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1. Introduction

In [2], Hu Hesheng proves a nonexistence theorem for
nontrivial regular static Yang-Mills field with finite or slowly
divergent energy in the region outside r=5M in the Schwarzschild
spacetime and she conjectures such a nonexistence theorem should
be true for r=2M, where 2M is the Schwarzschild radius. Later, in
[3], the region is improved from r>5M to r>3M together with a
improved energy condition. The aim of this paper is to prove that
the conjecture is true for some beoundary conditions.

The idea is as follows. First, under the boundary
condition on the boundary r=2M, we prove that there exists an ope
domain in which the Yang-Mills field is flat. Since in a
neighbourhood of each point the field is (time-independent) gauge
eguivalent to an analytic field, we conclude that the field is

flat globally outside r=2M

2. Preliminaries.

As known, the metric of the Schwarzschild spacetime M, is
M e | z a 3 . 2 2
ds®= dx*dx® = -(1- £ )dt’ + ——— dr*+ r* (d@’+ sin*e d4’)
Ty r (§-2\/r) 0 et
(&y ﬁf =0¢l!2f3 ) (1)

where r=2M is the Schwarzschild radius.

Througheut this paper, we shall use the summation convention
and the ranges of the indices as follows.

m,’;,x’, ..o r ‘0’1'2'3' and i,j,k'---’ =1'2'3! (2)

For convenience we use the notation x", x', x!, x* instead of t,r,

£ % respectively.

On any hypersurface t=constant, the volume element is

" '
dv = "l—_%——'.le;—* drdédy , (3)
Ji= 21M/r

and the area element of the sphere r=R is

ds = R'sin€ d@ d¥ . (4)




Let G be a compact Lie group and its Lie algebra, Let‘? be

a principal G-bundle over M . On the space of connections in@

C . we consider the Yang-Mills functional [ :{~> R defined by

K - _ l { At .
T o 3 Ep Phav, bel, (5)
where
b = b, (x) dx* (6)
is the connection (gauge potential) and
F 7 fardx Adx (7}

is the curvature (field strength) of b . We have

Yhn _ bn
f*f“ by yony [ by, ]l . (8)

A Yang-Mills connection is a critical point of J and then its

curvature is a Yang-Mills field. So a Yang-Mills field satisfies

the Yang-Mills eguations

I = M gt U b £41) =0, (9)

where “;" denotes the covariant derivative with respect to the
metric (1). If F=0, the field is called trivial or flat. If the

potential » is independent of t, the field is called static.

a

The enercy momentum tensor of Yang-Mills field is

T ;= {f\“ r fn,; )gy‘. = ‘L._ gln (f“‘pr f’c )gﬁ'rgyl‘ . (10)

Lot}

Tor Yang-Mills field the following conservation law hoids

™h.o4=0, (11)
where

T, = T g”. (12)
if

Sr’j‘wdv <t |, (13)

we say the energy of the field on the outside of the black hole

is finite . If

. "’ro,,dv =t , . (14)
>4
and
5 Le wverom 15)
rram YT ! ¢

for a certain positive continuous and unbounded function ¥(r) ,

satisfying < i
Y
S ryoy =71 <, {16)
am TY




we say the energy of the field on the ocutside of the black hole

is slowly divergent,

The Christoffel symbols of the metric (1) are all zero except

the following terms:

PP = -Th = M/xz-2d),  fe= Mz=20)/x3, [y= -(z-24) ,

=
=] LTl

!’,', = -(r-2M)sin*@ , r,zz=r:l=r“,=r‘3l = 1/r, r‘lig _% sin2@ ,

=My = ctge . (17)
Set
|
p=-L | Lt £ - (5, £,
Q=% [{fia s £%) - (fq . £%)] ,  a,b = 2,3. (18)

Then P » 0 and Q 2 0 . The egalities hold simultaneocusly if and
only if all f,y varish.

In the following , we establish in detail a formula which is
tre correct form of that used in [3].

Lemma 1. For any R > Rg> 2M , it hclds

R 1 -t
fir T ds _! 1 +r T, 45
r=R J - 2H/T rR - arsr
ir-3im _ ’ N oo _ imM
.S LSy B0 - TP+ (£(x) - —me £(x)) Q1 AV,
war<R

(19)
where f(r) is any smooth function of r
Proof, We use " y " to denote the covariant derivative on the
hypersurface t=constant . Note that such a hypersurface is
totally geodesic in the Schwarzschild spacetime. The boundary of
the region R, € r € R consists of r=R and r=R; and the unit
ncrmal vector on the boundary is
JT =207 ¥y . r=R or R, . (20)
From the conservation law (11}, we have , noting the field is
static and (17},
0 - Tr:;ﬂ = 3_,,1' + Tfl:s‘ - T,.‘I-';';
- iI:r + Tf l\q‘" Tfl';'} - ko

>3 Titin
- K =i ALC
= aajl * Trr'h'j - Tjkl-'h + T: nca, - Tcr;,ﬂ . (21)
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Since the hypersurface is totally geodesic, we have from (21)

i Bt ke
Ti'j = T:ﬂp - T.'.'ht d (22)
particularly,
3 » v 1 [
T;lj = Tolie - T[rlc
_ M e _ M '
Coriream Te yir-im; L1 (23)

For ary vector field on the hypersurface t=constant , V-vagy,

we have
C o 3, avt ‘
§ il =] oy av - (25« WNav . (24)
Rl<R RersR ! 471 X 1

Taking V=f(r)35p , i.e., v'= f(r), v*= v*= 0, from (24) and

s formula we have

ke
; $uoT) sr +inT!
£(r) T, dv = = dS - ——— |
‘SR‘F‘R( P R JI—amir %, Ji= amr O
G5

_£ [T, £0x) + (T + TR+ T ) £ (r) Jav.
reR

tn

t+~
[

(25)
By means of (17), (23} and T;* T: = =T =T, , (25) can be written
&as
o ey T
fiwnn! BTN ¢ £y - D ey (26)
Nizming To= -(B+Q) and T/= -P + 0 , we get (19).
. M¥ain Results,

First we prove the following nonexistence thecrem for any
regualar static solution for Yang-Mills equation outside the
klack hole,

Theorem 1 . Let G be a compact Lie group. The Yang-Mills
eguation on the outside of the black hole of the Schwarzschild
spacetime does not admit any regular static solution which
satisfies the following boundary condition:

gﬁﬂa‘xenF 1 - 2M/r )ﬂT:dS >0, (27)

where pel 0, 1)

Proof, Because 1 >3 0 , we can find a positive of such that

o
T >[$ . {(28)




Set §li-d _143d
2
F(r) = 23 . (r-2m)*™H . (29)

By a straightforward computation , from Lemma 1 we get, for any

R’. > R|> ZM'

o -
l'! -— A= =
§ . (r-2m)'™ 1) ds —Sﬁ&r”‘* (r-2m)'*™ 1! as
r-'-RL a- - !-‘
=SR = AT pooM) T4 (ro3M) (&P + Q) dV. (30}
4ER,

Letting R, 2M in (30), due to (27) and (28), we see the

second term on the lefr-=hand side of (30} tends zero , and we get

1-d . S
§ o (r-2m)Tt TS
r=R a  le=gu L1
=5 2 TP (-2 Uro3M) (WP 4 )aY (31)
2MATSRy

for any R, > 2M

But if R, is sufficiently close to 2M , due to (27), the left-
hand side of (31) is positive , while the right-hand side of (31)
is nenpositive . This contradiction proves our theorem,

Remark 1 . When i = 0 ,the boundary condition here is much
similsr to that in [2]. but now we need no condition concerning
the energy

The example in [2] shows there does exist a solution for the
Yang-Mills equation outside the black hole of the Schwarzschild
spacetime which satisfies the boundary condition

lim{ T!ds < 0

R T=R
Refering to the Theorem 1 , it is natural for us to study the
case under the boundary conditien

‘g-:m Sr:R.T: as =0

We have the following

Theorem 2 . Let G be a compact Lie group. The pure Yang-
Mills egquaticon on the outside of the black hole of the
Schwarzschild spacetime does not admit any regular static

solution which has slowly divergent energy and satisfies the

boundary condition

1um{ las - 0 . (32)
Proocf Set
f{r} =r - 2M . (33)




By a straightforward computation from Lemma 1 , we get

j r /rl -aM/r T:ds *J r 1 -2MA'T:dS -j W dv , {34)
r=8 rzR 4
where g ' Rir ek
W o= '-:—';3-34—( P+Q) . (35)
Noting Tee= ( 1 =2M/r)( P + Q) , we see
. Too
1 =1,
fow W (36)
and
. Tc
lim —= = § |
raam W (37)

Thus from (34) and (37), we see

1in{ T av <aeo (38)
RN R <re R,

and the assumption on energy says

lim{ T, av=ss | (39)

R= o0 Ml
From (3¢€) , we have then

lim§ wav =t X (40)

= > 2Meryn

Since W is nonpositive inside r=3M , we deduce from (40) that

there is a certain R, > 3M such that

3 Wdv =0 . (41}
lﬂtftR.

Letting R—> 2M and setting Ry= R > R, in {(34) , we have
Sth /1 - 1las 'Sp,,r-_nw av (42)
for any R > R,
We claim that there exists a certain R > R, (>3M} such that
P =0 =20 outside r=R . For otherwise there would be two positive
constants R and & such that R > R, and for any R;> R
SRImR‘w av > £ . (43)
set 0 , R=R<R
W(R) = 'ﬁﬁ . R=R=R,, (44)
( o ) <R,
where ‘?(R) is the same function in (15) and (16)
Multiplying (42} by W(R) and substituting (44) into it and

then integrating the both sides , we have

R AR | R dr
5 Wsrzur/ 1 -2M/r T,ds R msﬂifﬁr av . (45}




It is easy to see that there exists a positive constant A

-

such that , for r > R ,

IT) | < AT, . (46)
Hence the left-hand side of (45) is less than
Aj_ T av . (47)

ﬂ‘r-‘ﬂl wir)
on the other hand , the right-hand side of (45) is greater than

R, dr
g RYR (48)
Thus we have
.. ™ dR
AIﬁ vor V2 8} RN (49)

1rek,;

Since the energy is sleowly divergent , the left-hand side of
{49) remains finite as R, —*o¢ , but the right-hand side of (49)
tends to tes as R, — +%¢ | This is a contradiction

Thus we conclude that P=0=0,i.e., f*P= 0 , outside a certain
R>3M . Ccnseguently the energy would be finite . It is a
contradiction . The thecrem is proved.

Concerning the case of finite energy , we have the following.

Theorem 3 . Ilet G be a compact Lie group. The pure Yang-
Mills equation on the outside of the black hole of the
Schwarzschild spacetime does not admit any nontrivial regular
static scolution which has finite energy and satisfies the

following boundary condition

Lim{ Tlas =0, (50
R=>IM"raR

and
lim rT'dS = 0 (51)
R340 reR

Proof, 1In this case , we see
E = W dav
IJN(l‘ (52)
is finite too.
We have to consider three cases : E > 0, E= 0 and E < 0 .
(1) E> 0 . For this case we can go in the same way as the

proof of the theorem 2 and conclude that ocutside a certain

L1 e N MR e e RS e




R>3M , P=0=0, i.e., £w= 0 . Then , taking the last paragraph in

section 1 into account, we deduce the global triviality of the

solution.
(2) E< 0 . 1In this case, we see there exists a certain R§3M
such that
jﬂﬁr Wadv=20. (53)
Now if

jr_&r/ T ZME T as > 0, (54)

we can find a sufficiently small & > 0 such that
f /T -2mrTas >0 . (55)
rfel
Thus we have
' wWdv >0 . (56)
herlsr
Then in the same way as above we come to the global triviality of

the sclution

1f
Sr_R r/ 1= 2M/r TjdS < 0, (57)

we can find a sufficiently small & > 0 such that

r/J 1 - 2M/r TidS < 0 . (58)

raf-I

Thus we have

j&_hrw av = -7 <o, (59)

where T > 0 and (34) says , for any R>3M ,
- ' - oM/ T -
Sm o/ 1-2/r Tids - § o/ T2M/E Tjds < <Y . (60)
Due to (58) we have , for any R>3M

j”rj T-2M/r T dS < -0 . (61)

It is easy to see there exists a A>0 such that , for r»3M ,

(1-2M/r) T, >- AT : (62)
Multiplying the both sides of (61} by 1/R and integrating ,

we get

R dr
- Tn,-l dv < - - . ( 53)

Sm«m J S*" R
Letting R —+e0 , we again come to a contradiction .

Now if

Sr " &/ 1-2M/r T,dS = 0 , (64)
=F

-g-



we have , for any R<R,,
~{ T mias ~f  wav . (65)
r=R Rer<g,
Letting R =3 2M, we get
Wwdav =20 . (66)
'-“'H(rtﬂ|
Due to 2M < R,< 3M , (66) forces P and Q to be zero for rgg,.

This again means the glebal triviality of the solution.
(3) E=0 . We claim this case can not occur . Otherwise ,

from (34) and (50) we should have , for any R>ZM

g/ 1Mz Tas =) wav . (67)

V- AL LR

Letting R = +>. in (67) , we should have

1im{ rras =0 . (68)
':—9.4' vl
this contradicts the cendition (51) . The theorem is proved .

Remark 2 . We do not know whether the condition (51) is
negcessary or not.

Remark 3 . To justify the remark made in the last paragraph
section 1 , we proceed as following (refering to the section 4 in
[1]). First one need to show that for each point P in the
hypersurface t=constant , say t=0 , there is a neighbourhcod U a

a G-valued function wi{x'), i=1,2,3, such that on U

b'. ad w bf* ;-;-'-‘- W
satisfies
(0 Jb.
g s%‘- =0 . (69)

To see this let u be a system of local coordinates of a

neighbourhood of identity in G and w = w(uA) . Then we have

~A A S A d
b. = Rp (uixtyb + )4n(u(x‘))§%; , (70)
where ;ﬁﬁ; is nonsingular,

Differentiating and substituting in (68), we get

7 ke au 2 L} -
3 aa Fq GH;“A#fk‘ Am‘(( b~ )AA‘)g 0. 1)

which is a quasilinear elliptic system of equations , and hence
there exists functions u%(x-) such that they are defined on some
U around P and satisfy (71). Hence on U we have (69) . Now on U,

o
b satisfies the Yang-Mills equations so that

-10-




- 3> —~— \. A - &
Y ha = F{ b{ﬁé;‘f gi. _\‘L;L‘_: b, (72)

iy ;::l r

Ay \?
where F is an analytic function of its arguments . Hence by

elliptic regularity theory ., E is analytic on U
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