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Abstract

The time evolution of the distribution function of the beam injected par-
ticles in the presence of ICRH in a two component plasma is determined.
Consideration is restricted to the time development during two completemen-
tary time periods: (i) the early time period, i.e. 0 < t < 15, and (11)
the quasi-steady-state, i.e. t > 19, vhere Ts is the slowing~down time for
beam fon-electron collisions. Explicit analytical solutions are obtained

for anisotropic as well as isotropic beam injection.



1. Introduction

In order to achieve non-negligible fusion reaction rates in a thermonuclear
plasma, an average ion temperature of 10 keV must be obtained. In a Toka-
mak, the inherent ohmic heating is not sufficient to rise the plasma tem
perature to the required level, and auxiliary heating method must be used.
Several heating have been examined both theoretically and experimentally.
Two of the leading methods are neutral beam injection (NBI) heating and ion

cyclotron resonance heating (ICRH).

NBI has been applied successfully, e.g. a plasma of several keV has been
obtained in the PLT device, [1]. An advantage with NBI is that, in addi-
tion to providing bulk plasma heating, it supplies a non-Maxwellian high
energy ion tail, which may decisively contribute.to the fusion rate. This
is especially so since the neutral beam injection energy typically falls at

the energies at which the fusion reaction rate peaks.

On the other hand, ICRH has recently made remarkable experimental progress,
[2-5], and is becoming a promising candidate for efficient heating of
plasma ions. The inherent advantage nf the high energy tail in NBI heating
is parallelled in ICRH by selectively heating a minority of the plasma ions
or by heating at the cyclotron harmonic, where preferentially the high

energy ions absorb the wave energy, [6].

Recently, there has been considerable interest in the possibility of heat-
ing a Tokamak with a combination of ICRH and NBI, [7—10]. This scenario

will be of particular importance in the near future, 3ince it 1is expected



that several Tokamaks, including JET, will operate with both heating
methods simultaneously. It has been shown theoretically, [8], that the
advantages of both heating schemes can be combined by tuning the ICRH to
the ion cyclotron frequency of the neutral beam injected ions,'thus causing

a significant enhancement of the high energy tail.

Much effort has been devoted to analytical as well as numerical investiga-
tions of the influence of RF-heating on the stationary distribution func-
tion of the beam ions and to the calculation of the resulting fusion power

multiplication factor, cf [8].

Since a detailed knowledge of the distribution fuunction 1is essential to
theoretical as well as experimental investigation of the heating proczess,
the purpose of this work is to determine the time evolution of the distri-
bution function of the beam injected particles in the presence of ICRH in a
two component plasma. The analysis is based on the time dependent Fokker-
Planck equation including a quasilinear RF-diffusion operator. Considera-
tion is restricted to the time development of the beam distribution func-
tion during two complementary time periods: (1) the early time period, 1i.e.
0 <t KL Tgs and (11i) the quasi-steady state, i.e. t > Ty where Ty is the
sloving-down time for beam ion-electron collisions. At early times the
development of the distribution function 1is dominated by particle-wave
interactions. This stage should be of interest in connection with problems
like RF-induced enhanced sawteeth-activity, [11], or excitation of velocity

space microinstabilities during the heating process, [12].

In quasi-steady state the evolution of the distribution function 1is domi-

nated by collisional effects. It is shown that in this stage a group of



thermalized beam irns with a Maxwellian distribution appears. The number
of particles inr this group will increase in time until steady-state is
reached. Another group of beam ions, those that have not thermalized forms
a time independent non-Maxwellian "tail™ in the distribution function.
Explicit analytical solutions for the beam distribution function are ob-
tained for two complementary beam injection scenarios: anisotropic and

isotropic injection of the beam ions.

11 Fokker-Planck equation

We shall concentrate on neutral beam injected ions in a two-component
plasma which are directly heated by ICRH tuned to the ion cyclotron fre-
quency of the injected ions. The Fokker-Planck equation for the distribu-
tion function, f, of these ions can be written as

of

1
Fe = C(E) +QUE) - — £ +S (1)
ex

where C(f) is the collision operator, Q(f) is the quasi-linear RF-diffusion
operator, 1cx is tha charge—exchange loss time, and S is the source of the
injected particles. We assume that the neutral injection does not affact
the equilibrium of the plasma. This requires n << n, where ny and n are
the density of beam ions and plasma ions, regpectively. Hence, we consider

the plasma distribution to be Maxwellian and disregard collisions between

beam particles themselves.

In order to describe the influence of the ICRH ¢n the distribution function

we consider only the fundamentil ion cyclotron resonance of a small min-



ority ion component in a thermal background plasma and use the quasi-linear
diffusion operator derived in Ref. [13]- Assuming the 1limit of small
Larmor-radius and, for simplicity, neglecting particle trapping effects
when averaging over toroidal surfaces the explicit forms of the collision

and RF-diffusion operators are:

C(f) = 37:%;-{-v2a(v)f+ %'%; [VZS(V)f]} +

v
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where v is the valocity and p = v'/v is the cosine of the pitch angle. The
collision coefficients a, B, and vy describe dynamical friction on the back-
ground species, energy diffusion and pitch angle scatfering, respectively.
The constant K is proportional to the rf power absorbed per unit volume.

For further details concerning notations see Refs. [6,14].

The source, S, of injected particles is assumed to supply almost energetic



particles with velocity v, This means that S(v,un) can be written as

S
o

S(v,n) = 3 6(v-v°)K(u) (4)
2nv°

where S° is the number of particles injected per second and cm-3 and the

function K(p) which represents the angular spread satisfies

1
| ®xp)dp =1 (5)
-1

Finally, the charge-exchange time, tcx’ appearing in eq. (1) is taken to be
independent of energy (which is a good approximation for energies in the

range 1-30 keV).

An approach, which has been widely used in analytic studies of the effects
of ICRH on the velocity distribution function, [6,14], is to expand solu-
tions of the Fokker-Planck equation in Lagendre polynomials and to keep

only the lowest order term, viz.

1
<E> =3[ f(v,m)dp (6)
-1

The approach is justified of the distribution function is only weakly ani-
" sotropic. Consequently, this approach is a legitimate one for the low

energy part of the disctribution function and deteriorates in the high en-



ergy tail region, which becomes strongly anisotropic in the presence of

significant RF power absorption.

In the present analysis we will apply a modified approach, cf [15] to de-
rive the pitch angle averaged ion distribution in the presence of ICRH.
The method provides a consistent description of the gradual transition from
the almost isotropic low energy part of the distribution to the anisotropic
high energy tail distribution. Furthermore, it does not depend on
truncating an expansion and is consequently not restricted to almost iso-

tropic situations.

In order to derive an equation for <{f)> we integrate the Fokker-Planck equa-
tion (1) over u. In the collision operator, the pitch angle scattering

term vanishes, and we obtain

A<E> 1 9 2, 19 2
a—:_'v—za—v{['" + 33y (BY )] +

1 29 3K 29 2
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Eq. (7) couples the zero (uo) and second (uz) order moments of f. By suc~-
cessively multiplying the Fokker-Planck equation with uZn and integrating
we can obtain an infinite coupled system of equations determining the mo-~

ments <u2n>. However, this is not an analytically tractable approach.



Instead, we follow Ref. [15] and decouple the zero order moment from the

second order moment by introducing
wle> = wd_(v)<e> (8)
eff
The main role of u:ff(v) i3 to describe the anisotropy of the distribution

function. According to Ref. [15] an appropriate model for u:ff(v) should

satisfy the conditions

2 1
Begg(0) = 3

2

ueff(") + 0. 9

This means that p:ff(v) should consistently reproduce the low and high

energy asymptotic v.'ues, i.e. u:ff- %-for an isotropic distribution and
“:ff = 0 for a strongly anisotropic distribution.

Considering u:ff(v) as a known function of v and introducing F = <f> we can

vrite eq. (7) as

1 2rl 3 2 oF
g AIELRS SRl

2
0
2. 19 2 3 2 eff
+ ['GV +i-a—v- (Bv’) ""fKV(l 3ueff-v v )]F}
1 so
- F + 5 6(v-vo) . (10)

ex 2rv
)



Eq. (10) requires a statement of initial condition. 1If we consider that
the beam is injected at t=0, then F(v,t=0)=0 and eq. (10) describes the

subsequent evolution in time of the beam distribution function. According-

ly the beam density, n = 2n f szdv, varies with time as

o
n T

b ex
== ?;— [l-exp(-t/tex)] K1 (11)

where Ty " n/So is the production time of beam ions. It follows from

eq. (11) that the steady-state value of the beam density is given by

nb(w)/n-tex/tb.

I11. Initial evolution of the beam distribution function

During the initial stage of the beam injection, when 0 { t < ts, where T,
is the slowing-down time for beam ion-electron collisions, the evolution of
the distribution function is determired predominantly by the source term
and the RF diffusion. Neglecting the collision terms and the charge ex-

change loss term, eq. (1) reduces to, cf [16],

1 3
v, Ov

d 3
= f(v,,v,,t) = =K
ot 1’ 2 Lo,

[v, &= (v v ) 480 vy (D)
1l

where v, and v, are the ion velocity components perpendicular and parallel

to the magnetic field, respectively. The solution of eq. (12) is given by
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1 taz ] e e
£(v,,v;,t) = ﬁ({ 7{ dEES(E,v dexp(~ )1 (357) (13)

where Io(x) is the modified Bessel function of order zero.

Assuming now an almost perpendicular beam injection, the source function

can be written in the form

S

o
S(vl,vl) = EE;I; 6(vl-vl°)6(v') (14)

which substituted into (13) gives

2,2
S t v +v v v
d 1 L 11
f(Vl,Vl,t) = F:_K G(Vl) c{ : eXP(' 6KZ O)Io( 3KZO) (15)

Averaging the distribution (15) over the pitch angle u we obtain for v > O

v2+v2

t
F(v,t) = <0 = == [ L exp(- —=2)1 (
o]

%o 3z 16)

which 18 exactly the result if we solve eq. (10) in the absence of colli-

sions and charge exchange loss and by assuming usz-o. Since we are

interested in the short time limit we assume
2.2
t <« min(w°(3K; (v wo)/sx) (17)

and use the asymptotic expansion of Io(x) to obtain



11

, 2
¢ 1/2 (vo-V)
F(v,t) = So(—s——'a') {exp[- —m—) %
én Kvov
v -V
t v, (D) P 120(73)]) (18)
x
where ¢(x) = 3—1:- f exp(-tz)dt and the signs "+" and "-" correspond to the
[}

solutions in regions v > vo and 0 < v ¢ vo, respectively. It can be seen
from eq. (18) that the ions injected at the velocity v = vo are, due to the
RF-induced velocity space diffusion, spread toward lower as well as higher
energies. We note that particles will appear at thermal energies on the
time scale 1 _ = v:/6l(, which implies an anomalous "slowing down” in situa-

RF

tions when tRF 4 Tg*

1V, Quasi-steady state of the beam distribution function

When t ¢ ‘ts, the colligion terms in eq. (10) will become important and when
t > t‘, it will be possible to distinguish a group of beam ions with a
Maxwellian distribution. The number of particles in this group will in-
crease in time until steady-state is reached due to the charge-exchange
losses. On the other hand, the plasma will contain non-thermalized beam
ions whose distribution function at t > T does not depend on time but is
determined by the balance between the systematic arrival of beam ions at
the point v = vo and the diffusion flow towards low energy as a result of
the RF diffusion and the collisions between the beam ions and the plasma

electrons and ions. Thus, it is natural to call this state at t > 1:’ a
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quasi-steady state and the solution of eq. (10) can be written in the fol-

lowing form, cf. [17],

F(v,t) 1ex /tex
= = ()= (1-e )-Al+8(v) (19)
b
vhere the term proportional to h(v) describes the distribution of the ther-
malized particles and g(v) is the stationary non-thermalized part of the

beam distribution. Integrating eq. (19) over velocity space and using the

relation (l1) the constant A is found to be

f g(v)vzdv
A= — (20)

f h(v)vzdv
)

We substitute (19) into eq. (10) and separate with respect to the time

variation. This yields the following two equations for g(v) and h(v):

2 dh

[';' ﬁ+ K(1-p ff)]v + +[-av 2 '2"d— (v?p) +

2

dueff

——)]h = (21)

3 2
+ I-Kv(l-ueff-v

and
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3 2 d“:ff 1 A
+ 5 Kv(1-3u v —)]g} = h(v)(;; - ;::) +
1 1
+-—-g———T-6(V‘V ) (22)
1:cx vt °

ob

In order to solve eqs. (21) and (22) it is necessary to define an approxi-
mate model for u:ff(v>) which allows us to treat the problem analytically.
It has previously been mentioned that the anisotropy of the RF-distorted
distribution vanishes in the low energy limit where collisional effects, in
particular pitch angle scattering, is strong enough to keep the distribu-
tion isotropic. Since the function h(v) represents the low energy part of
the distribution, i.e. for v < v,» We assume “:ff = 1/3 vwhen determining
h(v). On the other hand the degree of anisotropy of the non-liaxwellian
high-energy part of the distribution function, is strongly dependent on the
beam injection angle relative to the toroidal axis. 1In particular, two
complementary situations may be considered: (i) perpendicular beam injec-
tion, i.e. the cosine of the injection angle is by = 0, and (1i) isotropic
beam injection, i.e. the beam source function is effectively 1isotropic.
Correspondingly, we assume the following models for p:ff(v), which deter-

mine the behaviour of g(v):

(1) anisotropic injection

2

Begs = 0 (23)
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(i1) 1isotropic injection

1/3 v v
= ‘o
2
Reff = (28)
0 H vOov

A fofnal integration of eq. (21) yields

v
h(v) = h(0)exp[- [ u R(u)du] (25)
o

where h(0) 18 an integration constant determined by the condition

i [ vih(v)dv = 1 (26)
[o]

and

2

dp
2, 14d 2,. 13 2 eff
oVt g gy BV FRV(I=38 eV 5y

R =

@n
1 3 2 3
[5’5* 2 K(l-u'eff)]v

Using the low energy expansions for the collision coefficients a and B, and

taking u:ff = 1/3 we obtain

2 2

\J
h(v) = h(O)exp[- m*:‘l’+2,( 5y) = h(0)exp(- 33) (28)
\4
1
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where D represents the low energy limit of B and T, is the "collective”
temperature of the background particles, cf [14]. From eq. (26) together
with (11) and (28) we also find that

1/2v1 )-3 (29)

h(0) = (n
We note that the expression (28) is the correct low energy limit according

to weakly anisotropic theory, cf. [14].

In order to determine the non-Maxwellian part of the distribution function,
g(v) we neglect the charge—exchange loss term and the contribution from
h(v) to eq. (22) for velocities v > Ve Then eq. (22) can be integrated

once to yield

(38 +3 k(-2 1% By [ov? + 2 L (avd) +
dp 2
+ % Kv(1-3u:ff-v eff)]g
H(v_=v) T
o 1 b
= _ZﬂTb— [7 1- a A)M(V/VI)'H.] (30)

x
where H(x) 1s the step function and p(x) = 91-1;' f tzexp(-tz)dt. The approxi-
o

mate solution of eq. (30) is given by
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80 = 8, = 3= (6 = Gy D 1-emo(- I wR(w)du)] (31)

for v £ vo, and

v
g(v) = gz(v) - gl(vo)exp[- I uR(u)du] 32)

v
o

for v 2> Vo where

T
3 -2 SCeA
G(v) = £x (33)
2,4 2 "“iff
[-av'+ 35 (Bv 2y "Kv(l'3“eff’v rram)

and R(v) is given by eq. (27). Since g(v) represents the stationary high-
energy part of the beam distribution function the expressions (31) and (32)
have to be evaluated by using the high—energy expknsions of o« and B and by
assuming the appropriate models for "iff(v) as given by eqs. (23) and (24).

Thus, the solutions may be written in the following form:

(1) Anisotropic injection

3
T v
(R a- 2 a0y vie (148 B (vPac 0
(a) s cx v o
(v) = 72 3. c At —m—m— v sy,
b (v +va+ge;v) (v +va+re£v)

(34)
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aud
@ 2
(a) = o(2) -2 (.8 ;
g (V) =g (v dexp[- 3% T.(v) Th(vo))] poov2v, (3%
(i1) Isotropic injection
1 v3
© . 3 -2y 3xev"(1+§-g + 5
i 8 cX v
g, ‘(v) = ]1 + ], v v ,
1 211:1:b (v3+v3 ) (v3+v3 )2 o
a a
(36)
and
() (1) By v v
82 (v) = 81 (Vo)eXP[' '2? (Th(v) = Th(vo))] ’ v 2 vO » (37)
Here, Th(v) is defined by
3 ' 3
o, 1 (1+§)(va+i<e§v)-vB
e s ) o

(1+E)v 'l've

and further notations are as follows: Ke = k'l‘e/mb, E= 3mbl(1:s/(2k‘re), Te is

the electron temperature, 1:s is the slowing-down time given by

. . 31[2 (Zk'l‘e)3/2 zmemz (39
8 16n Be zb ne el
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and the characteristic velocities A and v, are defined by, cf [6],

B

2 3u1/2 ZkTe 3/2 o, ,m
Yo« T TG ( m ) z E_'zi m, °*
] e { e i
(40)
vz ) 31:1/2 (Zk’re)llz . ‘n_izz zui
B ) m n i m
e 1 e i

Using now eqs. (20), (28) and (29) we find that the number of particles
contained in the non-Maxwellian part of the distribution function 1is equal

to

b [ g(v)vzdv = A (41)
o

which by means of the relations (34)-(38) can be approximated as

T T
Parz =21
ex
where
@ v: R 3.<:a+;2)

Y=y = 1la(l+ — + ) + (42)

v3 vz v (v3+v3+x Ev.)

o o oo a e’o

for the anisotropic injection, and
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(1) v: 3::(1+§z)
Y=Y = la(1l+ -3) + —3 3 (43)
Vo vo(v°+va)

for isotropic injection. The solutions (34)-(35) and (36)-(37) describe
the deviation of F(v,t)/n from the Maxwellian distribution and are import-
ant for velocities vz > ZkT*(1+2K/D)/nb, vwhen the Maxwellian part of
F(v,t)/n is exponentially small. Note from eqs. (34)-(35) and (36)-(37)
that a stationary non-Maxwellian tail in the distribution function may be

formed if the charge—exchange loss time, Tcx, is such that 0 < 1:8/1:cx < 3.

v. Conclusions

Analytical solutions have been obtained for the time evolution of the vel-
ocity distribution of neutral injected ions heated by ICRH in a two compo-
nent plasma. In particular, two time periods of the development have been
considered: early times (0 { t « 18) vhen the development is dominated by

RF-induced velocity diffusion, and the quasi-steady-state (t > 18) when the

beam ion distribution consiste of a time dependent Maxwellian part and a
time iadependent non-Maxwellian "tail”. It should be noted that the toroi-
dal effects on the beam ifon distribution function have been neglected.
However, in a device such as JET these effects will be of importance, since

1/2

they scale as € , where € is the inverse aspect-ratio. Thus the analysis

,in this paper needs to be extended.
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