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INTRODUCTION

In this paper, the problem of cumulative beam
break up in a periodic linac for a genera! impedance is
discussed, with the effects of acceleration included. The
transverse equations of motion for a set of identical point
like bunches Wioving along the length of the linac are cast
into a simple form using a smooth approximation. This
results in a working formula that is used to analyze beam
breakup. Explicit expressions for the transverse motion
in the case of a single resonance impedance are found
using saddle point integration. This is done first with no
external focusing, and again in the strong focusing limit.

EQUATION O F M O T I O N

Consider a sequence of equally spaced point like
bunches moving down a linac with positions defined by

zsl = ct - Me r, M — 0, 1, • • • cc. (1)

Here r is the bunch separation in seconds, c is the speed
of light, and M is a bunch labelling index.

The equation of motion for the transverse displace-
ment i v of bunch M is given by

:>0. (2)
d v . d T S ! { z ) K , ,

Here 7 (: ) is the beam energy in units of the rest energy.
The function K(i) describes the external transverse
focusing and is equal to 7 times the focusing function
used in Circular accelerator theory.

F\f {z ) is the transverse wake
from the passage of earlier bunches:

field force resulting

FM (' ) = - XL ' 'Sl-m
m = 0 .V -„•)

where e is the electro lie charge, .\'g is the number of
particles per bunch, ano'

%-m = G \(M-m )r] . (4)

0 {t) is the transverse wake function, vanishing for ( < 0
due to causality.

Formula (3) assumes that the accelerating cavities
are placed periodically at positions
r = XL , ;V = 0. 1, • . and thai
infinitessiTnal length, acting like thin lenses.

thev have

T H E SMOOTH A P P R O X I M A T I O N

In the case of a coasting beam (7 = const.), a for-
mal solution of cqn. (3) can be found for the crtsr where
K{:) is periodic with period L . This is not easily done
when acceleration is included, and certain simplifying
assumptions are useful. First, assume that tlie sum of
delta functions in eqn. (3) can replaced by \jL . This
serves l-o smooth out the effect of the transverse kicks of
the cavities. Second, assume uniform acceleration, i.e.
~> == 7o + 7 ' 2 . where -^ and 7 ' are constants.
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With the above assumptions, a change of indepen-
dent variable from : to u = \Fj allows eqn. (2) to be
rewritten as

1 d ^x.\f (1( ) , 2 ,2 . . , r 1 —
u du du 7 '

(S)

Because we are dealing with an initial value prob-
lem, the sum on ih«: right hand side of eqn. (5) extends
from m = 0 to oc. For the case of an infinite number of
equally spaced bunches extending from z «* -oc lo 00
(i.e. steady state), it would be replaced by a convolution
sum from -00 to +x. Considering the convolution sum
as the product of an 00 - dimersional matrix 5tf.m *!th
a vector xm , the matrix can be diagonalized using elgen-
functions

±
m = -00, 00, 0 < 8 <

The solution of the initial value problem can
expressed as a superposition of these eigenfunctions:

be

or, equivalently,

= («,0) =

S (».»)« ' " '

00

Insertion of eqn. (8) into the equation of motion (."»)
results in a differential equation for the transformed func-
tion S (H ,6],

du

[K (M

where

m " 0

Equations (0) itinl (") nre the w<irklnn
f.nnwhich the transverse tr»jfctorles ^

given a focuslnft function /v'(w) anil w:\kc

(0)

(10)

iiln*1 frnui
br ftxunl
fnncdon

The initial condition.* for trrtiisvcrse liunci) position
and nnt> are trunslated into initial conditions for S (11 ,#)
using n\n. (8). Consider the eiw where Uic Ifaillnj
bunch (M « 0) Is Initially offset la1 an mnourrl r,,, with
sdecpssive l»mehes entering the Ilime on nxl*
{x\f (v 0) <*• 0, A/y?0). Assumlns thai all the ImnclH'S
start out moving parallel tc the «ceelerntlon direction
(rfi^ (dz «« 0)i it is seen that

, ( * ) - " / , ) • ( lending hunch Initially of lVt ) , (I ]
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Here Mo""" V ^ w ' t n ^o heint the Injertion energy in
links of the p»rtlcle rest energy-

i k c m s e the. equation of motion ix limrnr, the solu-
tloii of » more general Initial value problem orin lie writ-
ten MI % superposition of •olutioiw using :tn ipitiu! <'<>in)i-
ticn of the form of et|ii ( I I ) , provided thul an appropri-
ate permutation of Indices Is made.

A second f(Wf of Interest if t i c situation wheie :itl
hunche* .ire initially offset l»y an amount J ( ) . In 'Mi*
e w e , th« initial value of S !.•' given liy

T «
Imnrhes Initially o n > t ) , f i u )

This corresponds to :i transverse translation of llu'

to the linnc; liy nn unitmni x,ty

.KOR SMOOTH FOCUSING

t'ociwing in a llrnw1 Is usually done with (pindrupole

the I'oom'um function A ' f ' i ) Is n piece wise I'niitiiiiiou'i

function, In the spliit of 'he smooth nppr'ixlniniion. die

fni'irlim here is a-Knicu'd in vary smoothly wl ih the vari-

alile '( , h'lVltlK llo step dlsi'iilitlntlltlen, The moi l general
fm'tn i-f fiHiislinr, fuiii'f.li.iri A' (« ) for whicli n |n , (0) >'i»n lie
r"!f|:lv ':o|vei.| ii civet) dy

A1, A'3

ThH funct ion <\*t'\n\Ni* w i th InereMlng energy,

A , HI'" | i i j . i | t | v e ( f e / ' j i l l -i — > / ^ ) ,

for r-oll-
f'liMisli'R, Mil' t i 'puitverae lie

i.'-i W | I | I IntT' - iwlns e n e m y d u e i o ni|lrilti\i . |r
fluvi ii I'ltnti'Ani I I ' H I H " l / e n n ld in p r i n c i p l e

ihixtl If A ' ( « ) wi'i'i' t o d e c r e a s e w i l l ) i n c r e n

T h " ' i i i l u ' l c u t o i>c|n, {()( UNIIIH t h e
n. ' l i l | < ' ! t o lie w i i ' i c n t\n

S d i A>\ • • u ' •' t!>i*.ii,i)

•Wt' l 'T"

I A1,

K,

A , , ; 1 } 1/

,.!

< M )

fir.)

( i n )

m i d wtK,ii,() In a n o l m l i i i i i n W h l l t a k e r ' s » l a n d n i d f i irm
tif i l i e I ' l innuent h y p e r c , e i i m " t r l i i " i | i m t | o i i !

* ' ' ? . . j I / - I I * I i M >'1\»' - I I f»H)

If ihe i'linninni A', In etpi, (111) iw iwsnnisd to vanish.

ill" luili'tlntl B i l l , ^ ) I'IUI lie Wflllen in terms nf llensel

where the / / , ! ' ' »re Hsnkcl functions of order nu,

tJL

, (10)

(20)

(21)

The quantities A und /? lire determined from th« Initial
fl nccording ta

(A

STNQLE MODEL

When the deilerlln* witkefl«ld« Intldt the »ec«lcr*t-
in* i-nvlties »re modelled by » »lngl<» rf»on«nee, the. wiike
fitiK'tlon <•»' ( f ) , using (•«) In |lven by

i (m«r) (2.1)

m, In th* particle ma*», e th* ipeed of light, P
shun' Impedance, and Q th* mode quality factor,

Using eqn, (10), It )• *«tn that
t iln(wr)

where

4m, c/, <J

UP WITHOUT r O C U H N O

Fnr ih« M M whan K ( » ) — 0, tM fiiiwilon I (« ,#)
to A l lnor comblnmkin of modiIItd Bftttl fun*-.

tl->n« of order »»ro. An Mymptatlc form win twlnf ih* »ln-
gl« ref*innnc» model r»n b« found by txpundlns the
ft#M#l funetlonn fnr l»rgi »rgum»nt, »nd u*lng middle
point lnt«sr«il«>n. Th* me«h*d of CJIweKirtern. hooper,
and Chonnell (l | I* fnllow»d h*re,

l'Kln« the Inltkl condUlom nf «qn. (II) (lending
hunch odwt) and expanding the BtM*l funrtlonx, one
nrrlvei «c ihe following:

where o l« glvnn hy e«)n. (20), with A'n if l eipinl to

I'i*lng the function A(#) of th* preeeillng
die exp/ment giving thf !*rg*«i eontrlhullon tn the
Irtegrnl, *ml It* (1r«t derlvnilve, r-nn he written w

t«n)
(27)

rf/ . , (« -«o]



Saddle point* are located by setting df /H$ equal
to :ero. In this way one obtains

J>5k!L__ l ' / J (20)

The root having the largest positive real part is the most
important, since it appears In an exponent.

AMumlng | * / A , | « 1, one can estimate the
value of t, from eqn. (2-1):

9, + (.TO)

Inserting tnls result into <!qn«, (20) HIKI (S7), one
find* thi valu« of the exponent at the dominant saddle
point, finally arriving at th« result

+ e.c. ( 3 1 )

(32)if/I

second term In (31) result* from the solution
W rluhl hand *ld« of «qn. (30) change* "tan-

exponent (32) In the result *t.Mert by Helm and I.oew |2|
* technique of Punofnky, In the limit M » H0.

A neewMry condition for th* validity of ih* #olu-
ilon (31) In thai the higher orriier term* In ihi Taylor
<>x|>«n«ion of / (0) hrr small coTipsred to lho«« which are
l«pt.. First writ-'

Tin' seroml term in sqimr* bracket* In (33) mual he
imnll compared to on-, over the region where the
Integrand I* non-negllglhl* (I.e. near the saddle point), In
this region, {$ ft) ha* a magnitude l««« (nan or equal to
sfifT (K), *> that the condition become*

i i J , , - \rt | - ' / » « i. (34)
M* (*••*<,)' J

Ont must, also require that the argument! of tht
Betftel function* near the saddle point be large compared
to unity, Thin gives

, « , » ,

I K | » I (M)

Th« a**iimptl»n I »
»'|ti, (30), reducm to

I

| « I, u«ed to derive

H | « I (37)

FQCUf

If /((*)*•(*»*( *»K^ an wymplotlc H>lutlon
can he o k a l n t d u*lng eqn. (3ft), with n given by eqn,
(30), Strong fotuclng will he taken to mean that K»\n
larger In magnitude than A(#) over tht region of Integra*

tton. Proceeding as before, the saddle point* art deter-
mined from

A , ' - -
»ln(wr)

(38)

In the strong focusing limit, tot »uan':ty A, can be
dropped relative to K0oa the right hand side.

Using tqn. (30) at before, one arrives at tht result
-iMur+if - H-r*1£,

•« + c.c. (39)

where

and
/a

Mere the second term In eqn. (39) cornea from the
(<* - • or) term In eqn. (M).

The eondtttoD analagou* to (M) la that
I A', | -1/0 « 1. R,l»tlon* (3&) and (M) b««om«

and (37) hat tht MMM fora, b«t wit* £ -»£ , .

If all of Iht kwMlttt w«f» awaiid w> « U r tke llna<
olfctt br M MWMM t a tft tlM pmtding nanpUt, tht
laUfTM4 la «qa. (M) wtmJd hare to be m*Wp:kd by
(l-« ")*'• ^ H (13)> To kVtt afproxtsaaHotj, tk« raavlu
(II) awl (N) « M h« gotTallstd to tk!t »«t»atlo« simply
by MuUWItMtoa by (l- i '4 ' )*1 , tinet tkt laUfrand In
(M) tt pnmaiftWr a highly peaked fmwttes of # near #,.
This approxiwatte* will break down If $t la near
JIA * iJIA tr,* M iRteger,

la the ««M cf atro fostsstng, th« flnt term In tqn.
(31) mutt bt smlUpM by

• I

Tht steood term It the complex conjugate of the (Inrt, a«
Wort.

Fof strong foeuting, tht swat to don* to tqn. (M),
but with I - f p
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