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ABSTRACT

A solution of a pair of tnonopolee in 5d Kaluza-Kiein theory without

matter fields is given. The scale of the internal space is the same as that

of the outer space. Its Euclidean version is useful for calculating the

wave function of the universe with monopoles.
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It «i£5 p o i n t e d out t r e t t h e r e ere t o p o l o s i c a l s t a b l e

l s o l u t i o n s ir the 5 din er.jionaJ K a l u z a - K l e i n

2 ")
t h e o r y

sni K-K tnion=i of higher dimensions

These 5 aimerisionsl solutions can be expressed by the

instanton sclu'.ion; in i, dimension?! Euclidean gravity.

U n i i ^ th Ci
ean gravity.

tha Cirrc menopcle, K-K monopole does not need the

Cirac strirjc since t hs spatial fld space is not a $

burdlJ over R .

It is the purpose of the present peper to generalize

the monopole solutions tc the cosmolojical ones. By "co-

smcloiicsl" ue near the sprtial subspsca is coirpact and

clcs3<j. Ui iiill discuss the sirrplest csse of monopole-

snti-monopoly salutions. is Er;uE<J in r«f.(7) the Eoler

chsrsctsristic sno sigrsture of the 4d spatial submani-

fold ^re Z ?nd 0 respectively. To see this/ let us first

review tha sinjle (rnnopole solution in £uclide«n space.

If je take the cc smolojical constant as being zero and

g0O-• - 1 ' go; = Or then g-> thairselwes satisfy tl-a

vacuuiii Eucliossn tinstein equation. ;speci?lly me have

the so-called Tsub-NUT solution

(1)

r

This solution h;s t«c singularities. Cna is et J " I T

another ij ft r = C, Tc £void the first singularity

lat us t?ks the transformation x* + x' + 8m f around

^ = IT r then dx + 4m(1 - cos $ ) iV —> d / + 4mx

(1 + cosB >J^ , tha latter metric is mail behaving.
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• * . * ; • • • • & ; • • * £ • • • t

the fsrioo of V1 is 2 T T ' tfca period of x then

is 16.n"TT • ^s for the second sirsulsrity^ ui h e n r = 0 ̂

tm sirjul^r psrt cf metric accroaches

(2)

Intreiuce r =

It is easy tc sse th;t if the period of x is 16m7T '

there i> no sinjulcrtty ft r = C. The circle charscter-

ized Qy x shrinks tc c ^oint uhen r —^ 0. This feet

explains iby it e need not introduce a Dirsc string:

1
for 3 shrinks to a coint ct r = 0» manifold M is not

1 3
5 S bundle over ft . Tfe magnetic chsrg* of the roonopole

aacause the radius of * is Bm/ it must be equal to Hp/e,

so we haus ge = 1/2. This is the Oirac quantizetion

conJition,

Cne can further construct irulti-r.oro^ole solutions.

They t*ka the form c*

(4-a)

K - t̂e Ai — — C'fi ViCXf) (*-b>
. ,- i .n; the s i g f of r . n . s . of (U-b) i me get a m u l t i -

an t l 'monapo le s o l u t i o n . The ; u 1 e r c n r r f c t s r i s t i c and

s i t n s t u r s cf N-tnoncpole s o l u t i c n are ft - Nr ^ - H - 1 .

For N-e-nti- ironcpol 6 s o l u t i o n / 0( s N, f = - ( N - 1 ) . For

a pa i r of monopole snd an t i - «onopo le <• Cf = 2 and ^ = 0 .
d l l the above solutions are over non-compact manifolds Mi .

Sut the universe « i y be coifpsct snd c l osed / we have to

ask s o c i t \hi tronopol» s o l u t i o n s when f i s compact?

So lu t i on C1) can OE exp la ined as then r -^ C-» » te

1 ' 2
nave s r o n - t r i v i i i l S bundle over the i n f i n i t a S ! uhari

1r - j 0/ i shrinks to a point . The siirplest ganerElizs"
1

tion to co*(sct H 15 to consider e nontrivial S bundle
-j2 3 2

S of S . In th i s case* uihen S approsch«sover tha s o f
3 1

the north pole or the south pole ai S , S must shrink

to a po in t . As argued in r a f . ( 7 ) u.a thus hawe a pai r of

monopoles and anti-monopoles. A.s for more complicated cases,

the t o t a l numbar of Toroplees is equal to tha t o t a l nuir-

ber of rnt i-monopoies. In fact , the so lu t ion of a pa i r of

moropals JPO enti-«onopola can bs viemed a$ petching so lu -

t ion- (1) anc i t s i ? r t i - so lu t i on togethar. So there sra

ft Ct" ) =2 and •-•£• (M 1 = 0.

I t is i n te res t i ng to search for compact 5d Euclidean so-

l u t i o n s . TM tn i s ci43 M§ is the boundary of a compact f .

in« can then us? the f c r j a l i sn 1 of ouentum cosmclogy of

(9)
r iar t ls jnd H^^^i"^ to ea l tu le ta tha uiswe f u r c t i o n
of tnc- VJ n 1 v . r 5 a J i t h scse *•-'<• 'oropolsSi Furthermore^
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after n a k i r ; a Wick r o t p t i c n ^

l u t i o n f r s t s f u c l i d e f n cm.

gst 3 Mnkouyskicin so-

cocc rc i 'T , t r s c r y t a i l s us t h a t ? i t the

of M i f -no c n l y i f
5

(M ) - 0 . So i n t h e
4

u n i v e r s e * tee t i nou r t o* ir.onopojes end t h a t o f f n t i - n o n c p -

oles a re i c u s l . Lix o ; f i r s t look fo r the Euclidean solut ions

and assume that

t

t-.o*i its ^ n ^ l y s i s the c e n t r a l f e s t u r a s o f a n s a t z ( 5 ) .

Th is s n s i t : has £ Eyirmstry S0C2). There may bs o n l y mono-

p o l « s located a t ^f = 0 / I f . «s ?rs i n t e r e s t e d i n t h e

s p e i i a i rase i n wMch uhen Q(~} ' T T ' ^ C ^ f u n c t i o n s F and

-^> 0* E c c o r d i n q t o the analysisG are i n v ^ r i i n t . Wh?r

ebcut -tha « m g u l d r i t y , F C-f , ft ) -J> F ( T ) Of and

GC«T *9f ' -? 6( * t ) Of "* , t r e = i n r u i a r p ? r t of m e t r i«cetricC5>

-\ I /v ^

r 2_

C6>

irust be constant rnd equi l to 1/16m .

The s ingu la r i t y =.t Of -0 i s nou, avtided and there is

also no s i r i u l c r i t y f t $ = TT sUiirariteed by symir-

ytry q _j <~\x~ X. • *

fS s r s go ing t o c o n s i d e r t h e case o f F c T , Of) =

" "') . The metric (5)

nan/ resa s .

- 5 -

(7-s)

<7-b)

a: = U55 thj tetrao formflisrr to calculate cur-

- F'2

ce)
uihers P .̂s the curveturs tensor of i dimansionpl

i jid

ds' . Tre Ritci tensor is

Oc

constant /• WE obta in

( 9 )

and

CIO)

(11)
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s o t n j it " i f f s n i i o n ; 1 m s t r . c s a t i s f i e s E i n s t e i n e g u a t l o r

c o i i a l c i i c ; ; c o n s t a r t A r= - W - i n~ • R e d e f i n e

'1 2)

To s o l v e s q . d i ) / u,e f i r s t l i s t tna r,on-»ani;hint

, W I'M (VM

^ - r r ~ C~ /0 4.v/ y
t-4)

Fro.11 P '"'Qr JJS d ; r i v 9
1 5

(U)

Substitute o c . d i ) intc * q , C H ) / iae

Frc:ii jquations S

K ^ _^ we in mediately obtr, ii

R =R
1212 1515

A ;nd ecs.(13)/ R = R =
1212 2323

r I- ^ ^ "| r^~l ~ TT-T I''

(16)
by U5? of 5q.(15). Sou it is easy to solve the Einstein

aquation. At Ii5t< «LB hsue

I n t e ; r r t e e q . ( 1 7 - c ) <

(17-b)

(17 -c )

1

C o n s i c a r f i r s t t h e f i r s t s o l u t i o n i n e q . ( 1 3 ) / w h e n

-9 G, / - > 3 3 ^ / 3 2 8 1 ^ and u" ->

To svoia the s i n s u l ^ r i t y j i t r = O» a itust equal

. When ^ 9 O T ' de f ine ^ ~ / 7 J ~ - ^ ' ' then

0 3/2/VttY" ^ me thus
h s i 3 3 = 1 = %«f\ / I .



khan thJ $£-n$ srctusris app-U.es to the second Solution*

• e also hsu: 0 = 1 = 3«/\ /J. T>s second solution is nothing

b u t t h e f i r t t s o l u t i o n u n d e r t r r n s f o r n ; t i o n

T h c r ? f c r u j.e h ? v a c n l y o n ? s o l u t i o n

-- 1

(1°)

or #—)5 e c a u ; e S s h r i n k s t c 2 e r o u h e n e v a r i ^ ? or #—

^ ,• f i i s s o l L t i o r i s j u s t t he s o l u t i o n o f a p a i r o f

monopoles and an t l -monopo les . We expect t h a t the ^ -d imen-

S i c n a l s p ^ t i s l space hss fl( =2 and " f - 0 . I f i e use t h e
foiloming fcrmulss

can actually jet the expected result

the scsle of x

iprcs is |

i f E t h C ? a m e" U " d e r W i c k * ^
i n t o t h e < < i n k o B , s k i c - n s e c t o r

* and t he

Sc the two scales

, solution (12) transformed

Ths sceles thus are
(21 )

The f i f t h dimension
anc the 3 dimensions expjnd equally,

ke concltCB that ts let ; solution ir which the fifth

dimension jpcrcfCtics ctnstsnt/ ons must not use s n s a t z ( 7 ) .

fincther possible j^y tc obtain £ sstis-tatory solution is

to modify the Einstein ic

-9-

' t l a s t , le t ,, s h f l . t h , t > h ( n J = Q / ^ ^ , s ^

3 £ . J F ' " = A • I f F ' ^ 0, solution R " \ / \ ^ 0

solut ions sre V ^ s t ^ - v l ^ n.
' J 4 ' Tn«s« solutions cannot b e P » c u l - r

ACKNOWLEDGMENTS

The author would like to thank Professor Abdus Salam, the

International Atomic Energy Agency and UNESCO for hospitality at the

International Centre for Theoretical Physics, Trieste.

-10-



References:

(1) D. Pollard, J. Phys. A16(1983)569.

(2) R. Sorkin, Phys. Rev. Lett. 51(1983)87.

(3) D. J. Gross and M.J. Perry, Nucl. Phys. B226(1983)35.

(4) H.-M. Lee and S.-C. Lee, Phys. Lett. 149B(1984)95.

(5) S.-C. Lee, phys. Lett. 149B(1984)98; 100.

(6) S.-C. Lee, Clas-j. and Quant. Grav. 3(1986)373.

(7) M. Li, Some topological problems in quantum cosmology,

in preparation.

(8) See, e.g., T. Eguchi, P.B. Gilkey and A.J. Hanson,

Phys. Rep. 66(1980)213.

(9) J.B. Hartle and S.W. Hawking, Phys. Rev. D28(1983)2960.

-11-


