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ABSTRACT

Results from current algebra and QCD spectral sum rules (QSSR) in different
hadronic channels within rorn (sum rule variable) and *<. (continuum threshold) stability
criterions or (and) (..-values fixed from FESR are combined to give improved estimates
of the light (u,d,s) and heavy (e,6) quark masses. In particular, the weighted averages
of the s and b quark mass values are (unavoidably) accurate : m,(lGeV) = (159.5 ±
8.8)A/eV and Mb(q* = Afb

2) = (4.58 ± 0.05)G«V. Pion (resp. kaon) PCAC violations
of (5 ± 0.5)%{resp.{36.5 ± 7.5)%) are observed while the values of the quark condensate
ratios are: <dd> / < uu >= 1. - 9 10~a and < Is > /ttu >= (O.e ± 0.1). These confirm
and improve earlier QSSR estimates and provide an indirect support of the qq nature of
the o0(0.98) and K *0 (1.35). Values of the "current" running masses of the c,b quarks
are presented. Attempts to give the values of the light quark "perturbative constituent"
masses are done.
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The role of the quark masses and condensates is certainly important foi controlling

the size of crural and flavour symmetry breakings in QCD. Quark mass ratios ate
unambiguously fixed from current algebra approach1' due to their renormalization and
scale in variances. The values of these ratios are4';

-f-

j — m

- = (0.28 ± 0.03),

= 43.5 ± 2.2,

\{mu + mj) = m
mc — in

= 25.7 ± 2.6
(1)

m, — m
= 9±2

The absolute values of the quark masses are however much more difficult to estimate
and needs a well defined theoretical renormalizalion framework. This is acheived in
QCD within the so-called MS-scheme where on can define properly an invariant mass
m associated to the running m»ss m defined to three-loops as3) :

(2a)

with :

- y » ) . 7. =2,5 | J y | | |
(2b)

for SU(3)C x SU(n)f, while for heavy quarks one can also conveniently work with the so-
called "physical" pole maas M(q* = M2) whickis scale independent or with its "euclidian"
analogue m(—q2 = M3) which is however gauge dependent. The relations among these
different masses have been already given in the literature and read to two-loops:

m(-<)2 = AfJ)s) = M(q3 = - (—)41og2) :Landau gauge .
(3)

Analogously, one can define a renormalization group improved condensate < tj>il> >
from the scale invariance of the product m < V'V' > •

The purpose of this note is to present the best values of these QCD parameters using
QCD spectral sum rules (QSSR) a U SVZ5) applied to the light, heavy and heavy-light
hadron systems and the values of the mass ratios given in Eq.l). In addition to the
discussions which we shall give below, the reader can find the details of our calculations
in Ref.6).
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1. LIGHT QUARK MASSES AND TEST OF PCAC FROM THE PSEUDOSCALARS:

Since the pionneer work of Becchi et al7',it has been realized that QSSR analysis of
the two-point correlator 4»(?2)j associated to the divergence of the axial current:

dIAAli(x)'j = (m; + mj) î(»7B)V'j i (4)

can provide a good determination2' of the light quark masses due to their leading role
into the sum rules. FESR results'* have been recently improved" by using a chiral
lagrangian parametrization of the final state interactions to the spectral function. This
procedure is necessary due to the high-t sensitivity of the FESR and improves the tc

( continuum threshold) stability of the predictions.In the case of the Laplace sum rule
(LSR),the "modified" duality ansatz with two narrow resonances (TT and ir1) plus a QCD
continuum gives already a good parainetrizalion of the spectral function where unlike the
case of the FESR , the exponential factor suppresses higher states and finite width effects.
In a narrow width approximation (NWA),the relevant quantity is:

as fixed from different approaches'|l0>. The advantage of Eq.5) is that the strong
dependence on M,' which is the main source of errors in a dual- like parametrwation
of the spectral function is absorbed into r*. Constraints on the invariant mu + in4 using
tyG(q2) to three-loops and the effects of dimension-six condensates are given in Ref.il).
The improvment of the previous results of Refs.ll) and 2) is the study in Ref.6) of the te-
stability of the predictions.In this range of tc-values, the changes in TT only affect slightly
the results. The (̂ -inflexion point is reached at 2.4 GeV2, a value which coincides with the
FESR result"'. The r-stability is reached for T > .2GeV~2 where direct instanton effects
estimated in Ref.12) are negligible. In a NWA , we obtain'1:

~ (27.5 ± b.8)MeV ,

while in a dual-like model plus a finite width parametrization:

(mu-rmd)~(33.0±11.6)iWeV ,

(6a)

(66)

where the error is mainly due to the value of the rr' mass which ranges from 1.1 to 1.3 GeV
depending on the parameters of the model. FESR result with wide ranges for the values
of the gluon and four-quark condensates ise):

+ md) ~ (22.5 ± 2.9)MeV (6c)
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A weighted average of the FESR and the above LSR results gives :

(m,, + rhd) = (24.0 ± 2.5)MeVr ,

which with the help of Eq.l) leads to the values of the invariant and running 1 GeV masses
to three-loops :

mu = (8.7 ± 0.8)MeV , mu = (5.2 ± O.SJA/eV

thi = (15.4 ± 0.8)MeV , md - (9.2 ± I
(7)

for A = (150±50)MeK"'. One can consider these results as the best ones from the QSSR.
The extension of the above analysis to the $u channel is technically straightforward but
we can no longer neglect the mass terms in the QSSR . We also allow a 50% deviation of
the < it > condensate value from the the SU(3)/ expectations. However, for the LSR, the
result is not sensitive either to this change or to the one of rK in a reasonnable range in the
tc -stability regime, r-stability is reached for T > ,2GeV~* and testability for tc > 4GeV*.
We obtain** :

(m.+m,) i ; (288±25)MeV , (8a)

with a reduced error compared to the one quoted in Ref.2) both for the u,d and the s-
quarks. As already mentioned before, this improvment is achieved thanks to the study of
the (..-stability. One can also compare this result to the "hybrid" determination deduced
from Eqs.7 and 1 ( see also Ref.9)):

~ (308 ±45)MeV

»hile FESR within a NWA gives*' :

(U)

(8c)

The three determinations agree very well within the errors and lead to the weighted
average for the invariant mass:

ra, = (283.0 ±16.7)MeV (9)

Let us now test the validity of pion PCAC. As firstly emphasized in Ref.14), pion
(kfton) PCAC can be tested from a QSSR estimate of the value of the pseudoscal&r
correlator at zero momentum transfer. This can be.done by working with the LSR of
the subtracted (*j(fla)j - *s(0)j)/g3 quantity or with its modified form10"', r-stability of
the prediction has already been studied in Ref.ll) and the Ir one done in Ref.6) appears
to give a real improvment of the prediction which is :

- 2m*/;J(l - pr) , (10a)
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where :
p, = (5 ±0.5)10" (106)

in agreement with previous results in Refs.ll),9) but more accurate. The result indicates a
deviation from the pion PCAC estimate which is mainly due to the m2-term in the QSSR
analysis. In the case of the kaon , we obtain8':

(lla)

with:
pK = (36.5 ± 7.5)% . (116)

Eqs.10) and 11) indicate a large violation of the PCAC prediction and confirm previuos

QSSR results.

2. FLAVOUR BREAKINGS OF CONDENSATES FROM THE SCALARS:

The true nature of the scalar ao{.98 ) and KQ (1.35) is still a subject of speculations. If

we adopt the conventional picture that they are associated to the divergence of the vector

current as :

we can try to determine the mass and decay constant and check a posteriori the consistency
of the assumption. The determination of these parameters from QSSR within r and te-
stability criterions has been done in Ref.6) where the optimal prediction* are reached for
T ~ 0.4 ~ 0.8GeV~2 and (c ~ 1.3 ~ 1.9GeV! consistent with the FESR constraint:

Md~(1.0~1.05)GeV and / . ~ (0.6 ~ 1.3)*feV , (12b)

where the /„ values include the one from a two-parametr fit1'' and from a chiral lagrangian
approach15'. In the case of the K£ , optimal results are obtained for r ~ 0.2 •— 0.6GeV~2

and tc ~ 3.5 ~ 4.5<?eVJ. The latter being consistent with the one from a two-parameter
fit11' (//f;,*c)- The predicted values are :

MK; ^ (146 ~ l.61)GtV and / K . ~ (28.3 ± 4.5)MeV , (12c)

which exhibit a SU(3)/ splitting between the A'J and a0 and rule out a Admass below
lGeV. We use these values in Eq.12) into the LSR and deduce the value o{ the correlator
at zero momentum transfer. Within T and ^-stability criterions, one obtains6':

J = -(9.5±1.2)10"'GeV4 (13)

-5-

The relation of *(5)(0)J to the quark condensates :

allows us to derive the value of the condensate ratios:

< id >
= 1 - 9 1 0 " < i* >

< tiu >
= (0.6 ±0.1) (146)

which show a large departure from the 51/(3)/ expectations. The former being consistent
with the earlier1*' and recent11'*' results. The latter being consistent and improvment of
previous results quoted in Ref.ll). It is informative to compare these result* with the ones
obtained from chiral lagrangian to lowest order in m,":

< dd > ,md-ma
(

< »* >

which for the value of < dd > j < uti > in Eq.l4b) predicts :

< i* >
< fiu >

- 0.72 ~ 0.76

, (He)

(lid)

We might expect that better agreements between Eqs.l4b) and 14d) could be
Teached once one is able to include the mj-term into Eq.l4c). In fact as m, is of the

order of A QCD , this effect can be important in the chiral lagrangian approach. Eqs.7,
10 and 14b) can be used for the obtention of the values of the invariant /i and running
condensates defined as:

(15a)

from which we deduce /i; and < &Vi > at lGeV:

/iB = (188.9 ± 6.6)MeK , ( - < « « > )* =• (223.9 ± 7.8)MeF ,

fii = (188.3 ± 6.6)MeV , ( - < dd >)> = (223.3 ± 7.8)MeF ,

)= =(188.8 ±\2.h)MeV .ft, = (159.3 ±10.5)MeK (- < (156)

These resulte we in good agreement with the ones in Ref.ll) but the accuracy has
been improved. The values in Eq. 15b) show the tendency for the < V̂1 > condensate to
decrease for heavier quarks, a behaviour which is well understood for heavy (h = c,b...)
quark systems from its relation with thegluou condensate*' (< hh >c* — llXMk < a»G >)
but less for the light ones.

-6-



3. THE STRANGE QUARK MASS AND CONDENSATE FROM SOME OTHER

CHANNELS:

Let us return to the estimate of the s-quark mass and condensate from eoine other
channels. A careful analysis of the baryon systems shows that one cannot accurately
extract the SU{Z)} breaking parameters from this channel due to the leading role of the
QCD continuum into the analysis17*. Tensor /2 fa meson splitting cannot be resolved
by a low value of the strange quark mass as again the QCD continuum is too important
and masks the SU(3)f breaking effects191. A much more promising channel is the ^-vector
meson one. In this case, progress has also been done for improving the QCD expressions18'.
We use a FESR-like ratio of LSR in order to get the ip mass squared. FESR constraint fixes
tc to be 2 ~ I.IGeV1. The m2, and < as > terms are left as free parameters while we assume
that the size of the ratio < irssTa > / < dTuuTu > moves from (< ss > / < uu >f to 1.
A fit of the ^-mass within 5% accuracy gives">:

m, ~ (180 ± 100)MeV

while an elaborated two-parameter fit (m, ,< ss >) leads to !1 ):

m. ~ (205 ± 9b)MeV

H>~ -(1 ~ 3

(16a)

(166)

Our result though in agreement with previous estimate20' is lesser accurate. A Gell-
Mann-Okubo-like mass formula which involves the difference of mass squared of the ip and
g which has been firstly used in Ref.21 for QCD shows that the difference or ratio of the
FESR-like moments ratio is less sensitive to the QCD continuum effects than the individual
moments ratio*'. Therefore, we expect that the mass splitting can be better determined
than the the absolute values of the meson masses. In the T-stability regime,one obtains
from the GMO-like sum rule -.

m. ~ (205 ± 50)MeV .

Then, a weighted average of the vector meson result gives :

m, ~ (200.9 ± 40.5)MeV .

(16c)

(!&*)

Finally,we use an "hybrid" determination of the strange quark mass by using the
relation with mc in Eq.l and the value of mc deduced from the ij>- sum rules (see Eq.25
below). We deduce :

m, ~ (224 ± 50)AfeV , (17)
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which exhausts the possible determination of m, from QSSR plus the chiral lagrangian
result in Rq.l). Taking the weighted average of the previous independent determinations
in Eqs.9,16) and 17),we deduce the best estimate of m,:

m, = (266.7 ± 14.7)MeV ,

to which corresponds the running mass to three-loops :

m.(lGeV) = (159.5 ±8M)MeV .

(18a)

(18b)

Eqs. 16b) and 18b) provide a value of < ss > in good agreement with the one
obtained in Eq. 15b) and give an indirect support of the a priori qq nature of the «0(0.98)
and A'J(1.35) done for deriving the results in Eq. 15b). Another support to this conclusion
comes from the values of the quark mass-difference obtained from the *(?3)-sum rule*'111

which agree quite well with the one obtained from Eqs. 7) and 18). We are aware of the
needed precise value of the strange quark mass in weak kaon decays and in some other low
energy processes as well as for the estimate of the value of the topological charge of the
V(1)A sector22' or the tjMnass"'"1. Our result for (mu +md) agrees with the one from an
effective potential approach2*1. However, this method seems to underestimate the values of
heavier (s,c) quark masses. Our values of the quark condensates are comparable with the
ones 25) from the "dynamical" mass approach'*' but it is difficult to control the accuracy
of the latter due to its sensitivity on the momentum integral cut-off and to the too low
value of the scale q ~ O{Mdy*) with Mdyn ~ 300MeV, at which the quark dynamical
mass and condensate are evaluated. Indeed, though low dimension condensates have been
shown to preserve the OPE.it is difficult to exclude some violent (non)perturbative effects
which might invalidate the lowest order expression :

. 4JT X

MdVn ^ ( - T " . < W > li=MJtu)» + m(Mdtn) . (19a)

However, this expression gives the numerical values:

and ~ 560MeV, (196)

which are in amazing agreement with the"phenomenological expectations for the
"constituent" quark masses:

and (19c)•-con - - - e n - 2 - r — - - , „ „ - 2 -

In contrast to Mdvn, the effective euclidian mass Mcff(q
2) a la Politzer27' can have a

much better "perturbative" meaning if -q2 » A2 despite its gauge dependence. It reads
to lowest order :

" +(3 + Q ) ~ ~ a , <V'V>> , (20«)

- 8 -



where a = 0 in the Landau gauge. At the resonance mass (say Mp) , we obtain:

M?ff~MMeV , Mt}f^ZMeV and U\u ~ 229MeV , (20b)

where we have included into the condensate contribution the radiative corrections obtained
in Ref.l9bi). The difference between Eqs.19) and 20) are mainly due to the g:-damping
of the condensate effects.

4. HEAVY QUARK MASSES FROM QSSR:

Due to the importance of the "perturbative" quark mass in the QSSR for heavy quark
ay stems5 •"', one expects that the heavy quark sum rules provide a reliable prediction of
the c and b quark masses. The value of the euclidian mass is better determined from the ip
andT sum rules due to the minimization of the radiative corrections into these sum rules
for this choice of mass definition. One obtains :

c(,2 = -M2)~(1.26±0.02)GeV ,

= -Ml) ~ (4.23 ± 0.05)GeV .
(21)

Using the relation between the euclidian and pole masses given in Eq.3),we deduce
from the Table of Ref.4) for A = (150 ± 50)MeF :

= M2) ~ (1.45 ± 0.05)GeV ,

1 = Ml) ~ (4.67 ± 0.10)GeV .

(22a)

(22b)

The value of the b-quark pole mass has also been deduced from a fit of the B and B*

masses with Ihe result2*':

Mb(q
2 = Ml) = (4.56 ± 0.05)GeV . (23)

A weighted average of the heavy and heavy-light quark results gives the final estimate:

I = (4.58 ± 0.05)GeV . (24)

One can deduce from Eqs.3) and 22a,24), the value of the invariant m and running
m(\GeV) heavy quark masses . We have from the Table of Ref.4):

= (1.92±0.18)GeV , mc(WeV) = (1.40 ± 0.06)GeV ,

= (7.89±0.09)GeV , rhb{lGeV) = (5.87 ± 0
(25)

- 9 -

The results in Eq.25) are consistent with the ones directly obtained from FESR within
expansion

1 0 ' :

mc = (2.08 ± 0.35)GeV and mb < 8,2GeV

Eqs.25) and 26) give the weighted average:

mc = (1.95±0.16)GeV .

(26)

(27)

These values are certainly useful for weak interaction and GUTS phenomenologies due to
the uses of the "perturbative" mass in these approaches.

Non-perturbative effects to the perturbative heavy quark mass can be incorporated
as in Ref. 2) and might shed light for connecting it with the quark mass used in a non-
relativistic treatment of the bound state. However, the c and b quarks seem too light
which renders this approach quite innacurate.
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