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Sawtooth Oscillation in Tokamaks

W. Park and D. A. Monticello
Princeton Plasma Physics Laboratory
Princeton, NJ 08543

Abstract

A three-dimensional nonlinear toroidal full MHD code, MHSD, has been
used to study sawtooth oscillations in tokamaks. The profile evolution during
the sawtooth crash phase compares well with experiment, but only if neo-
classical resistivity is used in the rise phase. (Classical resistivity has been
used in most of the previous theoretical sawtooth studies.) With neoclassical
resistivity, the q value at the axis drops from 1 to about 0.8 before the crash
phase, and then resets to 1 through a Kadomtsev-type complete reconnection
process. This Ag, >~ 0.2 is much larger than Ag, ~ 0.01, which is obtained
if classical resistivity is used. The current profile is strongly peaked at the
axis with a flat region around the singular surface, and is similar to the Tex-
tor profile. To understand this behavier, approximate formulas for the time
behavior of current and ¢ values are derived. A functional dependence of
sawtooth period scaling is also derived. A semi-empirical scaling is found
which fits the experimental data from various tokamaks. Some evidence is
presented which indicates that the fast crash time is due to enhanced effective
resistivity inside the singular current sheet, generated by, e.g., microinstabil-
ity and electron parallel viscosity with stochastic fields at the x-point.
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Since sawtooth oscillations! were first observed in tokamak experiments,
Kadomtsev's model? had been successfully used to explain major features
of the phenomenon. More recently, however, various new experimental fea-
tures of sawteeth have been reported,>® some scemingly contradicting the
Kadomtsev model. Among these are the “anomalously” fast crash time, g
value 2t the axis substantially below one, compound structures, and succes-
sor oscillations. To explain these features, alternative mechanisms have been
proposed, some using modified Kadomtsev models,®” and some using entirely
different ones.™8

In the present paper we show that the Kadomisev model can explain most
of the new experimental results. One basic difference in our study, which is
crucial for the final conclusion, is the use of neoclassical resistivity. {Classical
resistivity has been used in most previous theoretical sawtooth studies.) The
main tool for the present study is a three-dimensional magnetohydrodynamic
(MHD) code, MHSD.

The MH3D code solves the full nonlinear compressible resistive MHD
equations in a three-dimensional toroidal geometry. The time step is limit :d
by the shear Alfvén wave instead of the compressional wave. The stabilization
of the compressional wave is achieved simply by making implicit the diagonal
part of matrices which result from the compressional wave in the difference
equations. This “quasi-implicit” scheme which was also used in our previous
¢ les, MH2D ® and HIB,' is found to be at ieast as effective for our cade
as the more elaborate “semi-implicit” scheme.!’ The large parallel thermal
conductivity is accurately treated using the technique of arlifictal parallel
sound as explained in Ref. 10.

The computer simulation closely mimics experiment, as the toroidal voit-
age at the wall (a boundary condition in the sitpulation) and the initial con-
ditions determine the subsequent evolution of the plasma self-consistently.
When an auxiliary heated plasma is simulated, a power deposition profile is
required as input.

Figure 1 shows the X-ray traces during sawtooth oscillations in the sim-
ulation with Lundquist number § = 16° and TFTR machine parameters.
Figure 2 shows magnetic field puncture plots dnring a sawtooth crash, which
correspond to 2 Kadomtsev-type complete reconnection. The ratio between
the mixing radius to the q=1 radius is about 1.4 in both the simulation and
the corresponding experiment. {When classical resistivity is used in the sim-



ulation, this ratio is less than 1.2, as the resultant q profile inside the singular
surface just before the crash is verr flat and near one.) Temperature pro-
file evolution during the crash phase compares well with experiment, both
showing a hollow profile inside the island and in the final state.?

Figure 3 gives the g, values at magnetic axes as a function of time. When
two values of ¢, are present at a given time, one is g, of the magnetic island
while the other is of the original main plasma. The drop of g, of about 0.2 is
found to be independent of the S value used in the calculation, because the
sawtooth period scales as S, as explained later.

The drop in ¢ of Ag, >~ 0.2 is more than an order of magnitude larger
than Ag, ~ 0.01 which is obtained if classical resistivity is used, even though
the neoclassical resistivity value itself is not much different from a classical
one. This is because the neoclassical resistivity profile has a large second
derivative near the axis that makes the current peak very quickly there, as
shown in Fig. 4(2). (This head and shoulder type current profile has some
similarity to Textor profiles.’) This gives the g profile of Fig. 4(b), This
behavio- -an be understood quantitatively from the following derivation of
its approximate time response.

Here it is sufficient to use a cylindrical model where the ¢ = 1 surface lies
at » = r,. By operating with V2 on the flux equation with v, =0,

By /8t =V = 9J,
we obtain a toroidal current diffusion equation,
8J /8t = V3(nJ).

For moderate inverse aspect ratio €, 7 ™ 7tarsicat(T)/(1 — 24/€). This formula
is matched smoothly to a thin transition layer at the axis (¢ = /R = 0),
where 7 ~ P(€?) to ensure analytic behavior. Near the axis in ohmic plasmas,
the variation of 77 due to temperature (T) dependence is much smaller than
the variation due to ¢ dependence from trapped particle effects. Hence, we
assume that # is invariant in time. Multiplying both sides of the toroidal
current diffusion equation by 7, and introducing ¢ = 7J, we obtain

dE/at = 1V,

The € profile inside the mixing radius just after the sawtooth crash is almost
identical with that of 77 because J is almost constant there. [In the toroidal
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case, RJ ~ Const. as the dashed line in Fig. 4(2).] Given this initial condi-
tion, with a large second derivative near the axis, the above equation for £ will
give, to the leading order, flattening of £ around the axis in a region r < r,
where r3/n = t at time ¢. Thus J o 77! o (1 —24/€) inside r = r; will connect
continuously to the r > r, region where J >~ 2. The transition layer of 7 at
the axis will make the J profile smooth near the axis as shown in Fig. 4(a).
Note that the peak value J, stays the same because n(€ = 0) = Nuassicats
independent of the transition layer thickness. (These characters also can
be derived from the above procedure using a more accurate expression of 7
which explicitly describes the transition layer, as long as the layer thickness is
smaller than r,.) The value of J, is then J, ~ 2/(1 — 24/¢,), where ¢ = 7/ R.
The safety factor on axis, go(t), is then

%(t) = 2/‘]o(':) ~1- 2\/E: =1- zﬂ/zu(t/ru)ll‘:

where ¢, = r,/R and the skin time is 7, = r¥/n. This formula basically
describes the behavior of g,(¢) shown in Fig. 3.

In light of the above, previous theoretical sawtooth studies®® which rely
on classical resistivity for their conclusions need to be reexamined. For exam-
ple, Wesson,? using classical resistivity, assumed a very small Ag, during the
sawtooth period to arrive at his model of 2 fast sawtooth crash. Neoclassical
resistivity, which should be valid for preseni-day large tokamaks, gives a Ag,
more than an order of magnitude larger.

The behavior of go(t) shown in Fig. 3 may also explain experimental
results® which obtain g, values much below one during the entire sawtooth
period. Figure 3 shows that g, stays much below one during a large portion
of the sawtooth period. Due to the rapid initial drop of ¢,, any measurement
with substantial integration time will yield a value of ¢, much below one.

The crash time of sawteeth has been called anomalously fast, and alter-
nate models have been proposed to explain this time scale.”™® In our simula-
tion, the crash phase corresponds to a complete reconnection process. In a
reconnection process, the topology change may proceed with a time scale r,
(Petchek scaling), 72/271/2 (Sweet-Parker scaling), o 7, (slow resistive time).
It has been shown accurately in a two-dimensional cylindrical simulation that
the m=1 reconnection proceeds in the Sweet-Parker time scale ( 71/ rlia
or equivalently, ~ 7/2).% In our present three-dimensional simulation, the
same time scaling is obtained. This time scale in typical TFTR. parameters
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is a few msec, if it is assumed that the resistivity inside the singular current
sheet at the x-point is the same as in the bulk plasma. (Note that 7 in the
above scalings represents the resistivity at the x-point.) However, inside the
current sheet, the current density is orders of magnitude larger than in the
bulk plasma and strong gradients of temperature and density exist. Thus a
larger effective resistivity due to microinstability is likely. Moreover, since
some stochasticity near the x-point is always present in a three-dimensionzl
process, an increased effective resistivity due to electron parallel viscosity
will be present at the x-point. A quantitative answer to this !ayer physics
(which is lacking at the present) is necessary to estimzte the reconnection
time, and thus the sawtooth crash time. In TFTR discharges the sawtooth
crash time varies anywhere between a few msec to tens of psec. (The slower
time matches the Sweet-Parker time with non-enhanced resistivity.) One
prominent experimental feature is that a very fast crash sometimes immedi-
ately follows a slow crash and the resultant signals are indistinguishable from
the slow case except for the crash time scale. It has been also shown that
the temperature profiles during a very fast crash agree well with our three-
dimensiona! simulation result using neoclassical resistivity. All these facts
strongly suggest that the reconnection process with an enhanced effective
resistivity at the x-point is responsible for the faster crash times observed in
experiment.

One of the most important parameters of sawteeth which affect tokamak
aperation is the sawtooth period. For example, the ignition threshold for
tokamak can depend on the length of the sawtooth period. Unfortunately,
however, the sawtooth period has probably been the leest understood part
of the sawtooth mechanism. Our three-dimensional simulation results show
that a sawtooth cycle consists of twe distinctive stages. The first phase starts
from the nearly toroidal symmetric state with the g value slightly higher than
one inside the mixing radius (with g, = 1), which results from the previous
sawtooth crash. The second phase bigins when the island starts to grow faster
than the resistive time scale 7,. During the first stage, an island sometimes
exists but its size changes only slowly in a time scale > 1. There is no
singuniar structure involved at this stage, thus the plasma evolution occurs in
a 7, time scale. (Thz nonexistence of a singular structure has been tested
by reducing 7 in the simulation.) During the second stage, the island grows
and completely replaces in the original central region, in the Sweet-Parker



time scale, (7}/*r1/%). Since the first stege is much longer than the second
crash stage, we can use the scaling of the duration of the first stage as the
sawtcoth period scaling.

As mentioned before, the first stage does not contain any singular struc-
ture, and thus evolves in the resistive time. This implies that the sawtooth
period is proportional to the resistive time scale, 7, o 7, o« 4. This is the
case in the simulation. (This differs {from previous studies where the instabil-
ity growth time determines the sawtooth period, which is then proportional
to a fractional power of 771.141%) Nonlinear stabilization, including the effect
of the rapidiy changing q profile, and low shear around the singular surface
are probably responsible for the absence of a fast growing mode during the
first stage.

We can deduce some additional functional dependence of the sawtooth
period from the fact that the character of the neoclassical resistivity largely
determines the evolution of the current profile, as mentioned in the deriva-
tion of go(¢). If we look ai only the inside of the mixing radius during the
first stage, the current profile at a given time, ¢, after the start of the first
stage is approximately a function of (t/7,) and the neoclassical resistivity
profile with constant temperature. Here, the resistive time 1, is defined as
72 [0e o T2 Z4e55/T3?, where the subscript o means at the axis. Since the
neoclassical resistivity profile is a function of ¢,, the inverse aspect ratio of
the singular surface, €5, the inverse aspect ratio of the boundary layer at
the axis, and the Z.5; profile, the time dependence of the g profile will be
g(e,t) = F{(t/7x), €., €5, Zegs(€)]. Then the functional dependence of the saw-
tooth period is

Tor = Tafl€ar€s; Zegs(€)].

Here we have assumed that pressure effects ars negligible. (This assumption
seems to be valid even in a neutral-beam-heated TFTR plasma with peak
€fp = 0.1, in which case the simulation results indicate that the gross saw-
tooth mechanism is the same as in the zero 3 case.} We tried to find a specific
scaling which fits preselected sawtooth period data of various tokamaks. It
is found that a simple function, f = ke;?, with the constant k obtained
from the simulation shown in Fig 3, fits weli with the experimental data as
shown in Fig. 5. (The open circles are neutral-beam-heated cases.) This is
a surprising result, because the data sets represent 2 wide range of € and
presumably various Z.;; profiles. This semi-empirical scaling has numerical



values of
Ter (0< e:zrn) = ng(T)Sﬂ/Z!Hi

where 7., is in msec, the major radius R in meters, and the peak electron
temperature T in keV.

The data points of TFTR sawteeth need further explanation. These
points represent the total duration of a compound sawtooth. The data points
of non-compound sawteeth would lie below the scaling line and show a larger
spread. This suggests that an intermediate relaxation mechanism tend to de-
velop during a zegular sawtooth oscillation as the Lundquist number S of the
plasma becomes very large. This subordinate relaxation in the experiment
disturbs only the annular region around the singular surface. It is possible
that such a mode may indeed develop in the low shear annular region shown
in Fig. 4in a very high § regime. (Such a simulation takes a long computing
time and will be studied in the future.) The previous picture of compound
sawteeth relies on a hollow current profile which peaks off axis.!® This is
quite different from the simulated current profile shown in Fig. 4. One way
a hollow current profile can occur is with a highly peaked impurity profile.
However this s also unlikely since the previous sawtooth crash should eject
any impurity accumulation.

Finally, some comments on the successor cscillation. We sometimes see
a successor oscillation in the simulation, but only when the -ressure is guite
high. The mechanism responsible for the suecessor oscillation in our simula-
tion is the saturation of the magnetic island due to pressure build up inside
the island, as described in Ref. 9. In the present three-dimensional simula-
tion this effect is essentially the same as the two-dimensional case studied
in Ref. 9. This is because the basic mechanism of this saturation is a local
effect, i.e., the change of the separatrix angle at the x-point from tangential
to finite due to the pressure inside the island. The present MHD simulations
using realistic experimental parameters (except the S vclue) did not produce
any island saturation at zero J. This suggests that successor oscillations in
ohmic plasmas may be due to non-MHD effects.

We wish to thank K. McGuire for experimental data, and A. Boozer,
C.5. Chang, L. Chen, S. Jardin, H. Strauss, and R.B. White for helpful
discussions. This work was supported by the United States Department of
Energy under Contract DE-AC02-76-CHO-3673.
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FIG. 1.
FIG. 2.
FIG. 3.
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173,

Simulated soft X-ray traces.

Simulated magnetic field puncture picts during a crash phase.
The g value at the axis versus time.

Torcidal current and g profilcs just before the crash.

The semi-empirical sawtooth period scaling versus experimental val-
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