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ABSTRACT

Relatione between the existence of ODLRO in the reduced density matrix p,, (for
all n > 1) and that of superconducting currents in a hollow cylinder is discussed. Some
concrete behaviours of p,,, including the power law decaying behaviour, in the coordinate
space representation are considered and the corresponding effective superconducting par-
ticle densities are given. Some restraint conditions caused by the existence of the ODLRO
{including quasi~ODLRO) have been found and discussions on the minimum unit of flux
quantization are also included.



1. INTRODUCTION

In 1962, C.N. Yang introduced the important concept of off-diagonal long-range
order (ODLRO) and put forward the following propositions in his paper [1]: a) the phase
He IT of liquid He is characterized by the existence of ODLRO in g, for the equilibrium
density matrix of the interacting He atoms and b) the superconducting state is charac-
terized by the existence of ODLRO in < e eh|palejez >, where ey, e2,¢) and e represent
electron states, for the ensemble in thermal equilibrium. After that, some efforts are made
to confirm these two propositions or to show a general relation between the existence of
ODLRO and that of superconductivity, among them are that of Bloch's [2] and that of
Kohn and Sherrington [3], the latter showed qualitatively the bearing of the existence of
ODLRO on that of the superfluidity. In this paper we further consider some concrete be-
haviours of the density matrix p,,, including the power law decaying behaviour, to discuss
the relations between the.existence of ODLRO in g, for any n > 1 and the appearance of
the superconducting currents in a hollow cylinder and to give quantitatively the effective
superconducting particle densities. In the following, we first describe the model in Sec.2,
then give the relationship between ODLRO (including quasi~-ODLRO) and superconduc-
tivity in Sec.3, where some restraint conditions caused by the existence of ODLRO (or
quasi-ODLRO) are found. Discussions on the minimum unit of flux quantization and the
conclusions are included in Secs.4 and 5 respectively.

2. MODEL

Similar to Bloch’s model [2], we consider the axially symmetrical equilibrium state
of N identical particles obeying either Bose of Fermi statistics with mass m and charge
e in a circular cylinder of length L, large compared to the outer radius R and the wall
thickness d. We assume d is small not only in comparison with R but also the penetration
depth A << R. Denote r and z the distance from the cylinder axis and a distance in the
direction parallel to the axis, and we use the length z = r#, instead of the angle # around
the axis, as the third position variable and denote the corresponding tangential direction as
the z direction. Since d << R, we may write T = E#. In the system considered, there also
exists a static magnetic field, described by a vector potential A with only the x component
and being independent of # and 2. Due to the axial symmetry, we only need to deal with
currents in the x direction, which is given by [2]

=
2z R

—’j——(l ~a) < fpell > (2.1)
n mRi

where < &lp,{t >=< a}a, > is the equilibrium density matrix with the orbital angular
momentum £ (in units %) around axis and o = ®/®* = 2rRA/|2rhe/e] is the magnetic
flux, contained within this radius R of the cylinder, measured in units of ®* = 2xhic/e.
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If the current I' in the equilibrium state depends on the vector potential A, for
instance, they are related by the London equation, then the system is superconducting,
since in that case the electric field E is not needed to maintain I* undecaying. Therefore
whether the system is superconducting or not is determined by the dependence or inde-
pendence of I' on A, which in turn is determined by the behaviours of the reduced density
matrix p, in the coordinate space representation, as seen below.

3. RELATIONSHIP BETWEEN ODLRO AND
SUPERCONDUCTIVITY

Since we only deal with the currents in z direction in the present case, so the
other variables r, z and the spin variable 7 may be traced over, for example

< zi|pi|xL >= Zf] < ¥yran|pi|ziren > drdz {3.1)
"

In the £ representation, we have

2<i<n
N-—n)! "=
<£1Ipi'£1 >= EJV_-"]_%T E <El,...,en|pn|21,...£u = (3.2)
L oa}

while
< by bylpnlly, .y >= (ZWR]'"f.../da:l...dzndz'l...dx:,

< Tiyenns TnlPalh, .2l > exp{z'ZE.-(;r,- — =8}/ R}, (3.3)

where £; takes integral value 0,%1... We mention here a useful property of p,,, which
states
< ...,fa,...e,q,...‘pnl...,ﬂﬂ,...,f,@,... >

=< ...,Eﬁ,...,tm...Ian'...,Eg,...,Ea,... o> (3.4)

From (2.1) and {3.2-3) we see that J' is related to < =y,...,z,./p.l2} ... 2!, >,
the explicit form of which can only be derived from microscopic theory for given system.
Here, will not give the derivation of the explicit form but investigate the problem of
the existence of the superconducting currents in the system, provided the behaviours of
< Z1yen 3 EnlPalTh, ..., 25 > in the coordinate space representation are known. We first
discuss a perfect case.



1. Perfect case

Assumne

< Tyye s TaltalT - Th > = g (X (G (6D
= gn(og{fi},{ﬂ}} exp(fian/R), (35)

where X = z; — 2}, £ = x; — z; and ¢ = 2} — 2} for 2 < ¢ < n. Clearly, p, has ODLRO
as defined by Yang [1]. From (3.3) and (3.5) we now have

< Ly,... ,E,.,]p,,]t’.l,. Lol =

AM, = pa) < by, Epalbr,. .. 8, > (3.6)
where M,, = 37, 4 and A(y} is the Kronecker delta. Eq.(3.6) means the distribution
function in the n-dimensional space spanned by axes £1,...&,, < £1,...,8.lpalls, ..., Ln >

may take non zero value only on the (r -- 1)-dimensional curve ¥}, & = p,,. Now we have
the following theorems:

Theorem 1 If{81,...,EQnEpgan,...,fgn =

= A(Mﬁﬂ 7p2n,) < 81"" selrl‘pznigl:-- . 7£2n >

then
|<i<n
Pn(pu) = Z < 817-- -,eulpn{gl,' ca >
(&}
A(Mn e pn) = Pn(“Pn + P'zf.) (37)
Proof
1€i<2n
pn(pn) == Z < e[a ---EZn!pangia--- $e‘2u >
14}
{{N —2n)l/ (N — n)}A(M, — Pn) A (Mzn — pzn)
1<i<2n
= Z <el!--'1£’2r&Lp2n'el!"'!e’Zn >
4}
n In
(N —2n)1
mﬂ(z £ - pn}A('E £+ Pn = Pan)
i=1 i=n+1
ESI;SZH
= L <£l!"'!£2ﬂ|p2n‘£l!"'1E2n>
{ed
(N —2n)!, < i
va——";]—'A( 3 & pan+Pa)A(D G~ p2a)
’ imhtl i=1

- pn(‘pn + pEn)

In particular, when n = 1, we have
<Ulpilty >=< 4+ palpr| - b1+ P2 > (3.8)

that means the density of particles at state £; must equal to that at —£, + pp, which
indicates the forming of & pair between these two states.

Theorem 2 If
<l lalonllyye el >

= A(Mn _Pn) < tm---:tnlpnulv---aen >

then
S t<tpilt>=Npajn. (3.9)
4
Proof ric
N-n)l 3"
E£<£Ip1[£>:%—ﬁjrll))—' z £, <€y, . lalpnlbyy . >
¢ S s}
N !lSiSn
:((_AT__’I‘_;' ST <l talpaltsy ot >
T
(£1+...+£n)/ﬂ,
=an./"'

Here we have used Eq.(3.4). From Theorem 2 and Eq. (2.1) we have

I' = —eh(27R%m) " (& — pu/n)N (3.10)

Since p, = Z?zl £; takes integral values, I' is generally not zero in value (for
normal systems I’ is always equal to zero in equilibrium states), unless « equals p,/n =0,
+1/n, £2/n,..., which indicates the flux quantization as shown by Yang [1]. The minimum
unit of flux quantization is 1/n, where n is the smallest r for which ODLRO occurs and
the reason will be given in Sec. 4.

Eq.(3.10) is actually the London equation with the effective number of super-
conducting particles N, equal to the total number of particles N. However, there are
non-perfect cases with ¥, < N, which will be discussed below.




2. Non-perfect cases

Now assume *) gn(Xs{El}v{E:}) = IGnQnexp{—ian/R}
gnl0, {&3,{¢]}}/ X7 when X is large (3.11)
where @,, = (1 — r }(2nR/N)™, r,eland 0 < 3, < L.

In the case when r,, = 0, p,, also has ODLRO as defined by Yang [1]. For r,% 0,
gn(X, &}, {€!}) — 0 when X — oo. We will show below that when 0 < r, < 1, there still
exists a weak macroscopic superconducting current. p,, is said to have quasi-ODLRO in
this case.

Define gn(Xs {Et'}l {6:}) = ﬂ,,f(X)gn(O, {Et};{ﬂ})

exp(—tpn X/ R}, (3.12)
where
1, when r, ¥ 0 and | X| < Ql”r" =c
fO) =4 @./1X|™~, whenr,\-0and |[X|>¢
1, when r,, =0
then
gn (X {EH {6 = an(X, {&} {6} + Aga(X, {&}. (&) (3.13)
where
AQH(X, {Ei}i {E:}) = gn(X: {Et'}’ {E:})
—§n.(X,{Ei}, {E:})
— 0, when X is large (X > a finite number A)
Since

> A(My — k)
k

—Z{zmr‘f /dzlddeg dt,
[on(X, {63 {&}) + Agn(X {&} {E‘})!ex:»(ikX/R)
_{Zﬂ NO-TIAlk - p,) +ZF (k]}(N :i' (3.14)

Nt 1<
W *Z Z < ly,... nEPn &,..
{4

*) Conditions for the existence of persistent currents may be weaker and in fact we only need

[.../dfg...dfngn(X,{E;},{Ei})

, N
= BnQuexp{ipn X/ R}/ X" g

in the following discussions, where 0 < r,, <l and 0 < 8, < 1.
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when R — oo, where

Fo(k) = E-:—R/.../dz;dXdeg...de,‘__-g:’:)):

Aga(X, {&}, {&}) exp(ikX/R).
If we assume
Agn(X. {&}{&}) < Baa(0,{&:} {&)) {3.15)
where B is a finite number, then we have

A
Falk) z/n dX{21rR}“[...[d:‘ldﬁg...dfn{(x IJ)'

Aga(X, (&}, {:}) exp(ik X/ R)
A
< BN / dX exp(ikX/R)/(27R) << B N1="" (3.16)
a

when 0 < r, < 1and N — co. Eq.{3.14 — 16) means that the distribution function

I/\

i<n
< By Ellpnlly, .l > A(M,, — k)

—

&

-

has a very high peak when k = p,,, and we call this phenomenon the condensation of p,,
in the n-dimensional angular momentum space and denote the height of the peak as the
condensation quantity, which equals to §, N'~" in the present case. Similar to Theorems
1 and 2, we can easily prove the following two theorems:

1€i<n

Theorem 3 If z <&y, banlpanlly ... H2n >
{£:3 .
N-1)!
A(Ma, — n) = ( an*r’n
(Mzy, — pan} —“"—“(N_zn)!ﬁz
then
a)
1€i<2n
. N 2n)!
Pn(PH) = o ( ) Z S ST 7

!
- @
ﬁ2n|ela e 1!2;1 > A{Mn - Pn)A(M2n - PZn)
= ﬁn('—pn -+ p2n)

8
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b)
- N -1 1-r,
an(pn) = %ﬂ%’;BZnN( 2”'] (3.17)
o .
Theorem 4 If
1<i<n
z < gl!““n‘pﬂ!eli"‘aln >
{2}
(N -1 -
A ﬁ4; —Pr) = —=8, {L—ra)
( Ps) (N_n)!ﬂ N
then
a)
Zf < ayle >= B NUp, I
£
b)
< lpije>= NI (3.18)
P)
where
<i<n
) (N —n)1 '3
< Ep | >= <l oy lpnly, . B >
|71 (NTI) [;‘} L lon €y
A(Mn _Pu)

Theorern 4 means that the condensation of p,, {for 0 < r, < 1) in the n-dimensional
momentum space leads to the restraint condition, on the movement of the particles, that
is, effectively, angular momentum a fraction g,N(1~7n) of particles’ only takes discrete
values 8, N{!=~)p, (since p,, only takes integral values). We say, the movement of this
fraction of particles is now restrained. This is vitally important for the existence of the
macroscopic superconducting currents, as shown by the following relations:

< Lp e >=< g > + < Ll(p — F1)l€ >

and
I' = eh{2rR*m) ! Z(E —a) < {p it >

£
= ~eh(2R*m) " a — p./n)B NI

+eh(2nR*m) 1Y (- a) < flpy - € >
£

= H(n) + J(n) (3.19}

Because of the restraint condition, the first term H(n) in {3.19) is, like Eq.(3.10), generaily
not zero and have a macroscopic contribution to the superconducting current ' when

9

0 < rn < 1, since 8, N(1=") ig gtill a macroscopic quantity. As for the second term
J(r), if there is no restraint conditions like Eq.(3.18) for the second part of particles
e < ti{pr— 1)\l >, then the second term has no contributions to the current I', J{n) is
zero as that for the normal particles (a normal system has no ODLRO or quasi-ODLRO
for all pn,, and, hence, has no restraint conditions and }°,£ < £p,|¢ >=0). In that case
we have

I'= —eh(2xR2m) " (o — pp/n) B N, (3.20)

which is also London’s equation with N, = g, N(!-"») < N, However, there may ex-
ist ODLRO or quasi-ODLRO for pn:, when n’ > n, p,r may be condensed in the n’-
dimensional angular momentum space with a larger value of the ¢condensation quantity.
So it is possible that the movement of more particles are restrained by a similar restraint
condition (it is reasonable to assume p,:/n’ takes the same discrete values as p, /n does,
some discussions are given in Sec.4), then N, should be the largest effective number of
particles whose movement is restrained. So the effective superconducting particles can be
generally written as

N, > B, N0 for 0<r, <1 (3.21)

From the above discussions, we see that supercenductivity is caused by the macroscopic
condensation of p,, in the n—-dimensional angular momentum space spanned by £,,...,4,,.
For the present cases discussed, we need 0 < r, < 1 and 0 < 3, < 1 to observe the

macroscopic superconducting currents in the system.

4. THE MINIMUM UNIT OF FLUX QUANTIZATION

Yang (1] pointed out that the minimum unit of flux quantization is 1/n, where n
is the smallest n for which ODLRO occurs. Here, we give some discussions on the basis of
the foilowing theorem

Theorem 5 If

1€ign
E < Ell"'agulpnlely---en >
ti}

A(M,, — pn) = A, inorder of N™(~ N}

1€i<2n
then Y <fi,...,fonlozalts,- lan >
{5}

A{Mzn — pau) ~ N*™ for pan = 2pn

Here we have assumed N — oo. Theorem 5 can be easily confirmed by using the following
relation
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I1€i<n
Tr aF ...af ag...a, A(M, —p.) - A >0
{£:}
where
<&y, ., 8 eafly,. . 8, >= Tra.:; ...aj’lagl by,
Since
i M
3 <ty o)ty e >= - ~N™,

(&}
Theorem 5 means that if p, has ODLRO or it is condensed in the n—dimensional momen-
tum space, then pa, will also be condensed in the 2n-dimensional momentum space with
Zf:l 1; = 2p,, or pan has also ODLRO. The impottant thing is ps, = 2Zp, only takes
value 0, +2,+4, if p,, takes 0, £1,+2 ... Therefore, if we use py,, instead of p,,, to discuss
the unit of flux quantization, then the unit of flux quantization is still 1/n, not 1/2n, where
n is the smallest n for which ODLRO occurs.

5. CONCLUSION

From a simple model, we show the relations between the existence of ODLRO
(including quasi-ODLRO) in p, for any n > 1 and that of the superconducting currents.
Some concrete behaviours of p,, are considered. It is indicated from our discussions that the
superconductivity is caused by the macroscopic condensation of py, in the n-dimensicnal
momentum space, which happens when 0 < #, < 1 and 0 < r, < 1 for the present
discussed cases. The effective number of superconducting particles N, equals the largest
number of particles whose movement is restrained by the restraint condition caused by the
existence of ODLRO or quasi-ODLRO in p,’s. It is also argued why the minimum unit
of flux quantization is 1/a instead of 1/2r, where n is the smallest n for which ODLRO
occurs.
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