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ABSTRACT

By further study of the geometry of the harmonic superspace con-
straints we make explicit the relation between the operator and path inte-
gral approaches to the manifestly covariant harmonic superstring.

In particular we find the correct complete set of functionally inde-
pendent gauge symmetries for the auxiliary variables and identify the
ones corresponding to the harmonir superfield postulate in the operator
formalism.

Then, we deduce in a systematic way the lagrangian path integral
from the well defined covariant hamiltonian icrmulation of the GS super-
string.
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1. Introduction

In a series of papers [1-4] we performed the super-Poincare covariant
canonical (operator) quantization of the D=10 Brink-Schwarz (BS) super-
particle [5] and the Green-Schwarz (GS) superstring [6,7]. Furthermore
we succeeded to construct, using the BFV-BRST ghost formalism [8],
the relevant off-shell unconstrained superfield action for the point-particle
limit of the GS superstring, i.e. the D=10 Super-Yang-Mills (SYM) the-
ory [9,10].

The main tool was the introduction of auxiliary bosonic Lorentz-
vector and Lorentz-spinor variables (u, vE *) called "harmonics” since
they form a homogenous space related to the "moving-light-cone” ho-
mogenous space SO(1,9)/S0(8) x SO(1,1) [11].

In such an approach it is natural to construct the quantum theory by
restricting the wave functions to be harmonic superfields [12] of a form
which explicitly displays certain local harmonic symmetries of the ex-
tended superspace. Therefore it was very convenient (and in fact essential
for getting the BRST (super)-field theory action [9,10] ) to work within
the operator quantization formalism.

However, much of our intuition about the string theory is comming
from the path integral formulation which allows the use of the powerful
2-dimensional conformal field theory techniques.

In the present letter we reexpress the information codified in the
structure of the "Hilbert space” of superfield wave functions ( the space
of harmonic superfields [1,10]) in the form of harmonic gauge symmetries
which are handy for the the deduction of a covariant path-integral repre-
sentation of the GS superstring.

The deduction of the path integral from a well structured hamilto-
nian formalism is essential in two ways. First, at the conceptual level ,



systems with variable structure "constants” in the constraint’s algebra
present certain ambiguities in the measure of the path integral [13] which
can be resolved systematically only by using the hamiltonian techniques.

Second, the well structured algebraic set of constraints allows us to
have complete control on the functional independence (BFV-irreducibility
[8] ) of the gauge invariances and to make sure that they really are elimi-
nating all the auxiliary variables (see sect. 2).

In section 2 we reexpress in a convenient way our harmonic su-
perspace geometry and identify the relation between certain harmonic
gauge invariances and the form of the harmonic superfields composing the
"Hilbert space” of superfield wave functions.

Ia section. 3, starting from the well defined hamiltonian path inte-
z.al we deduce the corresponding manifestly covariant lagrangian path
integral for the GS superstring by integrating over the canonical string

momenta.



2.

2. Harmonic superspace geometry
The auxiliary variables (u};, vE *) needed for the covariant quanti-
zation of the GS superstring were introduced in [1,2] as follows. The in-
dices ¢ and o transform as vector and Majorana-Weyl spinor under the
global Lorentz SO(1,9), respectively, while the indices a, :I:% transform re-
spectively ander the internal local SO(8) and SO(1,1). Due to the triality
properties of SO(8) the indices @ = 1,...,8 can be chosen to transform
under any of the fundamental (s), (c), (v) representations of SO(8).
(ug, vE %) were taken in [1,2] to satisfy the following kinematical con-
straints:
ugu® - C* =0,
u;“(v**a"v**) =0 (2.1)
(v‘*‘*a“v‘*‘*)(v'*a“v'%) +1=0

Here C®® denotes the invariant metric tensor in the relevant SO(8) repre-

sentation space.
Due to the remarkable D=10 Fierz identities (see e.g. [7] ) the fol-

lowing composite Lorentz vectors:
*o,0%4) (2.2)
are identically light-like.

Now we are going to present a simplified set of auxiliary variables
with more transparent geometrical meaning of the associated gauge in-

variances rendering these auxiliary variables pure-gauge.
First, we observe that due to the D=10 Fierz identities:

(vtio o ) (wthotv ) = —2(vtho, vt ) (v Eorud) (2.3)

Egs. (2.3) and (2.1) tell us that we can take the following composite
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space-like vector:
ud = V2(vtio,vh) (2.4)

as ope of the eight u, entering (2.1)°.

The identification (2.4) reduces simultaneously the internal SO(8)
to an internal SO(7) which will act on the indices p = 1,...,7 of the re-
maining seven space-like vectors u. This amounts to splitting the SO(8)
indices a = (p, 8) into SO(7)-vector and SO(7) singlet ones.

Thus, the simplified set (uf, vf %) of auxiliary variables now obeys

the following kinematical constraints:

Byt — 579 = 0
uBV2(vtiorv i) =0
uz(v**a"v**) =0

(Ho vt torv i +1=0

(2.5)

Next, we introduce a set of hamiltonian first class constraints describ-
ing the pure gauge dynamics of (u3, v *) (2.5) (summation over Lorentz-

indices g, a is supressed):

DPl = —uPrd 4+ unk — %v"’*a"w;* - %v‘*a’qwti (2.6)
D% = —u®qP — %v"'*asa”m?* - %v-*asaﬁr:* (2.7
D+ = -%(M,r;* —vtath (2.8)

* Actually, since {uf} form a space-like frame on the surface (2.5), we can always
rotate this frame by local SO(8) rotations such that one of the frame vectors, e.g.

u8, will coincide with the space-like unit vector ﬂ(v"’*u,,v"*).
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D*P = _y*gE - %v**a*a”wf* (2.9)
D8 = —%v*i’a*aswf* (2.10)
Do = —%v"‘*aso"w;* + %v'*asapwt% (2.11)
Here (wf *)"', (72),. denote canonical momenta conjugated to vf ]", uf:
{(=34)(©), v5¥ ()} o = 6366 - ),

{(=2)u(€), ul(m}pp = -6, 6(€ - n), (2.12)

(&, n denote the string world-sheet parameter at fixed world-
shez: time 7; in most cases they will be supressed for brevity),
uS, ut are the same as in (2.2), (2.4),

+ _ _pu,t & — 4,8 -
o= =dtu;, o° =o'y, of =o'ul,

oP1PN = glP1gPa_ oPN] (2.13)

Comparing (2.6)-(2.10) with the set of constraints D%, D—+, D*a
used previously in [1-4,10] we immediately see that:
(i) D*® spanning SO(8) algebra coincide with the subset (D?9, D%F) (2.6),
(2.7), where DP? span the SO(7) subalgebra and D®P correspond to the
coset SO(8)/SO(7);
(ii) D*° spanning the coset SO(1,9)/SO(8) x SO(1,1) coincide with the
subset (D%P, D*%) (2.9),(2.10);
(iii) D~* (the generator of the local SO(1,1)) is the same in both ver-

sions.



The meaning and the properties of the constraints D3P (2.11) are as
follows. First, we observe that the number of independent components
of (vff *, u}}), accounting for the kinematical constraints (2.5), is 52 which
exactly coincides with the number of hamiltonian constraints (2.6)-(2.11).
Next, we find:

{Df?, (D, D%, D=+, D%, D)} pp =0 (2.14)

{D®P(€), D*(n)} pp = P (€)DE(€)6(E — 1) (2.15)
AP = \/f(v—iapqrv+§)

{DSP, (ufvuzvuZ)}PB =0 (2.16)

In deriving (2.15) we used the identities:
\/f(v'%a"‘"v*'%)%(v*%asa,mf%) = :i:%(v*%crp"wf%) (2.17)

which follow from (2.5) and the D=10 Fierz identities.

From (2.14)-(2.16) we notice that the subset of constraints D8p
(2.11) form a closed subalgebra commuting with the SO(1,9) algebra of
the constraints (2.6)-(2.10) (introduced in our previous papers [1-4,10) )
and, moreover, D®? leaves invariant the frame (u¥,«3, uB) (cf. (2.16)).

Now the geometric meaning of (2.6)-(2.11) becomes extremely trans-
parent . First, with the help of (2.6)-(2.10) (subset of constraints span-
ing the SO(1,9) algebra) we can always rotate the frame (uf,uﬁ,uf‘) to
any fixed orientation in space time. Second, with the help of (2.11) which
do not move anymore the frame (cf.(2.16)), we can fix completely the re-
maining freedom in the Lorentz spinors vE 4 entering (2.2) , (2.4).
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This is the geometric manifestation of the pure-gauge property of our
. . £}
auxiliary variables (65, va?).

In order to make contact with the covariant canonical (operator)
quantization of the GS superstring and its point-particle limit - the BS
superparticle - performed in [1-4,10], let us point out that the space
of harmonic superfield wave functions for the BS superparticle used in
(1,3,10]:

o(p,0,u,0) = Z(%)...(%).”u;...u;,...a{*if")f"}(“l(p, 6 (2.18)

(r* = ulfpt = v*%ﬁv*‘})

is nothing but the space of generai solutions of the following Dirac con-
straint equations entering the covariant first-quantization formalism:

Drig =0,
D%¢ =0,
D+ =0, (2.19)
Dfg =0

where DP9, ..., DP? denote the quantized versions of {2.6)-(2.8), /2.11).
Thus, now it is not needed to postulate that the wave functions
belong to the space (2.18) of harmonic superfields where all the inter-
nal SC8) x SO(1,1) indices are saturated among the u’s and v's and
the coeficients in the expansion are ordinary superfields which do not
carry internal indices. We just take completely arbitrary wave functions
¢(p,8,u,v) with an arbitrary dependence on (u,v) and arrive systemati-
cally at the form (2.18) after solving the Dirac constraint egs. (2.19).



To conclude this section let us comment on the recent papers by
Kallosh and Rahmanov (KR) [14] where a modification of our covariant
quantization procedure for the GS superstring was proposed using es-
sentially the same auxiliary variables (u,v) and almost the same set of
hamiltonian constraints for them as those introduced previously in {1,2].

There is, however, an essential difference. The set of constraints in
[14] does not include D2 (2.9), (2.10), but rather introduces constraints
of the form (a,b =1,...,8):

K= -;-v"'*a“"w;* (2.20)

Now, recalling the identity (2.17), we find that (2.20) are actually func-
tionally dependent (p,q,r=1,...,7):

K?t —~ 4?1 K87 _ 0 (2.21)

(actually, the r.h.s. of (2.21) is proportional to the kinematical con-
straints (2.5)). Therefore, in spite of the fact that the constraints in the
KR version [14] are equal in number with the auxiliary variables (u,v),
they are insufficient , in view of the functional dependence (2.21), to ren-
der all (u, v) pure-gauge.

The break-down of the pure-gauge nature of (u,v) in the KR ver-
sion is manifested on the first-quantized level through the fact that in the
superparticle limit one obtains, using the constraints of [14], an infinite
number of unphysical supermultiplets instead of the D=10 SYM multiplet
f1s).



3.

3. From Hamiltonian to Lagrangian Path integral formula-
tion

In this section we briefly sketch the systematic derivation of the func-
tional integral representation of the covariantly quantized heterotic GS
superstring. The correct treatment, especially in the case of field depen-
dent structure ”constants” of the algebra of gauge symmetries, starts
from the hamiltonian (phase space form) of the functional integral [16,8].

For the case at hand we have:

Z= / DX*D8,DuDvDP*Dpg D, D,

DA DARDA™3*DM~3"DA,,DA*-DAEDAS (31
ezp{ig}é(x("”))A(p'-';p)“x(ham))A(;'.;M)
det=12[[T*]6(v* 1 520)5(LAB)5(045)

In eq. (3.1) the following notations are used. § denotes the hamiltonian
form of the heterotic GS action [2-4] (in what follows we are supressing
the internal string degrees of freedom corresponding to the left-moving

sector):

§= / drdf[Py0, X* + p§0,00 — ALTy — ARTr — Az ED*ie - Mgt
+ rf% oFE 4 T20,up — Agp D™ — AT—D~+ — A,’:‘:D‘tu - ]\:f)s”]
(3.2)
Each SO(8) index a appearing in (3.1) (3.2) and below is short
hand for a = (p, 8) (pair of SO(7) vector and SO(7) singlet indices).
Deb D+, D*e D®P are the same as in (2.6)-(2.11). Ty g are the left
(right-) reparametrization (Virasoro) constraints (primes indicate differ-
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entiation w.r.t. string parameter £ ):

Ty = (P, — X1)? — 4(nBul, + my 1 (vEHY) (3.3)

Te=1I%~ 446, D* (3.4)
where
II* = P* + X'* + 2i00"6’

Note the second term in 7, (3.3) which says that the auxiliary variablas
(u, v) transform under reparametrizations as left-moving world-sheet
scalars. Similarly, the harmonic constraints (2.6)-(2.11) transform as con-
formal spin one left moving world-sheet fields:

{Tc(€), D** ()} pp = —4DPU£)E' (€ - 1),

{Tr(E), DP(n)}pp =0, ete.

D+4e apd G+4¢ denote the covariantly disentangied [2-4] frst-class part
and second-class part of the fermionic string constraints D<:

D* = ~ip§ — (P* + X" +i00"8')(0,.0)* (3.5)
Dtie = ytio* 1D (36)
Gtic = %u-%aaaﬂ) (3.7)

Ar,Agr, ..., Ag denote Lagrange multipliers for the corresponding con-
straints. Let us stress that all constraints in § (3.2) except G*34 (3.7)
are first-class. The Faddeev-Popov (FP) measure in (3.1) consists of fac-

tors corresponding to:
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(i) fixing x("¢?) = 0 of the reparametrization invariance;

(ii) fixing x{**™) = 0 of the harmonic gauge invariances D, ..., D8?;

(iii) covariant fixing v+4028 = O of the fermionic x-gauge invariance
(generated by D*¥2 (3.6)) with FP factor det~®[[I*)6(v+¥0°0) where
M = wHI# = vt vt

(iv) factor det=3[{G+42, G319} pp] = det—4[II*] corresponding to
the second class constraints (3.7);

(v) fixing Q4% = 0 of the first-class kinematical constraints (2.5) col-
lectively denoted by WA The explicit form of Q4# reads [1,2]:

Q48 = Zalu® () (o4 oo ),
5 (3.8)
(RuvaeHoromd), 2otdms 4 omiath))

The FP determinant corresponding to Q4¥ is constant on the surface
PA8 = (2.5).

Now, it is straightforward to perform explicitly the integrations
over pg, A—%%, M—%e  P#. Indeed, integrating over p§ one gets the 6-
function:

5(6a + 4AROY + i(v+io® M)aATE + %(v‘*a“a*hM; h

Integrating then over Aq %, M, 4 yields a gaussian integral over P* which,
in turn, is easy performed. The resulting functional integral can be easily
rewritten in a manifestly reparametrization invariant form by introducing
the world sheet metric as:

V=99 = ~[2(AL + AR)]™",
V=99 = (AR — AL)(AL + AR)™}, (3.9)
V=99"' = 8ALAR(AL + AR)™
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One obtains :

Z= / DX*D8,DuDvD(%y)mD(Ty)mDgmn DAMN DAMAE

exp{iS}5(x\"P)ALFPS(xhe™) AL ™ 8(v+ 00)6(R4F) Atocai
(3.10)

S= Sgesgeroﬁc + Sharmonie (311)

Sharmonic = / drde/=gl(rT ) PP 8t t + (79), PP B,mu,
_ AMNP_:_'mDMN _ MABq,AB]
n m

Ajocat 18 a local determinant factor of the form :

Alot:alE‘/-DX_%'l

' 3.12)
; 2 S—%a 1 -1 nm (
ezp{i / drdév/=glx~* Pa5 (1= ps)xa FIPE"Om X u] }
where x~% are world-sheet spinor bosonic ghosts and p,,, ps denote the
world-sheet Dirac matrices.
In egs. (3.11) and (3.12) the following notations are used. P*" are
the D=2 (anti-) self-duality projectors:

mn — l mn
Pt=5(™+
The canonical momenta of (u,v) enter (3.11) as:
1
ot = VP (r ), 1= VgRE (1) (319)

Similarly, DM¥ have exactly the same form as the hamiltonian con-
straints DM (2.6)-(2.11) with all canonical momenta rE *, 73 substi-
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tuted with (xf*)m. (%3)m. The first term in the r.h.s. of (3.11) is pre-
cisely the usual heterotic GS action [7):

Sheterotic _ / drde\/-gl—%y"'“amx**a,,x‘, = 2i(PP™ B, X*)(60,000)

+ %g"'"(aa,,a,.a)(aa#a,,.a))
(3.14)
Further simplifications in (3.10) are achieved by changing variables [2]:

8y — 8E4e = (vE4008) (3.15)
with subsequent rescaling (in the conformal gauge for gmn) :
g-4e o y® = —2(9, X4u})i0de (3.16)

such that the corresponding Jacobian will exactly cancell Ajpeqr (3.12).

The final simplification is achieved by changing the gauge-fixing con-
dition QA8 = 0 (3.8) into a new one - MAB = 0 by just inserting the
standard FP unity:

1=Arp / DuwABS(MAB () (3.17)

where the integration is over the abelian group generated by the kinemat-
ical constraints ¥48 (2.5). The explicit fermionic ghost representation of
App reads:

App = / D¢y DEexpl / drdgJ=gCAB PPl an) (3.18)

Choosing the harmonic gauge-fixing conditions in the form x{her™) =
AMN = 0, the corresponding FP determinant has exactly the same form
as (3.18) with ghosts nMY fun.
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Thus, we arrive at the following manifestly covariant functional inte-
gral :

Z= / DX*Dy*DuDvD(ny,), D(r,), D¢, D{ D, Dijezp{i§} AP

(3.19)
§ =2 [ ardel-0.X#8X, ~ i TE0n = (7). 00 + (7). Dsu 020)
+(2B0:Cap + nMN Oriimn)
with the following notations :
Vet = 5989, + T2 — (8 X ul)(Be X ul) ' T'H9(5%)eq (3.21)
I = uld,ut + v=i0%0+9,v 1,
It =ufo.u, (3.22)
(5%)a = %v'ia’ca""’a‘*a’dv'*
(the latter are precisely the matrices of the SO(8) geaerators in the har-
monic (c)-spinor representation [4,10]).
Now it is straightforward to see the absence of the conformal anoma-

lies. Indeed, integrating in (3.19) over u,v, Ty, 7y, (z,C, 72, 7, ODE gets :
Z= / DX* Dyt AP exp(i2 / drdé(—8,X"0: X, — iv.V%%)} (3.23)

Eq.(3.23) is similar to the non-covariant expression in [17]. It was shown
there (see also [18]) that careful computation of the integral over ¢
(which is ;z-differential) yields complete cancellation of the conformal

anomalies.
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A very interesting problem is to compare the functjonal integral rep-

resentation (3.19) or (3.10) of the covariantly quantized heterotic GS su-
perstring with the functional integral representation found in [19] where
a specific form of the moving frame (uf, uf, uf) is used, namely, uf are
expressed in terms of the tangent vectors dm,.X, to the string world sheet,
whereas (uf, u5) are chosen to span the normal frame w.r.t. the world-

sheet.
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