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ABSTRACT

It has often Leen assumed that the anomalous transport (. m saturated plasma
instabilities is “diffusive” in the sense that the particle flux. ['. the electron en-
ergy flux. g.. and the jon energy flux. g,. can be written in formns that are [incer
in the density gradient. dn/dr. the electron temperature gradient. d7T,.dr. and
the ion temperature gradient d7,/dr. In the simplest form. [ = —D%{dn:drt.
g = ~Dn(dT./dr). and q = ~Dinl(dl,/dr). A possible generalization of
this is to include so-called “off-diagonal”terms. with I’ = nV, --D%dn/dr) -
Diin/T,\(dT,/dr) ~ DY in/T,)(dT,/dr). with corresponding forms for the energv
fluxes. Here, general results for the quasilinear particle and energy fluxes. resulting
from tokamak linear microinstabilities. are evaluated to assess the telative impor-
tance of the diagonal and the off-diagonal terms. A further possible generalization
is to include also contributions to the fluxes from higher powers of the gradients.
specifically “quadratic™ contributions proportional to (dn;dr)?. (dn/dr){dT,:dr1.
anc so on. A procedure is described for evaluating the corresponding coefficients.
and resuits are presented for illustrative. realistic tokamak cases. Qualitatively. it
is found that the off-diagonal diffusion coefficients can be as big as the diagonal
ones. and that the quadratic terms can be Jarger than the linear cnes. The results
thus strongly suggest that the commonly used “diffusive” approximation with onlv
diagonal terms. [ = -~ D%{dn. dr). and correspondingly for the energy fluxes. is not

adequate in practice.
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. INTRODUCTION

Standard forms for transpert equations and fluxes have heen discussed recentlv by D.
\W. Ross.! Here. these equations will be extended in various ways and the coefficients will
be evaluated explicitly for the quasilinear transport due to linear tokamak instabilities in
realistic. illustrative cases. This will allow a test of the so-called -diffusive” approximation.
where the quasilinear particle and energy fluxes of electrons and ions are linear in the densitv
and remperature gradients. In this work, a pure hydrogenic plasma is considered so thar the
equilibrium densities satisfv n, = n, = n. and dn,/dr = dn,/dr = dn.dr. and the electron
and ion quasilinear particle fluxes are equal on any chosen magnetic surface. [, =TI, =T
Defining @, as the total energy flux for species ). the {3/2)['T, convective part is subtracted
out. giving g, = @, — (5/2)I'T,. Alternative forms of the couvective part are compared in
Ref. 1. and it is concluded there that (5/2)['T, is the correct form. The simplest forms of

the diffusion equations are

ge = —Din—

, = —Din—.
e dr

Here. only the so-called ~diagonal™ terms are kept. The generalization to include the so-
called ~off-diagonal™ diffusion coefficients. as well as corresponding anomalous convection

{pinch) velocities. 5. V., and V] . is

nd .ndl, _ ndl,
T=nli-Dig - Diy5° - Dip 2
) dn dT. _ . 4T "
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Equations {2) can be conveniently written in matrix form as

T/n 1. Dy Dy DY fdn'drin
g/inTy | =1 v 1~{D D D || dTar) 1L }. '3
q./(nT) \v/ \or D D tdT,'dry T,

Normalizing this way. one finds that all of the diagonal and off-diagonal D¥ rwhere ) and
k£ = n. €. and {) have the same units (m*/sec. say). and so are directly comparable. For
notational convenience. write I = [/n. § = qi(nd;). kg = =(1 npidnidry. and &) =

~1 T,.dT, dr). 5o tbat Eq. {3 becomes

r Va on D D Kn
e|l=(% ]| D D D)« ). (4
& v, D Dt D)\

Equation (4} can be regarded as a ~Taylor series” for the fuxes. I, .. and ¢, in powers
of the gradients. k.. x.. and «,. truncated at first order. The extension of Eq. (4} to second

powers in the gradients is

r 1, D bt fon
e i=lVe |- D7 D: D; K
& | oy Dy D £,

Ein Ee ERN\ (kK2 Fre & F2 LR,

~ [ £ Er ET k2 + | Fre F® Fo Ko 5

Emn Eee EF K2 Fre FEM™ F& SR,
Equation i4) is a good approximation to Eq. {3) if the quadratic £f* and F contributions
to the fluxes are small compared to the linear Df contributions. and Eq. (1) is a good
approximation to Eq. (1) if the off-diagonal fo are small compared to the diagonal D} and
the 1) are small compared to the Df contributions. [t is these conditions vhich will be

investigated here for realistic tokamak instabilities.

A comprehensive electromagnetic kinetic eigenfrequency eigenfunction code’ for high
toroidal mode number tokamak instabilities such as the trapped-electron-n, mode and the
MHD ballooning mode is emploved here. This code also calculates the quasilinear fuxes of

particles and energy for each plasma species using formulas which are direct generalizations
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of those derived in Ref. 3. The eigenmode equations. the solution methods emploved. and
the quasilinear flux expressions are all presented in detail in Ref 2. so this material will
not he repeated here. However. this calevlation can be described brieflv as censtituting a
solution of the linearized gyvrokinetic equation in toroidal geometrv without any frequency
expansions. using a model collision operator. Tt emplovs the ballooning formalism at lowest
order in ! n (toroidal mode number). so the calculation is local to a singie. chosen mag-
netic surface. Thus. the calculation includes transit frequency harmonics ; Landau damping.
etc.) for circulating particles of each species. bounce frequency harmonics for trapped par-
ticles of each species. magnetic drift frequency effects. and full finite Larmor radius effects.
Input data. such as radial densitv and temperature profiles. for the calculation of the re-
sults presented here come either from experimental measurements or from transport code
results. The MHD equilibrium used in the instability calculation is computed numerically
from the corresponding pressure and safety factor profiles, or else an algebraic model MHD
equilibrium is used. .

The quasilinear fluxes. while being onlv bilinear in the fluctuation amplitudes. can in
general be nonlinear in the density and temperature gradients. Given a set of gradients.
Nn. Ke. and ,. the code calculates the quasilinear particle and energy fluxes. [, g,. and §,.
proportional to the square of the unknown saturation level @y for the perturbed electrostatic
potential of the mode. The results to be presented here will allow us to assess the strength
of this nonlinearity in the gradients.

The specific procedure for doing this is described in Sec. II. Numerical results for
realistic tokamak cases are presented in Sec. III for the linear truncation m Eq. (4) and in
Sec. IV for the quadratic truncation in Eq. (53). Discussion and conclusions are given in Sec.
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11. Gradient Variation

For practical computation. start with a base parameter ser. denocied by a zero super-
script. and compute [, 0. and @° for ko = K0, k., = 2. and », = x?. Here. a2 x]. and
xY will represent the actual experimental or transport code values on a chosen magnetic
surface. Then. define a series of parameter sets in which x,. %.. and &, are varied slightlv up
or down by amounts Ax,, Ax,. and Ak,. respectively. in different combinations. from the
base parameter set. with [™. ¢™. and ¢™ being recomputed for each of these sets of gradient
values. where the superscript m identifies the parameter set. The x,,. s.. and ~, values for
the needed parameter sets are all listed in Table .

Only results for parameter sets 0 to 3 are actually needed to evaluate all of the Df in

Eq. {1). Using standard formulas® for the numerical evaluation of derivatives. it is found

that
Dr = . Dt = . D= —
" At " YN ? AV
SRR . _#-8 & -
=Je " d pe_de" 9 1 e " de ;
D] = < v D - 6)

' AR, t Ak, ' Ax,

to lowest order in the Aw;/x9. Once the Df have been evaluated, then the anomalous

convection velocities are given. from Eq. (4). as

V,=T° - D2wl — DEx? — DER0.
r ) R -
V.=42 - D20 - D:rcg . 1)
‘e B0 n, 0 e O 1.0
Vi=¢q — DFn; — Dix] - Dix].

in evaluating the D¥ in Eq. (5. results for parameter sets 0 to 6 can also be used. and

the same results are necessary to evaluate the EJ""‘. Results for all of parameter sets 7 to
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13 are needed to evaluate the F¥ in Eq. 153). Again using standard formulas® for numerical

evaluartion of derivatives. it is found that
1‘-1_1‘-4 [-._l'-a 1‘-3_’6
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1 ad 20 o 3 _ oo
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to lowest order in the Ax,/x9. From Eq. (5). the anomalous convection velocities are then

given as

- ~0 n 0 0 0 iy 042 ee, 0,2 1,042 ne 0 .0 :,.0,.0 er 0 0

Vo=T _Dn n—D!e'l E—D:lhl-ETln(Kn) _En {x,) _E: (Kx) "Fr\ Kn'\e_F: Rk, =g Kehy.

- - H - 0,2 . 0,0 0.0 0.0

b = = DIR - DERD = Di? = ET k1% = E5en o E2H () Fenlnl = Fmdnd = FEtni.
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However, there are some practical questions as to what to include in the variation process
s0 as to pick up various indirect effects. Specifically. in the fully electromagnetic version of
the computer code. as dn/dr. dT./dr. and dT,/dr are varied. n. T,. T,. By. 3. and the toroidal
mode number are held fixed. Aiso. the changed converged values of the eigenfrequency . are
used. which can depend on all of the gradients in a nonlinear fashion. and which can thus
introduce nonlinear dependence on the gradients into the fluxes. A difficult question is what
to do about the undetermined saturation level oy for the perturbed electrostatic potenriai
that enters the quasilinear flux formulas. It is decided here to take jecp, 1., = C Ayr, .
a mixing-length type assumption. where r, is the total pressure gradient scale length. so
that all three of the changing equilibrium gradients enter the saturation condition. Here.
C is kept constant during the gradient variation, but is chosen at the end to set the final
D¢ (often called y.) to an experimentally tvpical value. say 1 m®/sec. This is an ad-hoc
saturation criterion. in the absence of a generally accepted nonlinear theory for these modes.
but it should be adequate for the present purpose of investigating the nature of the gradient

dependence of the fluxes.

I1l. Diagonal and Off-Diagonal Diffusion Coefficients

In this and the next section. results will be presented for several cases. The first corre-
sponds to a Tokamak Fusion Test Reactor (TFTR) “supershot.”® {shot 35782).% The radial
profiles of n. 7,. and 7, come from experimental measurements. and the MHD equilibrium is
computed numerically with the corresponding pressure and ¢ profiles. Here. the MHD equi-
librium is held fixed as the local gradients are varied. The instability calculation is carried out
for the trapped-electron-7; mode on a chosen magnetic surface with r-a >~ 12, The local pa-
rameters on this surface are: ¢ = 1.54. (r-gq){dg/dr) = 1.18. n. = n, = n = 2.91 x 10¥m~%.
r. = —idlnndr)™ =0345m. T, = 412 keV. ry, = 0282 m. 0, = 1L.43. T, = T.17
keV, r;, = 0152 m.n, =227 7.7, =174 r=0413 m. a = 0.792 m. Ry = 2.45 m.

=4d

By = 472 kG. J = 1.05%. toroidal mode aumber = 33. Ayp, = 0.495. and v. = v,



icollisionless). Then. for the trapped-electron-n, mode on this surface. the eigenfrequency
i$ o wie = —0.749 ~ 04717, or = = {278 = 1.75{) x 10%sec™!. for the eicenmade with the
fewest nodes along the field line for the perturbed potentials. which balloon strongly to the
outside of the rorus. The corresponding basic gradient parameter values are x, = 2.90 m~'.
Ke = 4.14 m~'. and w, = 6.37 m~!. In this case. Ax,. Ax.. and Ax, are chosen ro be 17
of the corresponding basic gradient values. Then. computing I'™. 4™. and ¢ for parameter

sets m = 0 to 3. as defined in Table l. and substituting the results in Egs. (6) and (7. Eq.

v4) is evaluated for this case as

r ( -3\ . LTE 004 04\ o ( fin
e l=[ 13 | Z<{ 00 100 044 ]|k
o) \-160/°% \oss 131 260 )%\«
n2)
w3\ {101 28\
Y I (- S LU Y
SeC 5ec sec

-16.0 241 3.1
with C = 0.134. Qualitatively. V), and 1} are inward whiie 1, is slightlv ovtward. and
each is somewhat smaller than the corresponding Dj,‘ matrix contribution. Thus. there are
substantial partial cancellations. leaving net outward fluxes for I” and §,. and a slight net
inward Aux for g.. Of course. if the (5/2)['T, convective terms are included. the total energy
fluxes are both outward: @, = 4. + (5/2) = 6.7 m/sec and Q, = & + (3/2)] = 13.0
msec with this normalization. It shouid be remarked that. physically. the 1 do not have
independent existences in the sense of allowing nonzero fluxes in the limit of zerc gradients.
Rather. thev reflect the finite thresholds on the gradients to have instability. with the fluxes
rising steeply above these thresholds. Below the thresholds. the mode is damped and the
corresponding fluxes are just zero. This implies that the response to a perturbatica of the
gradients would be larger than estimated from the steady-state fluxes on the basis of Eq. (1).

where there are no anomalous convection velocities. In rhe Dj‘ term in Eq. (12). it is seen

that all of the diagonal and off-diagonal elements are of the same order. except for DS = 0.04.



and that D7 and D! are negative. In this case. then. Eq, {1} is a poor approximation o Eq.
(4).

The same procedure has been carried out for three other cases. These will now be
described more brieflv. The next two cases have input parameters taken {tom runs of the
BALDUR transport code’ for a uow superseded design of the Compact Ignition Tokamak
(CIT with major radius Ry = 1.6 m. Specificallv. on the chosen magnetic surface with
r-a = 0.3. at the BALDUR-predicted value of local 3 = 8.34%. both the trapped-electron-
1, mode and the kinetically calculated MHD ballooning mode are unstable. Both of these
modes will be considered as separate cases. Also. for these cases. the so-called “s-a™ model
MHD equilibrium?® is emploved instead of a numerical MHD equilibrium. with the Shafranov
shift parameter @ x dp/dr varving as the gradients are changed. In this case. the trapped-
electron-n, mode at kyp; = 0.75 has eigenfrequency w/u,. = —0.0299--0.127:. and the MHD
balleoning mode at kpp; = 0.40 has eigenfrequencv w/w.e = —1.76 + 0.0273i. The basic
parameter set has 2 = 1.70 m™'. xJ = 0.684 m~!. and «} = 0.917 m~'. with the Ax,’s
chosen to b.e 1% of the corresponding n?’s. Also, for this case. n, = 0.403 and n, = 0.5341.
Carrving through the same procedure for the trapped-electron-z, mode for this case results

in

I -3.7 301 067 02\ a2 {Ka
m m

g l=| 25 | —+[-320 oo o025} — | x

& 42 ) %€\ —a57 -0.73 130/ 5%\ k

(13}

-37\ 57\ . 20\
=25 | —+|-13]—=1{-20] —.
42 ] 5€¢ ~7.1/ %€ -29/ S

for C = 0.214. Here. V, is inward while 1, and ¥; are ourward. All of the diagonal and off-
diagonal D_’,‘ are comparable in magnitude. and the diagonal eiements are all g ositive. while
several of the off-diagonal elements are negative. Again. there is substantial cancellation
between the 1) convection terms and the D* diffusion terms. leading to net ourward [ and
to net inward ¢, and . However. again the total energy fluxes are both outward. with

Q. = 3.1 m,sec and Ql = 2.3 m/sec. in the normalization of Eq. (13).
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The correspouding result for the MHD ballooning mode is
r ~19.4) T43 411 373 2 {Kn)
3 7T | =<{-37 100 -25 | = | )
S -01 ) ¢ 1.36 21.26 -1122/) % \ s,/

-0.1
for C = 0.849. For this instability. 1}, is inward. while 1, is outward and 1, is much smaller.
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Again. the off-diagonal D¥ are of comparable or larger magnitude than the diagonal elements.
In this case. D¢, D7, and D! are negative. and the others positive. Here. there is substantial
cancellation between the convective 17, and 1, and the ccrresponding Df contributions. but
not for 1;. The net [ and § are outward. while the net §, is slightly inward. However. the
total eﬁerg}' fluxes are again both outward. with Q, = 2.8 m/sec and Q. = 9.6 m/sec with
the normalization of Eq. (14).

The last case to be considered here is a TFTR o-storage mode case® {here used without
the a-particles). again with the “s-a” model MHD equilibrium. for the trapped-electron-n,
mode with local 3 = 1.21%, 1, = 0.888. and n; = 0.713. The basic parameter set. from the
BALDUR transport code results. has x% =251 m™. k! =223 m~'. and " = 1.79 m™}. In
this case. Ak, is chosen as 10% of k2. Ak, as 1% of 0. and Ax, as 2.3% of #¥. Carrving

through the same procedure results in
F -2.9 m 188 002 -0.38 m? [ fn
@ | =1 09 | —+ | —-1.32 100 -009 ) — | K.
a 29 /% \-283 002 144 /)% \x

-29 11 1.2
={os | B+t -03} 2.
29 | €€ —135 ) €€ -16) &€

for C = 0.139. For this case. 1} is inward. while V, and ¥; are outward. Again. most of the
off-diagonal Df are of comparable or larger maguitude tiian the diagonal elements. In this

case again. several of the Df are negative. Also. there is substantial cancellation between
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the convective 1} and the ccrresponding D¥ contribucions. The net [ is outward. while the
net g, and ¢, are inward. However. the total energy fluxes are again both outward. with

Q. = 2.6 m/sec and Q, = 1.3 m/sec with the normalization of Eq. {151.

{V. Linear and Quadratic Gradient Dependences

Using the same TFTR supershot case employved in the previous section. the coefficients
in Eq. (5) are evaluated as described in Sec. {I. Recomputing the [ g and ¢™ for
parameter sets m = O to 18 as specified in Tabls I, and then evaluating the D¥. £7*. and

FH according to Eqs. (8] to (11). Eq. (3 in this case becomes

r -2003Y 168 004 071 o (xa
G {={ 953 | —~+|-087 100 =041 | —| «
@ 139.6 J 3¢ 031 L0 248 ] ¢ ik
214 0 042\ o fx2)
+[ =214 0 =042 ) —{ A2
sec %
856 631 1.87 "\ k2
0 850 =0T\ o f ke
+~ 1 -1.13 =378 099 { —— | mar, 1161
—038 -238¢ 165 / % \ spx,
[ —200.3 7 36.0 157.3 \
=[ 953 | Zsf-11)2+{-360| 2+ -581 |2
139.6 / %€\ 215 /% \ogor )% \-qu37/ %
2.7
=[-02| 2,
8.1 5ecC

for C = 0.134. With this normalization, Q. = 6.9 m/sec and Q. = 15.0 m/sec. In these
results. we see that the quadratic (in the gradients) Ef* and Ff* term contributions are an
order of magnitude larger than the linear D term contributions! What this means is that
the “Tavlor series” in powers of the gradients is in fact diverging instead of converging. The
Vs are large, giving near cancellations with the £ f" and Ff‘ term contributions. and leaving

much smaller net fliuxes. Thus. approximation of Eq. (5) by Eq. 4). let alone by Eq. /1.
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is seen to he quite unacceptable. In fact. the nonlinearity in the gradients appears from Eq.
i L8) to be sufficiently strong that the conlv acceprable course is to compute the fluxes from
the quasilinear expressions to all orders in the gradients. without ever expanding in powers

of the gradients.

V. Conclusions

A comprehensive electromagnetic kinetic eigenfrequency eigenfunction code® for high
toroidal mode number tokamak instabilities such as the trapped-electron-n, mode and the
MHD ballooning mode also computes the quasilinear particle and energy fluxes for each
plasma species. By varving separately the equilibrium density gradient. 2lectron temperature
gradient. and ion temperature gradient from an initial set of values. and recalcuiating the
paiticle flux. the electron energy flux. and the ion energy flux for each new set of values. it has
heen shown to be possible to evaluate both the diagonal and off-diagonal anomalous diffusion
coeflicients corresponding to a particular linear instakilitv. as well as the corresponding
anomalous convection (pinch) velocity. The results for redlistic tokamak cases presented in
Sec. Il indicate that: a) The anomalous convection velocities for particles and electron
energy and ion energy are large enough to give substantial partial cancellation with the
diffusion term. but are not big encugh to reverse the sign of the flux. b) The diagopal
and off-diagonal diffusion coefficients are generally all of the same order. though some of
the off-diagonal elements can be small or negative. depending on the element and the case
considered.

The formalism has also been extended here to examine the dependence of the fluxes
on srcond powers of the gradients. A procedure for evaluating the corresponding transport
coefficients is described in Sec. II. Results were presented for a realistic TFTR supershot
case in Sec. [V. which indicate that the guadratic (in the gradients) contributions to the
fluxes are much larger than the linear contributions! Iu other words. the “Taylor series™ for

the fluxes in powers of the gradients is in fact diverging. This implies that commonly used



approximations for the transport equations. such as £q. {4). where the fluxes are linear in the

gradients. are not acceptable. In this sense. anomalous transport is. in fact. not “diffusive.”
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TABLE 1. Parameter sets for gradients. Here. x, = ~(1 nhdn dry. s, = —1 T,:dT, dr .
and ~, = - 1-T,ildT,, dr).

parameter
s6t m Kn Ke Ky
0 0 0
0 Ky, Ky A
.0 . 0
1 Ko =~ AKq KY Y
B .0 L. - -0
- Ky K, =~ A, K,
0 0 .0 .
3 Ko K, Ky = Ax,
D\ .0 0
+ Ky — Axqg K, e
= .0 0 . .0
3 A\ Ko — Ak, K,
6 K8 K? 5? — Ak,
T K2~ AR, &% + Ak, w0
X .0 O AL 0
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17 K8 RY — Ak, K0~ Ak,
3 0 0 0 .
5 iy Ko = AR, & — AR,
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