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INTRODUCTION I

Here is a fresh attempt, following a few others, to demystify
the PS beam contrcl system. The writer is making this attempt on
his own account, hoping thereby to convince himself that he has in-
deed understood how "his" system works, and he hopes it may also
prove helpful to others. So the point here will not be to do original
work, but rather to give a ruridown of what has been written on the
subject from time to time, and I am thinking especially of the course
written by H.G. Herewardl) for PS operators, which has been the di-

rect inspiration for this description.

The engineering specifications used to build the equipment have
been omitted in this paper; they would fill a bulky file, perusal

of which would be too laborious for the non-specialist.

Actual talks on the subject at the PS have already served as a
proving ground for this presentation, and the writer has benefitted
as much as anyone from the interest shown by many on the occasion of

those gatherings.

DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor any agency thercof, nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsi-
bility for the accuracy, completencss, or usefulness of any information, apparatus, product, or
process disclosed, or represents that iis use would not infringe privately owned rights. Refer-
ence herein to any specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the United States Government or any agency thereof. The views
and opinions of authors expressed herein do not necessarily state or reflect those of the
United States Government or any agency thereof.
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THE FREQUENCY PROGRAM

The simplest RF system imaginable consists of an oscillator whose
froqucncy'can be controlled by means of an outside voltage. The
oscillator acts on the RF cavities, and a function generator con-
nected to the magnetic field (frequency program) controls the fre-~
quency of the oscillator (Fig. 1). ¥For, this is connected with the
guiding field by the relationship

in which:
h is
c is
R is
B is
Eoc 1is
p is

e )- S
Ter ™ B 23R BT (s./cp)i (1)

the harmonic number (h = 20)

the velocity of light (3 . 10° n/sec)

the mean radius of the machine (R = 100 m)
the magnetic field (in teslas)

the proton rest energy, Eo = 938 10° ev -

the radius of curvature of the magnets (70 m)
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Fig. 1. The simplest of all RF systems, -

In the case of the PS, the frequency program is cbtained by
a digital function generator using a particular train B derived from
the voltage induced in a coil placed in the reference magnet. The
function is approximated by nine segments whose termini are defined
by the coincidences between the train B and preregulated values.
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2.

Not¢ that for a given machine, the function (1) depends only on the
field; the coincidences are regulated once for all.

What is the precision required for the accelerator frequency?
For a given magnetic field, an error in the accelerator frequency,
the frequency of ravolution, that is, manifests itself by a devia-
tion in radial position given by the relationship ’

2 ' (2)
P Yt 2
in which Y 1is the usual relativistic parameter and Ttr is its
value at the transition (7:r = 37 in the PS).

For example, at high energy (y >> Ytr) an error of 0.1% on the
frequency becomes a radial displacement of 10 cm, which 'is obviously
unacceptable. But then the error of linearity of the oscillator

alone is on the order of one percent!

The conclusion is that it is necessary, at least for the PS,
to find = method of reducing errors of the frequency program. Note:
that this requirement applies to the PS, but is notr universal (ISR
or SPS cases where thé relative frequency variation is very small).

Remark
The relationship (2) is valid for an equilibrium state. This

is not the case, in particular, at the transition, or we should havs
an infinite position error for the slightest frequency deviation.

ATTEMPTING TO CORRECT THE FREQUENCY PROGRAM

To avoid the need for prodigies of technology in order to obtain the
required precision, we could conceive of a feedback correcting system.
The most obvious idea would be to detect any deviation in the radial
position of the beam and use this signal, duly amplified, to correct

the frequency program (Fig. 2).
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Fig. 2. First attempt at correcting the frequency program.

The.radial position of the beam is obtained by one or more PU
stations (3, in the PS). The signals from the PU station are pro-
cessed t6 convert them into a quasicontinuous voltage proportional io
the radisl displacement (zero reset of baseline, integration, refer-
ence to the intensity, combination of the several PU stations). These
operations are represented by the black box Procsssing in Fig. 2.

By the way, we may vant to locate the beam elsevhere than in the
center of the chamber. This can be done by applying a voltage to the
Reference input, which }n turn amaunte o ehifting the electrical zero
of tha PU stations. This signal applied to the reference input is trs-
ditionally referred to at the PS as the perturbation signal.

Note in Fig. 2 that our loop system is closed by the beam, whose
characteristics we must know in order to determine whether the system
is stable or unstable. For purposes of the problems with which we are
concerned at the moment, the beam can be represented by a black box:

a change Af = Sw/27 in accelerator frequency is applied to the input,
and a change AR in radial beam position is picked up at the output.
We shall now try to determine the transfer function of this box.
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BEAM TRANSFER FUNCTIONS

We try to find the input-output transfer function of the black box

representing the beanm.

One way to get it is to start from the synchrotron equaticns

daé
el AR .

(3
48R |
Tl Ad

= linearized - where A¢ d1s the phase deviation of a particle from
the phase of the synchronous particle and AR is the deviation of
position from the synchronous orbit.

The first of these equations is simply an expression of the

frequency deviation

'™ ’
%% s 27 Af = 27 -— = 211'( RR (ef. aquation 2)
|
whence "
A |
o= -2% R Yer D (4)
with:
by
n - ?1- - ;r .
tr

The second equation expresses the deviation in energy gain. A phase
deviation A¢ yields a gain deviation per revolution of eV cos 5. Ad
(V is the accelerator voltage), or an energy deviation per unit time
of:

. Be

& Y am . A
at = ¢¥ ¢S ¢= . 27R



This energy deviation becomes a radial deviation

i S |
dR = - = 37
Yer B

i

¢ ,

which finally gives:

eVcos ¢ ¢
be-myoE . (5)
?t'l‘ )
Now if the accelerator frequency suffers a perturbation &uw, only
the first of these equations is affected; the equations (3) are

then written

%- AR + 3u

(6)
T

dt
vhere A¢ is now the change in phase between beam and accelerator
voltage.

Replacing the derivatives with respect to time, as in electric
circuits, with multiplications by jw, we obtain

Ju A = & AR + Su
(22

dw AR = » 3¢

vhence, eliminating A¢, and putting ab = -Q* (/27 is of course

the synchrotron frequency):

&5'?,?—?_—;76“'“1&0 . (8)

5.



We can also calculate the quantity Aéd:
M';‘F‘Lf‘? Sw=yy Sw . 9)

Thus the beam is represented by the following black box (Fig. 3),
in which the output Ad has also been shown (being none other, except
for a factor 1/b, than the derivative of AR).

‘ ‘w Hl - ¥ p—— An

e AP

Fig. 3. Bean represented by equivalent black box.

The reader familiar with the notation of transfer functions will
easily recognize the characteristics of an oscillating circuit without
damping (for w = {}, the amplitude of the oscillation becomes infinite).

Remark

The so-called adiabatic damping of oscillations, due to the
fact that the parameters of the oscillation vary with time, is here
neglected. It in fact has much less effect than the one we are
seeking to create by the beam control system.

We may also represent the black box of Fig. 3 by an equivalent

electric circuit:

¥< e AR e &,
£ 4 c .
N’j pll 1Y L v

<

Fig. 4. Oscillating circuit equivalent to the beanm.



For we have:

voltage at terminals T
of oscillating circuit vad. —119——7 i
: C R -w
(10)
current in 1
inductance L = . —,—l—!- :
iI. “ic '@ - i

- putting Q% = 1/LC. If we take the correspondence (v, Ad) and
(iL, 4R), we indeed come back to the form of equations (8) and (9).

Another way to get the transfer functions is to start out from
trajectories in the longitudinal phase i:lane. The synchrotron oscil-
lation of swall amplitude is represented in the phase plane by an
elliptical trajectory (Fig. Sa).

tbﬁ- wbw
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(b)

Fig. 5. RF frequency step represented in the phase plane.

The origin corresponds to the synchronous particle, and the ver-
tical axis is graduated in energy, or radial position, or frequency,
which for given magnetic fisld comes to the same thing. Applyi:nz a
frequency step Mu/2m thus amounts to shifting the origin along the
vertical axis. The particle initially in equilibrium at O wiil then



oscillate on the elliptical trajectory around the new origin (Fig.

5b). If we represent this oscillation as a function of time for
the two variables A¢ and AR, we obtain Fig. 6.
ARy
: - £
A4 & .

Fig. 6.

Beam responses to a frequency step.

- We indeed come back to the behavior of an undamped resonator as

described by the equivalent diagram of Fig.'a when acted upon by a

step in current.

4. RESPONSE OF LOOP SYSTEM

Having obtained the transfer functions of the beam, we can. now deter-

mine the response of the servo mechanism of Fig. 2.

For the diagram

of our servo principle 1s the following:

LAl XY dw
progra e
program error

Pu - A¢
Aw 4. SU - -
———n@—-——ue,.
- ;" . AR
:u.s‘uwu
beam

Fig. 7. Diagram of principle corresponding t6 Fig. 2.




The gain G converts the ra'lal displacement of the beam into
a change in frequency of the oscillator. We are looking for the
deviation in radial position corresponding to an error Aw in the

frequency program. We have _
AR & p; dw = p; (Aw - GAR) ,

whence

b

Bgiw-wo® - “b

For static program errors (@ = 0), we reduce the deviation in radial
position considerably if bG is large and positive (bG >> Q*). In
that case, we have substantially

~1
AR e Aw

" = a familiar result for servo mechanisms. Note that the quantity

evcc cos ':b'
b mYE
tr
changes sign at the transition. For as a changes sign, owing to n,
b must also change to <b (¢. T - ¢s) so that we will still have
-ab = Q*, a positive quantity. Hence we must change the sign of G at
the transition so that we still have a negative and not a positive

feedback.

How does the servo mechanism behave in transient mode? We can
answer this question immediately by comparing equation (11) with equa-
tion (8). We see that they have the same form; ? has simply been
replaced by Q* + bG, a much greater quantity. Hence the response is
still that of an undamped resonator, but one resonating at a much

higher frequency this time. .
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We may also say - which comes to the same thing ~ that the servo
mechanism is just at its limit of stability, as one may convince one's
self by drawing the Nyquist diagram of the curve of complex open-loop
gain as a function of frequency‘(Fig. 8).

TJM

: ID'I.G' . " BwO
wsl - ‘? A" ) 1{ - Re

\

Vo as G
luahqn.. . E

Fig. 8. Nyquist diagram for servo mechanism of Fig. 7.

The open-loop gain is
-1 :
Gu2 =g

For zero frequency (w = 0), we find the abscissa point bG/02.
The representative point then travels along the axis of reals through

increasing values, goes to infinity, and changes sign for w = R, then

passing through the point -1 for w = ~/bG + & . So we are just at

the 1imit of stability for a pure real gain G. If we allow for the

unavoidable delay in the elactronics between PU station and cavity,

the complex gain curve will pass slightly above the point -1, and in
that case, as we know, Nyquist's criterion tells us that the systenm

is unstable.

While it is always possible to avoid this catastrophic situationm,
for example by means of a phase advance network, we see that the tran-
sient response will still be highly oscillatory, and this of course
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is not very satisfactory for a servo mechanism.

It is interesting to follow up the electrical analogy of Fig. 4
in the case of the looped system. The loop amplifier adds a current
into the circuit, of value -G iL (Fig. 9). This generator in turn is
equivalent to an induction of value L' = L/G. For in both cases, the
voltage V at the terminals of the dipole will cause a current Gv/jLlw
to flow. The two inductances in parallel are equivalent to another
of much smaller value, which explains why the apparent resonance fre-

quency of the circuit 1s considerably increased.

: . U
Auad fé ‘ =< v ¢1uwa|¢nt‘ 1$ +
_ _G‘r. LAY equivalent to - G4 I

Fig. 9. Electrical equivalents of the servo of Fig. 7.

r

Ilo

Lak d

A FREQUENCY PROGRAM DERIVED FROM THE BEAM

When the beam is already bunched, that is, some time after injectior,
we can eagsily measure the frequency of revolution of the beam, for
example by connecting a frequency-voltage converter to the output of
a so-called phase PU (suitably filtered) (Fig. 10). In this way, we
manufacture a frequency program that can have better precision than
the digital program. For we free ourselvea from the approximation to
the theoretical function by straight-line segments.. Only the non-
linearities of the oscillator and frequency-voltage converter remain.
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Fig. 10. A frequency program derived from the beam.

In ghe PS, this so-called beam-derived program is used instead
of the digital program & few msec after injection. By doing this,
we introduce a new negative feedback loop, &8s may be seen in Fig. 10.
Note that this loop acts in the same way as the one in Fig. 2. Thus
it converts a change in beam frequency (or, what amounts to the same
thing, a change in radial position) into a change in fréqucncy of
the oscillator. These two changes will of course ba equal, so that
the frequency program will be correctly calibrated. Hence the gain
of this loop (between beam and oscill;tor) is unity.. If this gain is
expressed in the same units as G (unit frequency/unit radial position),
we obtain R2/b. This is in fact simply the conversion factor between
radial displacement and frequency change (see for exsmple equation (8)
at the point of equilibrium w = 0).

Thus we can simply allow for this auxiliary loop by replacing G with
G - 0%/b in the preceding results. Having just chosen G >> Q2/b, we
see that the change is minute. For example, the new resonance fre-
quency is now w = +/BG instead of w = +/BG + °. '

Note that since the information is taken from the frequency and
not from the position, the gain does not change sign at the transition

(the gain of the radial loop is slways decreased).
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6. HOW TO DAMP THE SYSTEM? THE PHASE LOOP

We should like our equivalent oscillating circuit of Fig, 9 to be
strongly damped, by placement of a small resistance between its ter-
minals (Fig. 1lla). By the same technique we used to manufacture the
fictive self induction L', let us add a current generator of value
G'v, which is exactly equivalent to placing a resistance 1/G' in par-
allel in the circuit (Fig. 11b).

J.';C'V
R Yoo Y R e ) 1 =L s GV
Reg v , =
“IQLS LY T ¢ Y eg ¢ L
(a) ' eh7‘ubgaﬂenf' a ({3). ..f '\"f

equivalent to

Fig. 11. De¢nping the oscillating circuit with & re's:l.st:ance
or an equivalent current generator.

This additional generator of a current proportional to the voltage ex-
presses itself in terms of feedback by an additional loop acting on the
oscillator from the phase of the bean relative to the accelerator

voltage (Fig. 12).

ad
se :
pg;scrim Disers.

e ph
Oscillatue .. £ ‘;

~ " .
4 | [Fires
’L; v | !I,:”‘t :
ra . S
—— cod Coultes |memaae Bl
cavities . [ Baace

(o) phase PU

(a)

Fig. 12. Damping the system by means of an suxiliary loop.
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For ia our analogy, a scurce of current corresponds toc a change
in frequency of the oscillator, and the voltage v at the terminals
of the circuit is proportional to a phase deviation between beam and
RF. The information on the phase of the beam is taken by means of

a suitably fi{ltered phase PU.

The phase of the heam and that of the

accelerator voltage are compared in a phase discriminator whose out~
put, amplified by G', corrects the frequency of the oscillator.

A varistion on this scheme is indicated in Fig. 13. The radial
correction signal now acts on the oscillator through a dephaser, the
phase discriminator and the gain amplifier G', and this does not change

the principie of the circuit in any way.

We nov define a gain G" of

the radial loop (in deg~ees or radians per unit radial displacement),

and of caurse we get the relationship GtFis 12) ° G'G".

|
b |
+ h\ ¢ 3 3ai M ag
SRl it
. !‘," - | ~ .Y}
L4 L e — t
!
1)
- i 1
: e ]
At P ——C L‘
(o)
Fig. 13.
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cavities
(b)

Variation on the scheme of Fig. 12.

This in fact is the scheme used at the PS, and the one with which we

are going to continue.

First we shall verify more directly that the

snalogy of the oscillating circuit does give us the damping we ‘are

looking for.
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Tue frequency shift Sw applied to the oscillator is written
Sw = Aw - G'(A¢ + G"AR) (12)
or, observing that A¢ = (Jw/b) AR {equations (8) and (9))
bu =t - 0'(a" + 4 4r (13)
and this combined with

4R = y; Su = nz-g—az Sw
gives finally

L i (14)

&R =TT T w0+ Jua

So by mesns of this additional loop, the phase loop, we have frann-
formed equation (11) by adding to the denominator a term juwG', which
is nothing other than a damping term {(the amplitude never becomes
infinite, no matter what the frcqucnéy). By chooaing G' large enough,

ve can damp the rasonance as much as we liks. On the other hand, the

correction of static errors (w = 0) is not affected by this new loop.

As before, let us plot the Nyquist diagram in this new configura-
tion. The open-loop gain is the product of the beam transfer function
{u2) by electron transfer function: G'(G" +.%§b {see equation (13)).

We thus find:

1 .00 0 '
open-loop gain = E'}.ﬁ--f-;zh&- . (15)
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The plot of this function in the complex plane is traced
in Fig. 14,

'Jn ‘ / w"n
/
/
/ asymptote o
SN «;-m,,m‘
,ubﬁ .ﬂ'/‘\(,"
slope
>
Ne

C‘lr qu fl'ch
G' and G" real

rig. 1l4. Nyquist diagram for servo mechanism of Fig. 13,

We observe in this diagram that the curve is tangent to the ver-
tical axis for largs values of w, and consequently distant from the
point =1. The effect of the phase loop has been to shift tha curve
about 90° in the neighborhood of the critical point, and therefore to
damp the resonance strongly. Rather than continue to reason in terms
of the over-all system, we shall now examine the behavior of each loop
sepsrately, which comes down to the same thing in principle but gives
us a mors physical interpretation of the phenomena. .
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STABILITY OF THE PHASE LOOP

In Fig. 13a, the phase loop is the uppser loop. The loop gain is

o =0 i

simply G'u;:

Wo must now take account of tha real transfer function of the ampli-
fier G'. The latter involves unavoidable delays due to the propaga-
tion time along the cables (about 1.5 usec in the PS). Besides, we
must take account of the limited pass band of the accelerator cavities,
which for a small frequency modulation behave like a low-pass filter.
Furthermore, the amplifier itself has a.non-infinite pass band.

Thus the curve of the complex gain G'M), a pure imaginary if G'
is real, will be rotated clockwise because of all these delays

(Fig. 15).

marqe ds Fha.t.o'
phase margin 3ot “;-9- 7,_

wafl ,’

Fig. 15. Nyquist diagram of the phase loop alene.
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The cable delay corresponds to a rotation proportional to the
frequency. For a delay T, the rotation is 90° at frequency

£ = 1/47 (160 kHz in the PS). At this frequency, the loop gain,
which is substantially G'/w, must necessarily be less than unity
to snsure stability, or in our case, G' < 160 kHz/rad. To main-
tain a sufficient margin of safety, considering the other possible
phase shifts, the choice for the PS was G' = 30 kHz/rad (0.5 kHz/®)
at the freguency of 30 kHz. At this frequency, the loop gain

is unity, but the phase margin is sufficient (Fig. 15). Besides,
the total gain G'G" must be great, at least for the low frequencies,
for proper correction of the static errors in the frequency pro-
gram. Ve are thus induced tu increase the gain G' considervabiy
towards lov frequencies (we shall see later wvhy it is rather un-
desirable to increase G"), and in the PS the static gain of the
phase loop is 50 kHz/®, or 100 times more than for 30 kHz. This
result is obtained by means of a suitable corrector network placed

in the loop amplifier.

Now that we have a stable phase loop, we can calculate its
input-output transfer function. We shall take the reference phase
¢r as input parameter and the radizl:'position of the beam as out-

put parameter (Fig. 16).

e

M
Mo Lo AR (secne)
' cutput
& (dnf'fllc)
dnput
Fig. 16.

We write the circui?’ equations
. - +
O 16)
[1¢ = -uyG' 2¢)
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whence
o = - T b —r——ir—— . ¢- an
From this we find AR: .
An-_%f-'m T::-L;-a-,-g "E""‘E"T';’ . 18)

G’

To illustrate these results, we can plot the response to a
unit step applied to thaz input ¢ Throughout a fzequency band
centered around fI, the quantity (ﬂ’ - w?)/G' is negligible, giving
us a unit response for the phase, and an integrator response for
the radial position (Fig. 17). The frequencies neighboring upon
30 ¥z (loop gain G'/w = 1) determine the initial transient (re-
sponse time on the order of 100 usec).

4 b
| c
b} iuotn
\ : : —a L
'
\k |
AR §
\-—— &

rig. 17. Transient response of phase loop.
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Thus the phase loop imposes the reference phase between beam and
RF after a transient period that is short compared to the synchro-
tron period, which again means a radial displacement of the beam
at constant v’locity. Likewise, an abrupt program variation (fre-

quency error) gives the same result.

STABILITY AND RESPONSE OF THE COMPLETE.SYSTEM

Having determined the closed-loop transfer function of the phase
loop (¢, + AR), we can at once writa the open~loop gain of tha com-

plete system. It is simply

G5 x oo (see equation 18) Q9)

(see equation (18)). The corresponding Nyquist curve is shown in
Fig. 18 for a pure real radial loop gain GV

Fig. 18, Nyquist diagram of complets system
for various valuas of G" (with G'G" constant).
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Several curves have been plotted in this figure, corresponding to
several Qalucs of G", the total gain G'G" being held constant.

(For that is what serves to correct the static errors in the ffe-
quency program.) We indeed gee that the stability of the system

is the bettsr assured, the smaller the gain G", thus justifying our
correction network for G'. In this case, the gain curve approaches
a2 semicircle, characteristic of a systém with just one time con-
stant. This enables us to obtain the transient response of the
system directly. It ic..imply.an exponential response (Fig. 19),
the approximate time constant of which (1/bG") is obtained by neg-~
lecting the terms of second order in equation (14).

b §

s FoR 6eb

,.P/ﬂ"' - - - :f.ﬂ.—‘_
]
- —n £

— T 4/5G"

a4

§~ "t

Fig. 19. Transient response of complete system.

Now if we take account of the limited p;sa band of the amplifier
G", ve see that ve have a response with two time constants, namely
a transient with overshoot and damped oscillation (dotted curvas).
However, there are here no such technical limitations as for the
phase loop, since the frequencies involved are much lower.
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An interesting limiting case is where the gain G" is a pure
imaginary (pure integrator). This is in fact the situation that
arises vwhen the beam is synchronized on an outside oscillator
(see Appendix I).

Note that from the expression (} we can calculate the closed-
loop response of the system, for example the transfer function
6w + AR. We find quite simply

vhich is none other than equation (14).

BENEFIT OF A PHASE PROGRAM

When we introduced the phase loop in section 6, we implicitly as-
sumed that the output of the phase discriminator (Fig. 12) vanished
vwhen the beam is in equilibrium (synchronous phase), so that the
correction applied to the oscillator would vanish. In reslity, the
circuits acting on the phase discriminator do involve errors, are
sensitive to the iniensity, to the frequency, and introduce unavoid-
sble deviations. Besides, the equilibrium phase (stable phase)
between beam and cavities depends on the state of the machine (ac-
celerator voltage and derivative of the magnetic field). For we

have the relationship

v si = 2- (-] 20

Y sin ¢ = 2T R o ey (20)
expressing the energy gain per revolution in two ways. (V is the
accelerator voltage and ¢, the stable phase.)

We see in Fig. 12 that all the phase errors are equivalent to
frequency errors cf the program, except for a factor G', and that
they will finally manifest themselves as errors of static radial
position, which are easily calculated from equation (14) (with

we= 0):
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- AW bG'ad . ad
AR e "+ & -

Since we cannot increase G", for reasons of loop stability, as we
have just seen, we must try to reduce the static phnse errors as

far as possible. In particular, we can already take account of those
resulting from equation (2Q) by programming the dephaser of Fig. 13b
using the function: Arc sin [2% R p (dB/dt)/V]. This work is done
by the phase program, the purpose of which is to reduce the varia-
tions in radial position corresponding to variations in V or dB/dt.
It should be noted that according as we are above or below the tran-
‘sition, we choose the cne or the other detarmination of the Are sin
function. Besides, we also use this phase program for particular
operations (for example, the 180° leap on the unstable phase, for

"debunching").

The residusl phase errors, due to the electronics, difference
in length'of éablel, errors in the phase program itself, have now
been corrected at the cost of a radial displacement, which in the
PS is of the order of 1 mm for a phase error of 2°.

The following question may now be raised. After ail this work,
wve have succeeded in properly correcting the deviations of the fre-
quency program, but we have had to introduce a phase program whose
errors {including those of the electronics) likewise affect the radial
position. So it seems that we have only .hifted the problem, and we
cannot be sure that with present techniques it will be much simpler
to create a phase program correct within a few degrees rather than a
frequency program with a precision on the order of 10°*. Then why a
beam control” system? The technological justification that led us
to enter upon this project (see section 2) seems much less serious,
and we Must now see vhether we have gained anything with all our

machiner:r.
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10. CONSERVATION OF LONGITUDINAL EMITTANCE

In the equilibrium state, the beam, which we have hitherto repre~
sented by a point (Fig. 5}, occupies a certain area in the phase
plane, bounded by a particular trajectory (Fig. 20). Measured in
suitable units, this area, the longitudinal emittance of the beam,
is preserved if we vary the parameters of the oscillation (f, Vgp
etc.) slowly relative to the synchrotr&n period. This is what we
call the adiabatic condition. We may also say that the beam remains
always sdapted to the trajectories, which is to say that its front
‘permanently remains a particular trajectory in the phase plane.

In the case of the linearized oscillation we have so far been
considering, this adaptation is achieved if the center of gravity
of the beam (moment of lst order) is located in the center of the
phase plane, and if the ratio of the axes of the trajectory ellipse
(moment of 2nd order) corresponds to the ratio of the axes of the
beam ellipsg. If we are to tike account of the non~linearity of
the oscillation, it will of course have to satisfy other conditions

upon the moments of higher order.

Now let us apply a strongly noq-hdiabatic perturhation to the
synchrotron cacillation, for example a unit step on the accelerator
frequency. We know that the center of gravity will then oscillate
at the synchrotron frequency, as is seen in Fig. 6. 1If we apply
this same perturbation to our loop system (namely a unit step on the
frequency program, or what amounts to the same thing, on the phase
program), the center of gravity of the beam will follow an exponen-
tial trajectory (?ig. 19), from which the synchrotron frequency com-
ponent has disappeared entirely. It ir all as though the process
had become completely adiabatic for the motion of the center of

gravity of the beam.




10.

24,

CONSERVATION OF LONGITUDINAL EMITTANCE

In the equilibrium state, the beam, which we have hitherto repre-
sented by a.point (Fig. 5S), occupies a certain area in the phase
plane, bounded by a particular trajectory (Fig. 20). Measured in
suitable units, this area, the longitudinal emittance of the beam,
is preserved if we vary the-parametern of the oscillation (£, Vpp
etc.) slowly relative to the synchrotron period. This is what we
call the adiabatic condition. We may also say that the beam remains
always adapted to the trajectories, which is to say that its front

permanently remains a particular trajectory in the phase plane.

In the case of the linearized oscillation we have so far been
considering, this adaptation is achieved if the center of gravity
of the beam (moment of 1st order) is located in the center of the
phase plane, and if the ratio of the axes of the trajectory ellipse
(moment of 2nd order) corresponds to the ratio of the axes of the
beam ellipse. If we are to take account of the non-linearity of
the oscillation, it will of course have to satisfy other conditions

upon the moments of higher order.

Now let us apply a strengly noq-hdiabntic perturbation to the
synchrotron oscillation, for example a unit step on the acceleratcr
frequency. We lmow that the center of gravity will then oscillate
at the synchrotron frequency, as is seen in Fig. 6. If we apply
this same perturbation to our loop system (namely a unit step on the
frequency program, or what amounts to the same thing, on the phase
program), the center of gravity of the beam will follow an exponen-~
tial trajectory (Fig. 19), from which the synchrotron frequency com-
ponent has disappeared entirely. It is all as though the process
had become completely adiabatic for the motion of the center of

gravity of the beag.
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Fig. 20. Representation of the beam
in the longitudinal phase plane.

Note that the variation of the frequency applied to the beanm fhrough
our loop system is not necessarily very slow relative to the synchro-
tron period (otherwise the process wquld be adiasbatic, «vea for the
moments of higher order).

We can say, in other words, that the "beam control" system al-
ways ilmposes placement of the beam at the center of the trajectories
in the phase plane. That is what we noted before in section 7: the
phase loop imposes the reference phase between beam and accelerator
voltage, snd so eliminates any possible oscillation at the synchro-
tron frequency. This reference phaie is therefore nothing else but
the stable phase (the one for which a particle does not oscillate)
of our loop system.

Let us go back to our step §¢ applied to the phase progranm.

The phase loop reacts quasi-instantaneously and shifts the phage of
the accelerator voltage relative to the beam by the amount 6. We
now have a new equilibrium situation, but with a different stable
phase, which means that the beam will drift radially, as we already
know. To this new situation, a new separatrix and a new family of
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trajectories correspond (Fig. 21). However, these new trajectories

are stiil constructed around the center of gravity of the beam,
because of the phase loop. To be sure, the stable phase is after-

wards slowly restored to its initial value by the radial loop
(Fig. 19). '

11.- PROBLEMS OF SECOND ORDER

Now let-us examine the evolution of the initial ellipse, after ap-
plication of our step 8¢, in more detail.

| AR

aovvaliles

frqd.d-.ir‘; g N ” . Lt
($ihmiian2 ) N 4 . paguet adasis
new trajectories ~ . - - {(s.hahen 1)

adapted bunch

Fig. 21. Influence of an abrupt variation of the
stable phase in the phase plane.

The new trajectories around it are slightly different because, the
synchrotron frequency having varied, the axial ratio of the trajec~
tory ellipses, which iz proportional to it, is likewise altered
(dotted curves), which means that our bean is no longer exactly

in equilibrium (no longer adapted). It will execute oscillations
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of shape, ‘as indicated in Fig. 22, where the deviations have been
deliberately exaggerated.
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Fig. 22. Shape oscillations of the beam.

These deviations in bunch length are easily observed at a sum
PU station (specifically, the wide-band station), the crest amplitude
of which is detected. We thus obtain a response of the type of that
in Fig. 23. Note that we hve tentatively assumed the radial loop
to be without effect, since the deviation §¢ has not been corrected.
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Fig. 23. Transient response of moment of second order.
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If we are interested only in the variation of the PU signal,

we obtain something very much like the curve in Fig. 6 for the
deviation AR, which we can express in the following mathematical
" form (same as equation (B) representing the curve of Fig. 6):

& = . (21)
£= W—:—ZF 1] ..1.360

In this equation § is the signal variation picked up by the
detector from the PU station, which is nothing else but the mea-
sure of the de-adaptation of the beam to the trajectories, or
again a quantity proportional to the moment of second order. Note
also that in the denominator, we have réplaced Q with 20, since
the frequency of the shape oscillation is double the synchretron
frequency, as we can gather from Fig. 22. Thus we have estab-
lished a new transfer function linking the second order moment

of the beam to an excitation of the stable phase.

Ve can apply the same argument to a variation in the accel-
erator voltage. Assume an abrupt variation of V in the form of
a unit step. The phase loop keeps the RF - center of gravity of
beam phase constant, so the beam drifts radially. The stable and
unstable points of the "fish” do not move, only the height of the
fish varies, so the axial ratio of the new trajectories is modi-
fied. We eventually find the same result as before, namely another
transfer function linking the second-order moment to a variation

of the RF voltage.
£ w2 SV = yltY . (22)

(&) =W
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12. CORRECTING THE MOMENT OF SECOND ORDER. '"HEREWARD DAMPING"

As for the oscillations in radial position, or phase (first-moment
oscillations), we shall try to transform the oscillatory response

of the bean into a strongly damped response. We have already seen
how this result was reached for the first moment (movement of cen-
ter of gravity), and we shall now apply the same technique. An ad-
diticnal negative feedback loop of 3;1& H is introduced, which, from
the detected wide-band PU, corrects the stable phase (Fig. 24a).

to dephaser

Vers ie
dépkaauu-
Y («Fn'g 13 b)
Détectour
detector

Pu brsc bande

- > - - L---——

wide band PU

(@)

(b)

Fig. 24, "Hereward damping" acting on the stable phase.

The equivalent diagram of this additional loop has been indicated
in Fig. 24b, and we can write its equations immediately:

36 = 84 - KE (23)
§ =it = oy 68

We immediately infer

€= a 4o
Y -0’ vy T (24)

If a non-oscillating response is wanted, it suffices that H have

an imaginary component (of suitable sign). Since we are interested
in variations of £ only, we take H to be an amplifier with alter-
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nating coupling, having a differentiator characteristic in the
frequency range (around the aynchrotron frequency) with which
we are concerned. Thus we have substantially

He= juk
vhich gives the desired dsmped response. For example, for the
critical damping:

k = 4/a

As & matter of fact, in our disgram of Fig. 24b we forgot
the radial loop, which also acts upon the dephaser and tends to
oppose the perturbation introduced by H: The equations of the
complete system are written:

&6 = Ab - HE - G"AR
£ =y . (25)
48 = 3% 8§ (cf. equstien 18)

We infer the exact expressions for £ and AR:

£ e AR = T (26)
hﬂ'-u‘+aﬂ+—.%(m‘-m’) G"b*jw*-;ﬁrﬂ:—-—

We can verify, taking account of the orders of magnitude of the
paramaters, that the functioning of each of these loops is not much
altered. For the radial locop, of which only the response at very
low frequencies concerns us, the additional term -w?ka/ (402 - w?),
of the second order in » is negligible. OContrariwise, the responase
at frequencies on the order of (2R)/27 determines the damping con-
tributed by the Hereward damping loop, and we see that the radial
loop has a negligible effect in this frequency range.
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13. CORRECTION ON THE ACCELERATOR VOLTAGE .

Another possibility of damping is suggested to us by equation (22).
This is to close the loop by way of the accelerator voltage, as in-
dicated in the diagram of Fig. 25.

Fig. 25. '"Hereward damping” acting on the
accelerator voltage.

The equations of the system are

€= ujlod + PydV =
§V = ~H'E

adéd + a'dv
Wt , (27)

wvhence

£ = a(Ad - G"AR) | (28)
0t - w* + a'g!

As before, we give H' the characteristic of a differentiator, which
introduces the desired damping in the response. The numerator simply
represents the response of the radial loop. In reality, the pertur-
bation 8V of the RF voltage likewise yields a perturbation of the
stable phase, because of the relationship (20). We can very readily
take account of this effect, at the cost of a notational complication,
and we find that the results remain qualitatively identical.
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Why two types of negative feedback? Only because the first
type, the one acting on the phase, dces not work on the plateaus
of the magnetic field. This is because the quantity o in equa-
tion (21) characterizes the varistion of the axial ratio of the
trajectories when the stable phase is changed. Now the axial ratio
is nothing else, except for a scale factor, but the synchrotron

frequency
a B [nl oV cos ¢, i

,’s'ErT"asn( ZEh ‘ (29)

The quantity dfg/ddg, proportional to the variation of the axial
ratio, hence to a, vanishes for ¢4 = 0 or 7, that is, when we are

on a plateau of the magnetic field. The negative feedback loop

is then open and no longer functions. Note also that we must change
the sign of H according as the beam is accelerated or decelerated
(sign of sin ¢.) and according as wve are above or below the franci-
tion (this does not show explicitly in (29)).

To illuitratc how the Hereward damping loop works, we choose
the following simple case. We are on a plateau of the magnetic
field, so the loop acting on the voltage is the one that operates.
Ve suddenly perturb the amplitude of the RF voltage by an amount
AV (Fig. 27). Since we are on a plateau, the stable phase does
not change (¢4 = ), enabling us to use the simplified diagram of

Fig. 26.

av —_— e - o= - 5

Fig. 26. "Hereward damping" on voltage
(plateau of wagnetic field].
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Its equations are:

§V = AV~ H'E  Vith ' e jugr (30)

£ s ujAv
From this we get
WA AV . (31)

——Tere
1 mgwu_uu

The form of the transient response of Sv is given in Fig. 27. For
the very high frequency components, we have 6V = AV, whereas below
the synchrotron frequency the response is substantially exponential
and tends asymptotically towards AV.

avh
- £
Svi
J7 .
. {agi/.nil e

Fig. 27. Transient response of "Hereward damping"
on RF voltage. The time constant is substanti-
ally 1/Q for the critical damping (k'a' = 4Q).

The very brief transient (much quicker than 1/2Q) has no effect

on the bean; on the other hand, our step AV has been transformed
into a much slower rise, in the sanme way as a frequency step had
been transformed into an exponential rise. Now it is all as though

the variation in accelerator voltage were adiabatic for the moment
of second ovder (although this variation is not very slow relative

to the synctrotron period).
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This result ca: be extended to the éther type cases by more
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"Hereward damping” loop was installed in the PS, not to limit

the rapid variations in RF Qoltage (which could be done directly),
but to suppress an instability (negative damping) the precise
cause of which has still not been determined.

Another hypothesis, implicitly entertained in this exposi-
tion, is that the motion of all the bunches is the same (coherent
oscillations). This is more or less the case if we are dealing
with an outside perturbation not too rapid relative to the period
of rotation. However, experience with the PS has shown us that
the bunches can oscillate relative to each other because of para-
site elements present in the machine. Our "beam control" is help-
less in these cases; it aimply corrects the mean oscillation of
all the bunches. Ome could indeed wish to have a system that might
act on each of the bunches more or less individually. But that

is gnother story!
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APPENDIX I

SYNCHRONIZATION ON AN OUTSIDE FREQUENCY

The static radial position of the beam in a system such as
has just been described depends on the frequency and phase errors
of the programs used, as well as on the quality of the electronics.
We can try to free ourselves of this difficulty by indefinitely
increasing the gain of the radial loop for low frequencies, in
other words by giving G" the characteristic of a pure integrator.

1Y

One.way to achieve this objective is to compare the frequency
of the beam (which is equivalent to ita radial position for a given
magnetic field) and an outside reference (reference oscillator)
in a phase discriminator. Such a discriminator yields a voltage
proportional to the phase deviation, that is, to the integral of
the frequency (or radial position) deviation. The corresponding
diagram is that of Fig. 28 {(compare with Fig. 13b).

reference _ _ Phase
oscillator ~ discrim.

Oscillaresr

Oseiliareur ol Dscri oscillator | Diecei | phase
do Cifirena :‘" K da phase | discrim.
e
> phasy 1 ] 1
(. Dephas. p
dephaser ‘

--={tu ----~-------| Cavitdg [c==~===~==-| 2u f-=--

Fig. 28, Synchronization on an outside frequency.
{Note that the two PU's may bes merged; they
have both been shown here only for the sake of
clarity of the diagram.)

Now we must calculate the value of G" corresponding to this

diagram. First of all, a frequency deviation must be converted
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into & deviation of position: factor R2/b (ct. equation (8)),
then introduce the integrator (1/jw). We thus obtain

x n?

G"‘--—— ]

Jjw v

Referrihg to Fig. 18, we see that the integrator will zotate
the entire figure by 90° (K is assumed pure real). In particu-
lar, the pofat located on the axis of imaginaries (w = Q) will
be shifted to the negative re;l half-axis. - The condition of
stability obviously is that the abscissa of this point be within
the segment [0, -1], vhich gives limediately -

whence
z 2\ b
(’Jh )n‘l‘ '

We finally obtain a limiting ltability condition that is ex~-
pressed very simply by the inequality K <.1.



