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1 INTRGDUCTION

In the standard model of cosmelogy it is assumed that, on the largest
scale, the Universe can be teasonably represented by a Robertson-Walker
(R-W) spacetime,.

When we observe the Universe we usually obtaln information encoded in
the electromagnetic radlatlon that arrives from the particular observed
object. As we try to study more distant objects we are forced to direct our
attention to earlier times. Thus when we are studying the largest scale of
our Universe we are, for all practical purposes, at future hull infinity of
the observed region.

It is then necessary in the study of the largest scale of the Universe
to have a clear picture of future null infinity of the Robertson-Walker
spacetimes.

In this article we make a systematlc study of future null infinity for
non-contracting R-W spacetiimes.

Some particular examples have been extensively discussed in the
literacure''?? already. We here however develop the techniques that allow
the study of all non-contracting models. In any case we review the Minkowski
and de Sitter examples in the second section, and the dust Friedmann models
in the third section.

In section 4 the general method 1Is described, and is applied to
characteristic asymptotic behavior.

Sectlon 5 contains some closing remarks,

In the remainder of this intraductory section we will mainly present the
notation to be used.

Let us consider non-contracting Robertson-Walker models. Their line
element can be given by

as® - dt? - a(o)? dLKZ . (1.1)

where dLlc can be expressed in several equivalent ways:

AZ
g - % g (1.2

-kt

2 daf? + P* a4zt

dil —= (1.9
(1+KFE
&

al - ax® + f:(x) a? (L.4)



where dX’ is the line element of the unit sphere, which can also be expressed

in a variety of ways, for example

dz° = d8% + sin(d)® 4’ (1.5)
s & & ff . (1.6)
(1 +¢D) P2
with
1+ €8 .
Pu - 5 H (1L.7)

finally the function fK is defined by

sinh(x) for K« -1 D= xy<=
fK(X) - X for K =0 0Dy <m . (1.8}
sin(y) for K =1 0sys~x

The range of the coordinate t is associated wirh the behavior of the funetion
A(t). When there is an initial singularicy followed by a continuing expansion
one takes 0 < t < w,

By a non-contracting R-W space we mean that the scalar A(t) must satisfy

A
T 0o . (1.9)

In the study of future null infinity of asymptotically flat spacetimes,
the use of null coordinates and/or null tetrads adapted to scri has proved
useful, It is also useful in our case to introduce a null coordinate u by the
equation

dt
-— .10
du E) dx . (1.10)

Using this relation to replace dt in the line element one obtains

dsz-Az[du2+2dudx-f:dEz] ; (1.11)

The range of the coordinate u is determined by the asymptotle behavior of the

scalar A(t); that is, for example, if

:+d
lim I at . (1.12)

£ £, A(t')

then the function u is unbounded from above and its range in the cases K = -1
and K = 0 {5 -@ < u < w, Instead if the limit is finite then the coordinate u
is bounded from above, let us say u < u ; this can be thought of as the
manifestation of the appearance of cosmle event horizons.

We can also define the coordinate r by the expression

£{u, x)
r= J A(t') dt’ - r (u) ; (1.13)
£
0
which satisfies
dr 4dr drdtc a t 2
Tx"ax |, "scax " AExTh (1.14)
so that
2 . 2
dr = ( A" - rn) du + A7 dy H {1.15)
. daFo
where we are using the notation r = m

Then wusing r instead of the coordinate x, the Robertson-Walker line

element is given by

ds® = (2 r, - Aly du® + 2 du dr - A* f: a (1.16)

Note that the line element is spherically aymmetric, so we do not change the
angular coordinates. The relation between the original non-angular
coordinates and the new ones can be expressed by the following differential

equations

r

dx-[:~1]du+izdr . (1.17)
A A

r

=]

dt =

du + % ar . (1.18)

Let us now introduce a null tetrad adapted to this new coordinate
system. We can deduce from the line element that u =~ comst. are null

hypersurfaces, so we take the null vector I to be

I =du . (1.19)

Then we have

g1, 1, -0 (1.20)



v -0 (1.21)
and

a a [
-0 L - Gt (1.22)

1

that is r is an affine parameter of the future directed null geodesics In the
null hypersurface u = comst..

Complex null vectors m" and m" are taken such that

. 1
ke m? with mt = /7 B, g—; . (1.23)

The last null vector n is defined by
- (f-vuvdo) ue U= (- 21)
3 u & r 2 B s ’ (1.24)

This null tetrad satisfies the usual contraction relations

nla--mﬁ-l ; (1.25)

while all other contractiens are zero,
Although now the expansion parameter A is a function of u and r, it is
convenlent to retain the original functional dependance of A(t). Therefore we

will use ' to denote derivatives with respect to t; that is

’ a At
A (1.26)
and evaluate coordinate derivatives of A in terms of A’. They are:
r
0 A s o
Frriiai ity R (1.27)
and
d A A’
arT A .28
We obtaln similar expressions evaluating coordinate derivatives of A’:
FA A
FeTie Y r, . (1.29)
. and
aa AT
ar’ A ' (.30
5

Using the fact that

QEE - /1 -x £ (1.31
dx K ! 1)

the coordinate derivatives of fK can be expressed by

£ fo.x T
dx _ 23 _ /1 xfP(—=.1) . (1.32)

du dx du X Az
and
£ £ X
a°x  dk 9 / 2 1
il el Tl 1 -K fK 2 R (1.33)

. 4
In terms of the G.H.P. notation the only components of the curvature

tenser which are different from zero are

K+a? - aar

8, - A (1.34)
K+a'?-aar K+a+aar
o - LA AT A= STELTRS L (1.35a8),(1.35b)
4 A 4 A
K+a'® - aa
o - : (1.36)
oo A‘ﬁ

At this stage it is natural to try to follow some of the technlques that
were used in the definitions of future asymptotically flat spacetimess. These
techniques include the use of a conformal factor ¢ which will bring infinity

to a finlte distance in the conformally related manifold H with metric

g =g . (1.37)

We have constructed our null tetrad and coordinate system out of a
family of null hypersurfaces which define for us a null congruence reaching
the asymptotic region under study, Then since the functlon r is an affine
parameter along these null geodesics, we know that taking @ proportional to
1/r will bring future null infinity to a finite affine distance.

We will study the consequences of taking G = 1/r in the third and
following sections. Bur let us first review two of the most celebrated

isotropic cosmologlcal medels.

2 TWC EXCEPTIONAL CASES, MINKOWSKI AND DE SITTER

Among the R-W family, two spacetimes deserve speclal treatment; they are
Minkowski and de Sitter space. These are the only5 metrics that can be

expressed in more than one of the ferms

-G~



ds® = ac* - ace)? dez : (1.1

that 1s Minkowsk!{ can be represented by a line element of this form with
K=0 and K = -1, while de Sitter can be represented by the three possible

values of K.

MINKOWSKI SPACE

In Minkowskl space we have

_ K+ At aar

0 2 ) (2.1
4 A
and
K+ 4+ a4
0= e H (2.2)
4 A
therefore

At =) - K ' (2.3)
with solutlons

A=t for K=--1 (2.4)

and

A = conatant = 1 for K=20 N (2.5)

where without loss of generality we have chosen the arbitrary constant to be

1. S0 we can express A(t) by

A(t) — - Kt + (1 + K) . (2.6)

Minkowskl space 1s particularly speclal among the R-W modes since it 1s flat;
and cbviously asymptotically flat. When K = -1 one refers to it as the Milne
model’ .

It has been customary to represent the null Infinity of Minkowskl space
by its conformal map intc the Binstein universe, which is obtained from the

K = 0 form of the metric through the transformation
t' = arc tan(t + %) + arc tanft - x) (2.7

x' = arc tan(t + yx) - arc tan(t - x) , (2.8)

with the coordinate range -7 < t' + x' <« and -x < £ - x' < m.

The Minkowski line element can then be expressed by

- . S — o -
' B . P SR 24 AP ONNEI R (i

ds® = at? - 4t - ¥F st

- x'
2

sec(t' ; x‘)sec(t' )42 2 2 2 2
- [ 3 ] (dt*” - dx'" - sin'yx' 4z%) H (2.9
where from the last line one can see the conformal relation between the
Minkowskl metric and that of the Einstein spacetime. Null infinity agrees
with the region where the conformal factor is zero; and as is well known it
1s formed by two null hypersurfaces In the Einstein space; they correspond to
future and past null infinity respectively.

Alternatively one could also study future null infinity of this space
without making any reference to the Einstein universe.

We here end our short characterization of Minkowskl space, and go on to

consider other nontrivial cases.

DE SITTER SPACE

If we only require the trace free part of the Ricel tensor to be zero we

obtain

0- RK+Aa%-aar (2.10)

and due to the contracted Bianchi Identitiles

2

’ rr
A_L%_&A__%_ s (2.11)
4 A
where £ 1s a constant. From these equations we deduce
2
+
ﬁzf‘——-c , (2.12)
A
and
A—‘:”-c . (2.13)
A
The solutions of which, fer € > 0, are
£ - ln[A ¢t + (A’ C - 1()”“] . (2.14)

or in terms of A(t)




‘2

sinh(e ¢! /%) for K=-1
/€
1/2
A(t) = 9 —L_ Lt for K=-20 ; (2.15)
2/ C
cosh(c ¢''?) for K=1
A
which can also be expressed in one line by
172 1/2
1 58T g
A(t) = — 3 . (2.16)
JT
Defining the functien
1/2
t' = arc tan(sinh{(t € 7)) . (2.17)
the de Sitter metric can be expressed by
ds® = a(e)? [dt'z . d - sln(x)? azf ] ) (2.18)

We see that this space ls conformal to a portion of the static Elnstein
universe with the range of the time coordinate given by - x/2 < t' < x/2. One
then takes the conformal factor QO to be given by Al By doing so one finds
that J' turns out to be a spacelike hypersurface in the static Einstein

universe.

As we have observed these two exceptional examples are easily related to
the Elnstein space. This suggests we should refer every R-W model to its
conformal image in the Einstein universe since “it is a kind of maximal
universal conformslly flat spacetime"{

Instead of carryilng out this program, in section 4 we will try to follow
closely the techniques used in the study of asymptotically flat spacetimes.
Note that de Sitter space Is particularly easily related te the Elnstein

universe because it can be expressed as a line element with K = 1.

3 IS THE FRIEDMANN MODEL ASYMPTOTICALLY FLAT?
One of the key features of the definition of GeFAF spacetimes5 is the

flatness condition on the Riemann tensor; which in the regular case is
R ‘-ar “+6 (3.1)

where ﬁ.hd is a regular tensor at future null infinity and JRdmd goes to
abc

zero faster than Q.

In our case, for the Robertson-Walker spacetimes, we expect to have a

generalization of this behavior, that will look like

d = d 4
Rmc = h(Q) Rmc + SR“ ; (3.2)

1
where now h({l) is some function of B that might diverge for 0 — 0.
It is amusing in any case to compare equation (3.1) with equations

(1.34-36), Observing equations (3.81),(3.83), (3.85) and (3.86) of reference
[5] we see that thls comparison will 1mply the following relations

K+ad - aar

@22 - — e @22 + 5@22 (3.3)
2 e -
2 - _15_+_A_M;__A_A_ - R+ 60 (3.4
& A 11
2z
' . e -
g - KH+A -AAT s a e (3.5)
oo L] 0o 6o
A
K+ a2 +aa’ 3=
A - — T W A+ BA ; {3.6)
4 A

where we are using little w In order to differentiate it from the true
conformal factor 0. It is observed then that this comparison establishes the

following proportional expressions

(K+a%-aa") o w (3.7
—%— x W (3.8)
K+A2+aA") «x w . (3.9)

Therefore one should have

K+ a2 .44 cx% (3.10)
and
(K+A‘2+AA")&—3\'- ; (3.11)
which implies
K+ Al -J;— , (3.12)
and
A A -—g— (3.11)
10



for some constants Q and Q'. Computing the derivative of rthe firstc

expresslon, we obtain

(K +ahyr =2 a A"--%A- ; (3.14)
A

so the second equation 1s a consequence of the first and In particular we
have that Q* = -Q/2

The first equatlion 1s nothing other than the Friedmann equation. It is
then somewhat surprising that by playing around with the idea of R-W
spacetimes which look future asymptotically flat, we do not find a trivial eor
extremely complicated mew model, but Instead the dust Friedmann model.

It can easlly be seen that 1in the Friledmann model the curvature

components are glven by

2
K+a'2-.aar 30
¥ 4 "8 a (3.15)
2 rr
Qu.- K + A' 2_ A AT 3Q : (3.16)
4 A 8 A
K+a® - aa g
& = - p (3.17)
oo A’ 2 A

rz‘ ot
Ao K+a +2AA __AQ - (3.19)
4 A 8 A

We will now relate these expressions with the family of conformal facters §

which are proportional to the inverse of the affine null distance, that Is

0« - . (3.19)

It will be useful to note that

r

aA aa , o A oA :
dA = e du + e dr = A Y du + Y dr Y d(rD + r) ; (3.20)

since then we can express

11

r+r°-J“‘A-J A_dA (3.21)

2 2 +1 +1

/2 A_&&E_ -

r 1 ( 7T T4 )+ 3 In[ for K 1
/EZ +1 -1

2 4% for K = 0

5/qQ

It is observed from the last expression that in the limit ¥ —+ « one also

has A —+ =; and che leading order of this equation gives:

a2
r=s = for K = -1 (3.22)
and
sz
rzﬂ-*— for K = 0 . (3.23%)
574

Let us next study the two cases corresponding to the two possible values of

the constant K.

CASE K = -1
In this case we can take the conformal factor I to be
a- L ; (3.24)

AZ

that is 0 1s asymptotically glven in terms of the affine distance r by

a= (3.25)

1

2r
Let us see what the conformal metrlec looks like at future null infinity.

From equation (1.16) we obtain

3

g’ -t as’ -at @, - A @l v 28t duar - a7 f: ds? | (3.26)

The first two terms of this equation present no problem; however we should
study in detall the asymptotic behavier of the third term. Using equation
(1.14) asymptotically one obtains

Qs
~
w
1%

walw2r (3.27)

[

>
[

=

u

12

B



from which it is deduced that for very large r

r=eX | (3.28)
Then since for very large x one has that fi = ezx/a, it is deduced that
asymptotically
-2 X 1
L A e nll (3.29)
4 A

S50 the conformal metric at future null infinity is given by

as?| - - duadn - % as? (3.30)
(=0

which is a non-degenerate regular metric. This means that the present choice
of (O does the job of bringing Infinity to a finite distance and provides us
with a well behaved conformal metric at future null infinity in this case.

It is then reasonable to ask under wvhat conditions on A(t) will the
choice of I as the inverse of the affine distance along null geodesics have
this property. We will study this In a later section,

The Riemann tensor can now be expressed in terms of {I, obtaining

3 12

q.zz_mg.* a , (3.31)
3

o -2 g A-—g‘- a2 (3.32a),(3.32b)
3Q

®, - o (3.33)

Equation (3.2) implies asymptotic behavior of the form

e, - h) e, +s0, (3.34)

2 - hm o &u L T A= h(O) O° A+ EA (3.35a),(3.35h)

W -
@, = k(D) 0 aun + 6@00 ; (3.36)

where 1t can be seen from the last equation that
- ny = ¥ o g¥E (3.37)

This means that the Riemann tensor diverges as a*? as one approaches
null infinity. And to aveid any confusien it is convenient to remark here

that the Friedmann K = -1 model is not asymptotically flat, and the scalar w

13

used above does not coincide with the conformal facter ft which is used in the
construction of the conformal metric.

Let us now consider the other expanding Friedmann model.

CASE K = 0
We try now to repeat the same construction as before by taking the
conformal factor §§ proportional to the inverse of the affine distance; more

preclsely we take

1
— (3.38)
a5
The conformal metric is given in this case by
di® watds® = AT (21, - A @'+ 28  dudr - a7 £ o . (3.39)

Studying the asymptotic behavior of A’ ti in a similar fashion, we
obtalin

L=}

1/2
r ar I ( 59 > r }AH ; (3.40)

X dx

L=

u

which means that asymptotically we have

x= (20507 (3.41)
5 g/

Then for large r one obtalns
2

1y
A tjk -a7 = (ﬂz_r ]ks.'s ( 2”2 Ja,ts 52 25
5Q

- 1: YR R (3.42)
50 the conformal metric obtained In this way turns out to be degenerate at
future null infinity.

Note that traditicnally the Friedmann models have been studfed through
their conformal representation in the Einstein universe, where this bad
behavior of the conformal metric 1s absent. This reinforces the initlative of
relating every R-W model conformally to the Einstein universe. However we
should also note that in this last example the bad behavior of the metric at
future null infinity is associated with the choice of the conformal factor as
the inverse of the affine distance, since it produces complicatlons with the

asymptotic behavior of the angular part of the metric; and so it is clear

14



that these complications will disappear if we choose the conformal factor as
the inverse of the luminosity distance, although probably at the expense of
introducing other complications.

It is therefore clear that we need a systematic study of future null

infinity in the R-W models. We do this in the next section.

4 THE GENERAL CASE

We are therefore confronted with the question of how to choose an
appropriate conformal factor chat will make the conformal metric regular
(meaning at least continuous) at future null infinity. Of course this Is
associated with the behavior of the function A(t) which 15 the only
nontrivial input in the metric.

Let us be more precise in our discussion. We will define the manifold 1
to be future null infinity of a non-contracting ¢” Robertson-Walker spacetime
(M,g,) if there exists a manifold H with boundary 7', metric é'h and a
function @ on M such that a neighborhood of " in M is diffeomorphic to a
neighborhood of ' in the manifeld M U 37 and

a) on M: gaisc, a> Ooand Eﬁ - g, .

b) at ¥ : f1 =0, O 1is C; at every point of § there end future directed
null geodesics of K, and §¢ is non-degenerate.

Note that we are implicitly requiring the conformal metric to be ¢' at
scrl. Also it should be observed that nothing 1is said about the
differentiability properties of @ at scri, that is we only require it to be
continuous.

At this point it is important to recall that if v is an affine parameter
along the null geodesics contained in the null hypersurfaces u = constant,
but with respect to the conformal metric Em' then it can be related to r by

the equation

2
F- & 4.1)

Since v 1a a natural coordinate of M, it 1s then clear how the choice of G
determines the differentiable structure of the conformal manifold.
Due to the present symmetries, the scalar O is taken to be a function

depending only on u and r; sc one can define v to be

where as before a dot means partial derivative with respect to the coordinate
u; for example

. _an
0= . (4.4)

r=const.
Let us note that the existence of the coordinate v in the conformal manifold

M requires that

r —

r
lim [ a(u,r*)? dr’ must exist. (4.5}
L]
r

1

The conformal metric can then be expressed by

af =’ ds’ - 0® 21, - AH au’ + 20" dudr - Q%A% £ Q@ (4.6)

r
-8t e, -ah -2 204 + 20, duz-Zdudv-i}zAZf:dEZ.

r
1

It is crucial to notice that this expression for the conformal metric is
an Invariant one, that is, it has been geometrically defined; and that du, dv
and d¥’ have clear lnvariant meaning. Therefore the three terms appearing in
the above expression are geometrically well defined and it makes sense to
refer to the asymptotic behavior of each of them. From the last term, 1in
particular, we observe that the algebraic condition that will make this term
regular at 1 is o° A7 f: « constant.

One may ask: is it possible then that by taking G to be the inverse of
the luminosity distance r the conformal metric is regular at §'%7

The luminosity distance 1s a scalar that satisfies

ar:.

F -—-p r]_ . (16.7)
The natural cholce for T, is

ro=aA fx . (4.8)

r
2 S0 by taking the conformal factor { to be the inverse of the luminesity
V- - Qlu,x’) dr' + v (u) , (4.2)
r e distance we obtain
1
with v = 0 at scri. In this way we will have 1 1
Q= == - : (4.9)
r r Af
L K
dv - - @ dr + v -JZnﬁdr' du (4.1 and
r
H
15 16
LA - — T ML ey 2 o T farimait-stal 3t S i 3 ST T WW"T"‘T w—‘ Wﬁ**\:l_‘ T OETTT U TTHRE TR TR . '
e s da s b b i U SO st ‘ Vo b g e



i‘ T
o 1 .2 . ]
2 — 2“-1)-2J2nndrr+2vo du® - 2 du dv - dZ°.
A

K T
1

(4.10)

It is then clear that for this metriec to be regular at scrl we should have

the expression

T
W-J aq dr’ (4.11)
r

1
regular at scri.

The last expression can be further transformed by moting that

o 2
, / r, (f1-KRe+a s
6 -1 1-K £ . —2 [ £ "]
K
. 4

A f Af

a £ Af £ °
3 X 13
/1-l(f: _
-0 | +1_ ¢ : (4.12}
fx
which implies
S VAU & _
Ko @ |———————+r | dr . (4.13)
r fx
1
Then using the relation
r
a0 1 8L 1
el A A (4.14)
T L
L
we can express W by
17

£ o dar
r x
1
T 2 J1-K f: i a? I
- Q ——————————— | dr' + r e . {4.1%)
o 2
f r
r K 1
1

This means that we only need to consider the first term in the asymptotic
region in order to determine the regularity of the conformal metriec at i,

At this stage it is clear that we need a detailed study of the
asymptotic behavior of the functions A and ¥ &s r goes to infinity. We have
explicitly mentioned that we consider A' > 0. Next let us observe that the

optical scalar p is given by

b= - £ (4.16)

2r,9 (4.17)

But furthermore, by taking the conformal factor I - 1/rL , we are implicitly
assuming that in the limit r —— = , we should have 0 — 0, or equivalently

r —— =, Can we have lim r < » ? We will see later that under the
L e = b

+
present conditions r — = as one approaches ¥

In order to obtain information on the asymptotic behavior of the
coordinate y along the null geodesics contained in the null hypersurfaces

U = canat., it is convenient to study the equation

dt
diy = A dy . (1.13)
since when u = const. we have
[+
dt’
X-J A(t') ' (4.18)
t
[
Defining x_ by
18



x - de’
L € Alt")
a

(4.19)

we want to know whether Xy 1s bounded (finite) or unbounded (infinite). We
can then classify the R-W spacetimes in two classes such that:

Class B corresponds to x_ bounded and

Class U corresponds to x_ unbounded.
Case B coincides with the appearance for each observer of an event horizom;
aince for example an observer traveling along the geodesic x = comst. > x_
§ = const., and ¢ = const, will never be able to get Information from the
events with t > o and x < Xg- The case U refers to those models where there

is no event horizon.

CASE B:
Since In this case fx(xw) is finirte we deduce that a sufficient
condition for W to be regular at 7 is that

r
lim of dr'  exists ; (4.20)
r— w

X
1

which agrees with eq. (4.5), and it is also equivalent in this case to the
condition that

r

J —l; dr’ exlsts for r — = . (4.21)
A

T

CASE U:

Since x_ 1s unbounded, we disregard the possibllity K =1, and we
consider the cases K = -1 and K = 0 separately.
CASE U, K = -1:

We now also require that the expression

2 2

}o T
o dr’ -J —L 4" exists forr — = (4,22}
r A fl(

r
1 1

wvhich also coincides with equation (4.5).
CASE U, K = O:
In this situation it is required that

r r
o 1
Y .dr’ = — = dr' exists for r —+ « ; (4.23)
F3 2 .3
K A"
r r K
1 1

which is weaker than the condition for the existence of the function v.

19

It is clear in all cases conslidered that rL — « gag r — =, since at
least & or fK 1s unbounded in this limit, and both satisfy A > 0 and £ > 0.
We have that the condition of regularity of W in the cases considered
above is satisfied if the function v i1s well defined. Let us now observe that
in all cases v is well defined.
In case B we have that the integral (4.19) exists; while for v to be
well defined we should have that
r
J ——;l~;— dr’'  exists for r — ®; (4.24)
A" F

r
1

which in this case 1s equivalent to the condition that

r
[ 41; dr’ exists for vr — = . (4.25)

This Integral is easily shown to be equivalent to (4,19) since

Aogre | A g Loar (4.26)
aZ a2 9t i, A

r t t

1 1

1

bt

|

Therefore v is well defined in case B.

rid:-a . (4.27)
€ A
1

dr’' < = R (4.28)

In case U one has

and one would like to have

But let us note that since K can only have the values -1 and 0, one has that

fxy=zx {4.29)

from which one concludes that
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t —+ @ X T w
1 1
X X
1
= lim —5 &' < lim —l—; dy' <= (4.30)
X —*e £ X — = x'
1 1

Therefore we see that alse in case U the function v is well defined.
Then since the regularity conditions of W are satisfied Lf v exists, we
conclude that the cholce

1

Q- rer (4.31)
13

provides us with a construction of ¥  for all non-contracting R-W models,

It now remalns to be seen when di {s regular at 7%, and what type of
hypersurface is 7, namely when it is timelike, null or spacelike.

In terms of the coordinates (u,v,{,!) of the conformal manifold M the
differential of O is given by

fl-l(fi . i,
] - + ﬂv [2 H-v - ] du + ﬂv dv s (4.32)

A £
K X

where

ar £ o+ [1 - Kf:
0 = . (4.33)

Then d{ will be regular at 17 {f and only {f a is regular at s

furthermore at ¥ “we have

4o dv . (4.34)

7
If d0 is well behaved at J' the character of the hypersurface 1" can be

studlied from the expression

: fl-Kfz 2
£(d0, d) -[A—AJ [ . ] ; (4.35)

Af
x

where one can see that since it Is the difference of two positive terms, Iin
principle it could be positive, negative or zero.
In order to have a concrete picture of the different possible behavior
let us consider the following examples:
21

a)
b)
c)
d)

e)

constant

very slow

slow

power law

fast

A=

A

The first three cases belong

cosh t s

to class U,

of class U, while when n > 1 they belong

is of class B.

S50 we see that A = t 1is

which divide them inte classes U and B.

Let us now state the value of nv, and g(dfl,dR) at ¥ :

A’
— =0

A
A 1
A t (t+ 1)
. S S
A t In{t)
A _ o

A t

'
—%— = tanh t

(4.36)

{4.37)

(4.38)

(4.39)

(4.40)

The examples d) with n <= 1 are alseo

to class B, Finally the last example

a boundary case among our examples

+

Example Class K Iy £¢da, dn) remarks
v 3f ]+
-1 w0 - - -
&) U
0 1 0 Minkawskl spacas
-1 = - - -
b) o
0 1 0
-1 @ - - -
c) U
0 1 0
-1 @ - - -
d,n<l) 4] 0 0 o A-tle i a
Frisedmann model
-1 2 0 Minkowski spacae
d,n=1} U
0 1 0
-1 0 - -
d,n>1) B 0 - -
0 . - -
-1 sinh x_ 1
e) B X, 1
sin xm 1 de Sitter spacs

TABLE 1: Valuer of (3 and g(d{l,d3) et scrt.
A'3
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It is observed that although we are forced to take the conformal factor
as the inverse of the luminosity distance, In order to obtain a regular
metric at scri, this conformal factor is not suitable for the study of the
nature of scri, since we have seen that df Is scometimes zero or not defined
at scrt.

However we can choose the coordinate v such that v = 0 at ¥ by
appropriately defining vo(u); and by doing so we can use dv for the study of
the nature of 5, since obviously v 1s a regular function at scrl. In fact
one finds that

E(dv,dv) = (4.41)

£
so scril is non-timelike, and furthermore in case U it is null and in case B
spacelike.
We have just proved the following theorem,
THEQREM:
The future null infinity of non-contracting Robertson-Walker
models is null or spacelike according to the absence or presence

of cosmic event horizons respectively.

This completes the statements appearing in the literature’ which
claimed,. based on intuitive arguments, that when 1" 1s null ome expects no
event horizons, and when ¥’ is spacelike each observer will be assigned an
event horizon. It is Important to emphasize that although the same Intuitive
arguments were used for the nature of past null infinity, which normally
coincides with the initial cosmic singularity, the analog theorem is not
true. For example the K = -1 de Sitter model would violate it, since past
null infinity of de Sitter space (which 1s spacelike) does not colncide with
the initial null cone cosmic singularity of the K = -1 model (which does not
possess particle horizons).

It was asked previously under what circumstances would the choice of the
conformal factor as the inverse of the affine distance provide us with a

construction of ¥ . To see this let us note that

8r_g | (4.42)

S0, since we know that the choice of the inverse of the luminosity distance
as the conformal factor provides us with a construction of 1‘, we are sure

that the affine distance will do the job if

0 < <o (4.43)
v .1+
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It is clear then from the above table why in the case K = 0 of the Friedmann
model it is inappropriate to take {1 = 1/r.

5 FINAL COMMENTS

We will proceed here with a quick recapitulation of the toples we have
covered, and take the opportunity to lnsert some comments,

In order to put our work into perspective we have reviewed In sections 2
and 3 what could be considered as the most significant Robertson-Walker
models, namely: Minkowski space, de Sitter space, and the open dust Friedmann
models. We have approached the first two spaces through their standard
conformal representations in the static Einsteln universe.

In section 3 we have observed that a naive comparisen of the asymptotic
behavior of a regular asymptotically flat spacetime with the Riemann tensor
of & R-W model leads us to the dust Friedmann models. Actually, as we have
seen, these models are not asymptotically flat. This might seem a little
curlous, since for example in the K = -1 dust Friedmann model the scalar A(t)
asymptotically approaches the functional form A = t for large t. And since
Minkowski space can be represented as a R-W model with K = -1 and A - ¢, one
would be tempted to conclude that the K = -1 dust Friedmann model 1is
asymptotically flat at future null infinity. Instead we have seen that this
is not the case; In fact the curvature tensor of this model diverges at
future null infinity. One might however introduce the notion of timelike
Infinity and argue that the K = -1 dust Friedmann model is asymptotically
flat in that region; we instead for the moment concentrate our attention on
future null infinity.

We have also studled the use of the conformal factor as the inverse of
the affine distance and found the following: while in the case K = -1 for the
dust Friedmann model it provides us with a well behaved metric at future null
infinity, in the case K = 0 it produces a degenerate metric at scri.

From the contents of section 4 we have proved that the choice of the
conformal factor as the Iinverse of the luminosity distance permits the
construction of ¥ for ali non-contracting R-W models. We have also seen that
alchough this cholce is necessary if one wants to obtaln a regular metric at
scrl, one can not always use the gradient of this conformal factor for the
study of the natura of 1", since in some cases dfl is zero or not defined at
scri. In any case it was proved that in the non-contracting R-W models s
not timelike, and more preclisely the theorem of the last section relates its

nature to the appearance or absence of cosmic event horizons.
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