . I we know that g^ » g uniformly in J . Mow le t 
k E ( 1 . 2 . . . . H - ! ) . z E J arbi trary but fixed sod le t a. denote an a c c w 

(k) -lat ion point of the acqueiwe (g_ (a) ) . 
(h) -

Then a subsequence ( g ^ ^ ) of ( tB) exis ts auch that I ^ J j M -
for 1 •»». But ^ j . j • g for i • • uniformly on J and F^ la uniformly 
bounded and equicontiauoue. Hence by Arcela-Aacoli's theorea (see e .g . 
[13]) i t follows that a subsequence ( | j j j | ) of ( g n ^ j ) ex is t s with 
* i ( i ) * for i • «• uniformly on J for j - 0 .1 ,2 , . . .M. Therefore 
g ( k ) ( I ) • a. and further g ^ k , ( i ) * g ^ ' f ä ) . Since ä E J was a rb i t ra ry 
we obtain gl*) * in J for n •» •», and the convergence ia uniformly 

(M) (M) since g •» g w for n •» « uniformly on J due to (3.5). n 
This completes the proof of Theorem 2.1. 

4. Proof of Theorem 2.2 

For tha proof we shall need the following 

to—a « . I . Let V( and r be givea according to Theoraa I . I ao that 
- v" • (Vj - l/4r* - E)w - 0 for t » *, where » • f i ». Than for large 

J 3*(x)dx - .' (I • 0 ( r * ' ) l » ' ( r ) . (4.1) 
r 2 . V , - l / * r 2 - t 

for y » 0 

v~2(r) / S^x)«" '"1 ' dx - - 4 = r " ' " r ( l • 0 ( r " t ) ) (4.2) 
r 2/ |E! 

for soma t > 0. 
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Let Y - 0 f.ir I m ' k, k ( I , denote 

- l -y . - - » - - k - l - t , 
« • Q^t » • / / / / • • / / • Qt»i *yk*\ ••• <•*,<«", 
i-» t y. V i *k 1-1 

then (or large r 

k -l-T. k 
< I Q.y. • 0(r~T) where y • I y t , «pacifically for 

l - l 1 1 i - l 1 

k k ( 4 - 3 ) 

— < > ® vl2> - ̂  4s • «•-» • 

Proof of I i n » . I . For a proof of (4.1) see Leaaa 2.S in (11. Applying 
(4.1) M obtain immediately that for «ome c > 0 

v"2(r) 7 vJ(x)x",~r dx « r" '"T —== (I • 0 ( r ~ 1 ) ) . 
2/|E| . 

To derive the lower bound we use pertial integration, apply (4.1) and 
obtain for soam c, c » O 

m m m m 
J v*(x)x"'"V dx • r~'*T J v'(x)dx - (I • J n"2"1' J v*(y)dydx ^ 
r r r x ~ 

, r-1-T L Z ± £ L vJ(r) 

implying (4.2). Using induction (4.)) follows easily by application of 
(4.2). 0 

Bow we investigate the propercie* of 3u/)~ for r • Noting that 
t obeys ( I . I ) and v obeys (1.6) i t follows ii>at 

_ » i » _ 2 | : » - _ _ L > i - , v 0 i a ! J ( 4 . 4 ) 

Jr* ) , r r 1 2 • 
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Having in aind that l i a o • A it is t t i i l y seen that u obeys ik t follow-
r -

ing integrodifferent ial equation 

u( r .a ) - A(w) • / V"2(x) / v*(y>(- y~2 1— • V (y.a))u(y,a)dydx (4.5) 
r i »a2 

(s«a Equ. (4.2) ia U J J . Therefrom 

| S ( r , a ) - - 5~2(t) / v 2 (y) ( - y~J • V,(y.a))u(y.«)dy (*.») 
" r »a1 

I | Q 
follows. Sinca u, r Tj sra r ss l analytic in a uniformly with reepect to 
Vc>0 saa l l , thara exiat C ,C | ,<>0 such that for |« | <_ and large r 

Tharafora for soaa C < • (not depending on k and y) 

l 1 ^ - y~2 — u(y.a) • V7(y,")u(y,")) | < 
3a >al 

1 , f " & 1 , 1 * £ 61 & '2' - c k i l o r k € " u <0> 

with a - a i n ( l , a ) . Applying (A.2) in leas» A.I we obtain for large r and 
soae C < -

3T2(r) / J ' ( y ) | l l L ( - , " 2 l i 2 • V}u)|dy < C r"1"* for i f I D {0) . 
r »«•* 1 

(*.7) 

Hence we conclude froa (4 . i ) and (A. 7) that for k € M,V|a| and large 

,k*l , • -k . - j j- u(r .a) • - v (r) / v*(.) i - H - y" ' — • ».u)dy (4.8) »riu r J j »a1 

and 

l ^ j u U . a ) ! < r" '~* (* 9) 
>r)* J 

Clearly an analogous escisute to (4.9) is obtained a f t e r rv tac i ' a of the 
coordinate eystea by proceeding in the above aannar. 8ut th i s 
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i ^ l i e s chat t1** ia raal analytic 
in a uniforaly with respacc Co r . verifying the f i r a t part of Theorea 2.2. 

To prove Che second part of Theorea 2.2 we aterc with Che caaa H » I: 
Rewriting (4.6) we have 

£ ( r , a ) - - r 2 ( r ) / ** ( , ) ( - j ' 1 ^ . »_A)dy -

- J r 2 ( r> 7 V1 (y)(- y l — • V ) ( « - ! ) * , . 
r l«2 * 

Having in mind (1.10) of Tbeorea I.I application of Leva 4.1 leads to 

- r " J ( . » 0 ( r - t ) ) • A(a)0{r~'~a) • O U " ' " 2 ' ) . 
* 2 / j l | 

Since for a - 0 ( r ~ " 2 ) , dJA/d-»1 » 2d • 0 ( r " " 2 ) and A - 0 ( r " , / 2 ) . (2.2) 
follows i — J i a t e l y f roa the above. 

Row we have to investigate the caae H >. 2! 
Due to the real analyticicy of >u/3r we have 

• |t«| k 
l ^ r . u ) • [ r u(r ,0) {fr for saall |« | and large r . (4.10) 
> r k-o i n . 1 

To derive the asyapcotics of the r . h . s . of (4.10) we shall use (4.8) with 
a • 0 amt the facc chat 

u ( r . — ) - bk
 r

( " H * k ) / 2 U* k , ( r . i ) for t E F and k € M u (0) 
•» b / ? (4.11) 
Therefore we obtain 

T A u(r.O) £ - T £ ^ ( r , / v2(y) (y~'*(h-M)/2 bk*2 U < W ) ( , Q ) . 
k-l itim " k-l r 

- \ [ ^ ^ V ^ y ^ U ^ t y . O J b i y ^ ^ . d y . 
j-o , J ' ' 

Since due to Theorea 2.1 iu£j>(r.O) - (2b) '" « ^ ' « » 1 • 0 for r - - the 
r . h . s . of the above equation 
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Y £ r ' u , J f w l , - ' * " " " " * k r t « I b > - " H^ 2 ><0) . o (O) -
k-l ' r 

" I fs) » ( j ' M ) ' 2 bj((2b)"M «i j )<0) » o ( " » l d y ,J> ».k J 2 11 

jJ I*« 
Further since due to our i l i i f lpcioai —r v . r i s uniforaly bounded 

>«J 

(or r •» » for e l l j € • U (0) , application of t a w 4.1 i a p l i » that the above 

. Y £ r - '*<k-M>/*( ( I b ) -H . » • » « , ) • o ( , » ( l • „ ( r -* ) , . k-l k l l / | l | T* 
4 0 ( r - l — ( k - H ) / 2 „ . ( 4 U ) 

Therefore for u - iXb/r iand s 6 J (J an arbi t rary but fixed coepact 
interval) 

H »h*' k vm 
I £ u ( r , 0 ) ( j ) r • 

M-l -k*l 
I 

k-l 
It* I k 

- r " ' * M / 2 ^ < 2 b f H I i - <g<k*2)<0) • o ( l ) ) U *0(r~c)) • | « | 0 ( r " ' ) l . 
k " (4.13) 

On the other hand by applying (4.J) i t ia straightforward to see that 
for s £ J 

I FT l - ^ l I 1 —T»«r .O) l i C | a | ( * .U) 
k-H " b / 7 itim 

foi large r with soae C * Combining (4.13) and (4.14) we arrive at 

£ < r . - ) | - £ < r . 0 > * 
>r l - . / ( b ^ ) , r 

t ^ " " ' 2 l a b ) " * J ^ ( ^ ' ( O ) • .(•))<> •0<r" t)> • | a | 0 ( r " , - * - ! , / 2 ) . 
k " ' (4.IS) 

Due to (4.6) and (4.11) and TheoreE 2.1 i t followa that 
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|^<r.O) - v"J(r> I r*(y)(y"'~M/3 b* U<:)(,.0> • V2<y.O)y"M/2UH(y.O))dy • 

• (j(2b)~N H<2>(0) • o(l))r~'~M / 2(l »0(r"C)> • 0(r~'~*~H/2) . (4.16) 

Further not* that 

I f . | 

Jofr "ik*l)<0» • • *»w-D V2(l) • <4-,7) 

•ow if H - 2». » 6 1 . then (4.16), (4.17) together with (4. IS) 
obviouity verify (2.4). 

Finally let M - 2a+l. • € H: Since «„(0) - 0 (4. IT) together with 
(4.IS) yield 

l f t , - - , ( ^ * f ? ( r ' °> * r - ^ c ä ß t ä i f L A z ) • (.1 o(l)) (4..«) > r l«-«*b/T> , r (2b) 

for large r end x € J. However (4.16) only iaplies that 

Ju. „. H-N/2 „ , ^ ( r , 0 ) r - O for r •> • . 

Suppose we have shown 

L M I 4.2. For H - 2a » I, a € It, 

f v > 0 , . J i ü L « s m ä ( t . 0 ( r - « „ . 0 ( r - a , . ( t 
" (2br ' " 

Then (4.19) together with (4.18) verify (2-5). finishing th* proof of 
Thip-rea 2.2. 

Proof of LewM 4.2. For the proof we shall proceed in an analogous way 
as in ( l ] r«»p. (SI for working out the asyapcotics of u. Ve shall use 
the following notation (cuapare Lnau 4.1): 

X= - " Y - 2 — • V <Y U ) . T - - Y"2 — • V , < Y , „ ) . 
1 iJ 1 ' Jw' 2 
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<D Q . T . f > - / / J I . . . / / Q(T( . . . QtTlf(y,.U>dyld*tdy|_1..dy1dx| i-l r *, y, kj yl( *t 

where f is identified with u or A. When necessary the dependence of «. . .» 
on che variable r will be denoted by < . . . » . Using the above notation, 
equation (4.5) resp. (4.6) read 

u - A • <Q, T, Ii» (4.20) 

m 
. - J"2(r) / ?J(y) t „(y.«)dy . (4.21) 

r 

I terating equation (4.20) givea 

H I H 
u - A • J « D Q.T.A» • < n Q.T. (u - A)» 

i - l i - l 1 1 i - l 1 1 
(4.22) 

Combining (4.22) with (4.21) leads to 

m M t H 
~ ( r , « ) - - J~2(r) / v'(y)T(A • \ < I Q.T.A> • « D Q.T.(u-A)» )dy . 
" r l - l i - i 1 1 * i - l 1 1 7 

(*.2J) 

How we investigate the aayaptotics of the t e n s on the r .h . s . of (4.23): 

Note that due to assumption (1.9) r ' * 1 ^ i V. is uniformly bounded in r 
a ^ for r * - for a l l k € N u (0) and that r —r (u-A) is in the same sense 

>» 
bounded because of (1.10). Taking this into account and using Leaoa 4.1 
i t is straightforward to show that for a l l « and large enough r 

M M 
T« II Q;T.(u-A)> - < <1 Q. T T...-T-(u(y1(1w) - A)» • 

i . l 1 1 * i . | 1 1 " " * 

• Vi'"* VM'" 2 \ " °<y"*,t"2*"1» - o<r""~2~*> 
and therefor« 
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• M 
w_i{r) / l"(y) T ' « 1} T (u -»)> dy - o(r"""2"J) . (4.24) 

r i - i 1 1 * 

h u w « b u m ia n ana Logout way that tor I < t < a 

* 1 t 1*1 t AZt*2 

w - v u • \it ViS <-» » ^A<°> •K 

• h n i It ia a aua of t a n a , aacb of thaa depending on i r 1(D) for aoM 
k da 

k with 0 < k <_ 21. Sinca ^ A CO) • 0 f o r 0 < k < 2 a a n d l « l < a t h e 
da _ _ _ 

shove b a l l e t that 

| 0 for I < I ± »-I 

I vi V"0 '' a(o> ,or * - • 
and *e coneInda froa tha abova via Leaaa 4.1 that for aoaa c » 0 

r*<r> / 5»<y) T I < I QjT.A» d, -
r l - l i - l 1 1 ' 

- ^ - 4 " = ( ' • 0 ( r " t » r 2 ( r ) / vJ(y) y"2"" dy A(0) -
(Ab1)" r dm2*1 

. (M*l)t (I • 0<r-t>) r"*~2 . (A.25) 
(4b2) 

,2a »2 
where we used ' ^ A(0) - d(M*l)!. 

* * * 
It raaaina to investigate the aayaptocics of T< n QT.A»i^_ for 

i - l 1 1 

a»I < I < 2a*I: Thereby it is sot d i f f icul t to sac that 

W - V i - * " 

« .2 t»l -2 d " * 2 t d 2 t 

" « 1 V i > ( ( " ' ) * ^ « V f * ( 0 ) * VJ<T.0X-I) ^ A<°» • " 
i - l da d- j 6 ) 
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where th« rest f is j f in i t e sua of ceras of two types denoted by ^ 
sod j with I k»l I characterised by the following: 

Let (i|,..,it) denote a penaitscion ot ( 1 . 2 . . . . I ) and let a t « , 
a j £ H U (0) for k*l < j « 1, then 

* k -2 * -J d" 
J k l - < | « , i r , « z-w? »,<7. . 0 ) » , y ~ A(O) 
k , t i-i 1 j-i lj j-k*i J 2 1 d." 

, (4.W) 
with 2m*l < a < 2t and J a . » a • 2k + 2 

j-k*l J 

1 k -2 1 d 1 

i - l 1 j - l l j j-k»l i« i 1 l j 2 

t (4.28) 
with 2a*l < n < 21-2, [ e, • • • 2k . 

j-k*l J 

Analogously to the foregoing eonaiderationa i t follows that 

; k t - 0 « ; Q i «k i , : ' " > y - ? , . . 
i - l 4 j-l *j J-k»l l j 7 

- 0(y~2~™~*) (*• 29) 

using k » a in the laat step (according to (4.27)) and 

Ik . - 0« B Q. a yT2 I y T ' - \ , - ' - • ) . 0 ( y - k - « ( l - k 5 - ' - ) . 
1 , 1 i - l 1 j-l 4j j-k*l l j 1 

• 0(y~2""~2") (4.10) 

using k >_ a*l in the last step (according to (4.28)). (4.29) and (4.10) 
iaply that 

* - 0(y~2~""*> . 

Therefore and again with the help of Leaaa 4.1, (4.26) yields 
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. - I 
» (»J I *'(y) «_• t T(- d 1 ' °<r 

T (4.31) 
(or • H . 

Application of (4.31). (4.2J) u 4 (4.2«) to (4.23) ver i f ies Leina «.2.0 

f i t 4.1. (4.19) told« t l M for • • O n can be m a «sally bjr pro-
ceeding as i k o n , bat «a shall not need i t (or the following. 

5 . Proof o f ttntsa 2 . 3 

IIa f i r s t ahow tha existence of exactly M nodal lines la D(s Lac 
^ ( i ) ' 0 and choose * e > 0 *«>> that (withoat loss) 

•„(«) » 0 for s E l t (!) . where (5) - U | | « - i | i « 0 > - O - D 

This I« possible tinea Hg haa only nondsgenersCs «eroi. further choose 
t so large that © 

U ^ t r . x ) » 0 tei>5i and x E l ( ( i) ( i .2) 

which is possible due to Theoraa 2.1. Further by Theorea 2.1 tha above 
laal ies that V4 f (0,4 ) there i s soae I , > I such that fot * » » . 0 0 — 0 - 0 

sgn VM(r.x i t ) » sgn H^ü t 4} . 

Hence for a l l r > I j the-e exiata g(r) € l ( (x) with U| |(r,g(r)) - 0 and 
du« to (S.2) i t is unique. Having in aind that u € c'(Qg) the ia^l ic i t 
function theorea iaplias that g is continuously different isble . Further-
aore i t fall««« that g(r) • x for r • «. 

Tha foregoing considerations iaply that for «ach icro x. ( I < i < l l ) 
of H^ there is at leaat one nodal line of u in giveo by « i j C r y ^ / t ) , 
<( r .a . ) • 0 where g j ( r ) • x. for r * • . 
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Mow suppose there u i i t i r • • for • • • and m(r ) . auch Chat Vn B n 
|»(r ) j < r . mir) t « f ( r . ) , for I « i < M and u < r _ . i ( r ) ) • 0. Than n N i n — — - O D 

since u •» A for r • • uniforaly and A(h) t 0 for 0 < |« | « t for i 
saell enough, a(r ) » 0 for n •» « follows. Together with the foregoing 0 J*u 
consideration* IM obtain that for n e t *(rn) • 0 for • —jj (*a>«*(rB)) • 
- 0 Vn. Since jjTJ - j j j j tot T • - un if o n l y we obtain - 0 
which ia a contradiction to tha assumption on A. lance there are exactly 
H nodal linea of n la D̂  for t aaall enough. 

Lat g * a for r « - be given aa before and denote 
Then for large r 

u(r . f(r>) - 0 

and 

{ ^ ' • ^ l - f t r ) * f '< r > * 0 • < S 1 ) 

This iapliea further 

f ( r ) - - | j < r . - ) J i f . f ( r ) r ( * " , ) / l (b « ^ ( c . g « » » ) " ' . <»•*> 

Since due to Tbeorea 2.I 

l ia O ^ ' t r . g f r ) ) - (2b)*" IM a ^ Ü ) * 0 (3.5) 
r-*» 

and since due to Theorea 2.2 l ' * H / I |y<r,«*iu . f ( r ) I» bounded for 
r • « we obtain froa (S.4) that for aoaw C < -

I f I « C r " J / 2 for large r . (5.6) 

Denoting Y((r) • r coa f ( r ) , Yj(r) • r sin f ( r ) we conclude froa 
that for large r for m e c » 0 

t | ( r ) - coa f ( l -x f tg f ) »_ coe f ( l • 0 ( t " 1 ) ) > c » 0 . (5. J) 

Therefore the inverse * . ' exists , iaptjring tha representation of the 
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nodal UM ia cartesian coordinates 6 by • C ( * ( ) wi th 

C - T , * ^ 1 . 
tot ve v e r i f y the asyaptotics of the nodal Unas of Da « tar t 

w i th tbo aiaplaae c u t : 

II - I 
Wa i m tha asyaptot ics of Ju / i r given in (2.3) of Thaorea 2.2, u t e into 
account (5.5) aad apply thosa f indlogs to (5 .4) . This glvaa 

t'M • ( - -JL * o ( D ) r~2 

and ia tagra t iag f roa r t o • g i n s 

f ( r ) - ( - = = • o ( l ) ) r " ' . 
in 

Thoroforo 

T , ( r ) - r s in f ( r ) - r f • 0 ( r " , / 2 ) - - 4 = • o ( l ) 
2 'HI 

and y , ( r ) / r - cos f ( r ) •* 1 for r • iaply ing C(*, ) • 4 / / J s f • o(>) «nd 
ve r i f y i ng (2 . ( ) f f l r M - I . 

l u e w consider th« cast 

H a. 2 and i t 0 

Sinca g ( r ) » a for r • w* obviously hav« 

T . ( r ) - r aln - | / ? ( ! • 0 ( r " ' ) ) - (£ • o ( l ) ) « f 
2 b/r * b 

aad y ( ( r ) / r * I for r « - and therefore C(* ( ) - ( I / b * 0 ( 1 ) ) ^ for larga 
va r i f y ing (2 .7) . 

To prove tha aoaotonici ty of C(* | ) i t su f f i c*« (bocaus« of (5.7)) 
to shaw tha aoaotonicUy of v 2 ( r ) : Since 

y l ( r ) • cos f ( r f • tg f ) . B S ^ l ^ t 3 , 2 | • • / ? f » 0 ( r " ' ) > (J.8) 
/ r 

«a hav* to invest igate the asyaptoties of f ' : Taking into account (2.4) 
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and (2.5) of Theorem 2 .2 w conclude 

r l *M /2 l ^ r . a j j ^ ^ j - ^ l(^^- l)(2b)" , , H ^ j Ü ) * o(l) (5.9) 

and note tha t H ^ j d ) * 0 . Applying (5.») and (5 .5) t o ( S . t ) va a r r i v e 

at 

f ' ( r ) - - • o ( l ) > . (5.10) 

toting chat H ^ x ) - 0 - 2x « ^ ( x ) - 2(M-1) H ^ j d ) . (5.10) leads t o 

f ( r > • ( - ^ • o ( l ) ) r " 3 / l . ( J . 11) 

Combining (3«II) vitk (5.8) u d tak ing i n to Account chac 
/ r f * i / k f o r 

sgn yj(r) - «gn (x) for largo r . ( 5 . 1 2 ) 

(5 .12} together with ( 5 . 7 ) shows that TJOYJ1 i a striCLly monotonously 
increasing (or x » 0 respectively decreasing for s < 0 . 

Finally we have to consider Che caae 

H - 2m»l, • € II and x » 0 ; 

Due t o ( 2 . 5 ) of Theorem 2 .2 we have 

• »!«- , (»(>)) • o ( « ( r ) ) ( 5 . 1 3 ) 
( 2 b ) " 

„ithd, - ( - , ) " i ^ l i l d ( 2 b ) - " " ' . 

and v i a Theorem 2.1 

U * ' } ( r t g ) • ( 2 b ) ' " 2M « ^ ( g ) • « ( ! ) (5.14) 
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Applying ( J . I I ) and ( J . I * ) to ( I . i ) and Caking into account that 

«M obtain 

. ^ . M » - T O . ( T M ) W » > ; « F F » , , ( 5 , 5 ) 

" ^ ( « M ^ V ^ . , « ) » o d ) ) T M 

Sine« for k E I . ^ ( 0 ) - ( - l ) k ( 2 k ) l / k l and ^_ 2 <0) - 2 (11 -2 ) ^ . ^0 ) . 

•*-»<«> " * - l ( 0 ) • O ( l t l ' ) r i f f • « — — •<" • h - I 1 « ' • o c l s l ) 

«a obtain f roa (S. IJ) for aoaa * , ( r ) , < 2 ( r ) •» 0 for r • • chat for larga r 

g ' - 7 • ( " • « , < t » - • « 2 < t ) ) r " , / 2 ] • (5 .16) 

In tha fol lowing wa ahov with tha halp of ( S . I t ) t ha t 

(5.17) 

Let ua f i r a t conaidar tha caao d > 0: 
Suppose that for aoaa r larga g ( r ) < 0, than becauee of (5,14). for r ^ r 
I < 0 and g s t r i c t l y aoaotonoualy incraaaing fol lowa, contradic t ing g * 0 
fo r r •» ». Therefore g > 0 for larga r . l a t 

- f c i . i , ) — , 2 . « g l l . 4 2 

for MM * , . J 2 * 0 a r b i t r a r i l y aaa l l . than dua to ( 5 . I i ) 

g* < 7 g Cj - Cj r for larga enough r . 
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F u r t h e r l e t 

t h e n 

and h u e * 

( h - g V » c ( j (h - g) l o r l a r g « r . 

Suppose t h a n e x i s t s f ( a r b i t r a r i l y l a r g a ) w i t h < h - g ) ( r ) > 0 . Thaa tha 

abova i n e q u a l i t y i a p l i e s t h a t 0 < h - g s n d h - g a t r i c t l y aoaotoaowaly 

i n c r e a s i n g f o r r £ r , which c a a t r a d i c t s h - g • 0 f o r r » Haare f a r 

U r g * r , I J . h and t h e r e f o r e w i t h soae i » 0 a r b i t r a r i l y s a a l l 

« ( r ) r " , / a f o r l a r g a r . ( J . U ) 

Coabin ing ( 5 . I i ) w i th ( S . I S ) we o b t e i n f o r aoae § , , S { . < > 0 a r b i t r a r i l y 

t <!<' - S> " ^ • i 2 > l ' ' S / 2 i - < £ • 

f o r l a r g e r . I n t e g r a t i n g t he above i n e q u a l i t y l ead* t o 

• I <55 * ä ) r " , / 2 ( 5 . H ) 

w i t h soae ( » 0 a r b i t r a r i l y a a a l l f o r r - ( 5 . 1 8 ) and ( 5 . 1 9 ) i a p l y 

( 5 . 1 7 ) f o r 4 » 0 . 

The c a s e d « 0 f o l l o w s i a t he s a a s way. 

For d • 0 I I a Jx g • 0 c a a be aeen by t h e f o l l o w i n g : Tappeaa t h e r e e s t a t e 
r— 

r » - f o r n - * tucb t h a t »I | ( r ) • k f o r o • • v i c h 0 < k < Thea it Q H • 
b t c t u M of ( 5 . 1 6 ) 

C1 

h' - i e , h - e 2 r - 3 / 1 
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«' - ( ' ^ g yO *«,(r)) - « 2 ( r ) ) r " I / 2 

«nd therefore f > 0 and g is s t r ic t ly Monotonously increasing for large 
r . contradicting g » 0 for r •» For 0 > k >_ - - the conclusion is 
analogously. This proves (3.17). 

By (S.17) v . f inal ly obtain 

y , ( r ) - r ain - • 0(g/?)J r - 2 ) - — • o(l) 
b / r 2b1 

and slnca y ^ O / r » I for r • » thia verif ies (2.8) and finishes the 
proof of Theorea 2.3. 
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