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ABSTRACT 

First we present the covariantly quantized space-time supersymmetric 

superstring. The main ingredients are additional auxiliary variables and 

their corresponding auxiliary gauge symmetries. They allow a Lorentz co-

variant gauge fixed lagrangian path integral which has the form of a free 

2-dimensional conformal field theory with a finite number of 3-dimensional 

world-sheet fields and ghosts. Next we show that the path integral is 

anomaly free in 10 space-time dimensions. Then, by a canonical (operator) 

quantization we obtain in the point-particle limit the covariant equations 

of motion of the D=10 Super-Yang-Mills (SYM) theory. 
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1. Introduction 

The manifestly space-time supersymmetric string theory (the Green-

Schwarz (GS) superstring [1]), is important both theoretically (for the very 

consistency of the theory) and phenomenologically (the direct use of the 

superstring field action might improve the study of the the "low" energy 

spectrum and dynamics by systematic generation of a superfield effective 

action for the low-energy states). 

Until recently the covariant quantization procedure for the GS super-

string could not be carried out without violating the explicit geometrical 

invariances characterizing the superspace. In particular there existed no 

super-Poincare covariant quantization of the superspace particle and, con

sequently, no covariant superfield action for the relevant supersymmetric 

field theories ( N=l D=10 SYM, N=4 D=4 SYM, N=2 D=10 SUGRA, 

N=8 D=4 SUGRA etc.). 

In a series of papers [2-7] we have performed the super-Poincare co-

variant quantization of the (extended) superparticles and superstrings and 

in fact constructed [6,7] (in the point-particle limit) through the BFV-

BRST procedure [8] the relevant off-shell unconstrained superfield actions. 

The deduction [6,7] of the relevant supersymmetric field theories from 

the covariantly quantized superstring theory is a crucial test for any cor

rect covariant quantization procedure. 

The main tool we introduced in [2-7] was a set of pure gauge auxil

iary variables carrying Lorentz-spinor and Lorentz-vector indices which 

served as "bridges" reducing the D=10 Lorentz group 50(1,9) to an in

ternal SO(8) x SO(l, 1). This allowed us to recast the crucial fermionic 

"kappa"-gauge symmetry [9,1] of the GS superstring action into a function

ally independent (BFV-irreducible) way which directly lead to a manifestly 

covariant quantization avoiding the need of an infinite tower of ghost-for-

ghost fields [10]. 

In our initial papers on the subject, we employed the canonical op

erator quantization method. There, relying on the previous experience 

with off-shell superspace formulations of extended SUSY field theories 

[11], it was natural to restrict the space of superfield wave functions to 

be "harmonic superfields" of a form which explicitly displays part of the 
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local symmetries of the auxiliary variables. Moreover, the canonical oper

ator quantization was essential to get a BRST superspace action for D=10 

SYM in terms of unconstrained ofT-shell superfields [6,7], 

Recently [12], we extended our formalism to a form appropriate for 

covaiiant path-integral quantization of the GS superstring. For the path 

integral it is necessary to have all the local symmetries expressed dynam

ically rather than through kinematical conditions on the wave function. 

Consequently, we had to reexpress the information encoded in the form of 

the harmonic superfields into the form of additional gauge invariances. For 

this purpose it proved useful to further reduce the internal 50(8) gauge 

symmetry for the auxiliary variables to an internal 50(7) one. 

We start in section 2 with a review of our [12] covariant BFV hamilto-

nian (phase-space) form [8] of the path integral (2.30). 

In section 3 we deduce from it the covariant gauge-fixed lagrangian 

path integral (3.25) through functional integration over the canonical mo

menta. The covariant lagrangian gauge-fixed action (3.26) represents a 

free 2-dimensional conformal field theory with a finite number of fields and 

ghosts. 

The deduction of the path integral from a well structured hamiltonian 

formalism is essential in two ways. First, systems with variable structure 

"constants" in the constraints algebra present certain ambiguities in the 

measure of the lagrangian path integral [13] which can be resolved sys

tematically by using the hamiltonian techniques. In the absence of such 

a systematic technical framework, the lagrangian path integral formalism 

may lead to incorrect results as suggested in [13] and exhibited in detail in 

[14]*. Second, the well structured algebraic set of constraints (the hamil

tonian analog of the gauge invariances of the lagrangian formalism) allows 

us to have detailed control on the (in)dependency of the gauge invariances 

and to make sure that they are really eliminating all the auxiliary variables 

in the covariant path integral 

* [14] show in a particular case that the path integral obtained through the lagrangian 
formalism gives a nonunitary S-matrix while the hamiltonian formalism produces the 
correct one. 

** E.g. , it was found by the analysis in [12] that part of the gauge invariances proposed 
in [15] for the auxiliary variables introduced in [2-7] were functionally dependent. 
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In addition to the basic result (3.25),(3.26), the present report con

tains the following new material. 

A) Since the auxiliary variables are chiral world-sheet scalars, it is 

necessary to prove that the auxiliary gauge symmetries are not plagued 

by quantum anomalies. It is shown in detail in section 3 that actually the 

potential anomalies cancel ((3.27)-(3.29)). 

B) The relation between the path-integral and the canonical opera

tor formalism is explicitly exhibited in section 4 where we derive from the 

point-particle limit of the cov?riantly quantized GS superstring the covari-

ant equations of motion of D=10 SYM ((4.25),(4.28))*. As a by-product, 

we show explicitly that the present formalism [12] is physically equivalent 

to the initial "harmonic superfield" one [2-7] ((4.15),(4.16)). 

As stressed above, we consider the derivation of D=10 SYM a crucial 

check for the correctness of any GS superstring covariant quantization pro

cedure. 

2. Hamiltonian Covariant Pa th Integral 

The usual heterotic GS action in the lagrangian form is [1]: 

Sheurotic _ JdrdS^[~gm"dmX>'dnX» - 2i(PamdmX»)(0<rlldnB) 

+ ^gmn(e^dne)(e<T"dm9)] + s' 
(2.1) 

where S' is the action for the left-moving fields describing the internal 

string degrees of freedom. The precise form of S' does not have any effect 

on the present analysis, therefore it will be supressed. 

The variables appearing in (2.1) have the following meaning. 

;„„ (m, n = 0,1) denotes the D=2 dimensional world-sheet metric. The 

string bosonic coordinates X^ , p = 0, ...,9, transform as D=10 vec

tors and D=2 world-sheet scalars. The anticommuting string variables 

( , , « = !,..., 16, transform as a left-handed Majorana-Weyl (MW) 

* For the analog supersymmetric interacting result in the "harmonic superfield" ap
proach see [6,7], 
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S0(l,9) spinor and as D=2 world-sheet scalars. 

Pr = l(9mn±^) (2.2) 

are the D=2 chiral projectors. 

In the canonical hamiltonian formalism, the local invariances of the 

lagrangian-form action (2.1) are expressed as constraints ( T ^ T H , ! ) 0 ) 

which appear in the hamiltonian-form action multiplied by Lagrange multi

pliers (AL,AR, Aa) : 

Sgurouc _ j dTdftp^x" + pfdrea - ALTL - ARTR - AaD°] (2.3) 

In Eq.(2.3) Tt,R are the left (right-) reparametrization (Virasoro) con

straints (primes indicate differentiation with respect to the string param

eter £ ): 

r £ = ( p p - x ; ) 2 (2.4) 

TR = U2-4i9'aD
a (2.5) 

where 

n* = P" + X'" + 2i$c»9' (2.6) 

The spinorial fermionic constraints D" appearing in (2.3) are: 

Da = -ipS - (P" + X'" + ie<T"B')(cp6)a (2.7) 

The Poisson brackets (PB) of these constraints form a singular 16 x 16 ma

trix whose rank on the constraints shell is 8, i.e. (2.7) contains a mixture 

of first-class and second-class constraints. The quantization procedure of a 

system is straightforward only if the constraints are functionally indepen

dent and are separated into sets whose PB matrix is either zero (first class) 

or invertible (second class) on the constraint surface. 

To separate covariantly the first and second class parts of D" , one 

introduces the auxiliary variables [2-7]: 
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i) seven 50(1,9) vectors: 

u j , p = l , . . . , 7 , /i = 0, . . ,9 (2.8) 

ii) two 50(1,9) MW spinors 

«a* , ar= 1 16 (2.9) 

In the sequel the following objects and notations will be useful : 

v^ = ^2(v+itr„v-i) (2.10) 

u + = r + i ^ D + i (2.11) 

u~ = v-bffpv-i (2.12) 

«£ = («£,«*), a = (p,8) (2.13) 

A± = A»u±, A" = A"ua„ (2.14) 

In (2.14), A* is an arbitrary 50(1,9) Lorentz vector. The indices p, ± i 

in (2.8)(2.9) transform as a 50(7)-vector and 50(1,1) charge ±5 respec

tively, where 50(7) x 50(1,1) is an internal symmetry group. The index 

a in (2.13),(2.14) is short-hand for the pair of indices (p,8) which trans

form as a 50(8) vector. 

With the help of the auxiliary variables (2.8),(2.9), the fermionic con

straints (2.7) can be separated covariantly into independent first-class part 
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(kappa-gauge symmetries): 

D+ia = v+*<raflD , a = 1, ..,8 (2.15) 

where fi = Rl,ff
t' (with II,, being defined in (2.6)), and second-class part : 

G+i" = )-v-±<ra+D , a = 1,.., 8 (2.16) 

The auxiliary variables (2.8)(2.9) are introduced on the string world sheet 

as reparametrization scalars. Their dynamics is governed by a hamilto-

nian which contains only a linear combination of independent first-class 

constraints equal in number with the number (=102) of the auxiliary vari

ables, thus insuring that the latter carry no dynamical degrees of freedom 

at least classically. However, after quantization anomalies might appear in 

the local symmetries generated by these constraints. That this is not the 

case is proved in the next section. This insures that the introduction of the 

auxiliary variables does not affect the physical content of the theory. 

The resulting action, physically equivalent to the original one, but eas

ier to quantize covariantly, reads : 

O = JQS T" ̂ auxiliary \6.Li) 

where 

gheUroUc - fdTd^pdTX" + p?dT6a 

J (2.18) 
- A i f t - ARTR - A^D+i" - Ma^G+i"] 

where now the left Virasoro constraint Ti acquires contribution from the 

auxiliary variables: 

fL = (P„ - X'„f - 4(*ryp + TrjfV*) ' ) (2-19) 

and AJ*, MZ denote the Lagrange multipliers for the covariantly dis

entangled fermionic constraints (2.15),(2.16) . Note the second term in 

Ti (2.19) which says that the auxiliary variables (u, v) transform under 

reparametrizations as left-moving world-sheet scalars. 
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The auxiliary part of the action (2.17) is: 

Sou„KarV = JdTdt[*thTv*i + ^dTup - AMNDMN - MAB*AB] (2.20) 

In (2.19),(2.20) (xv *)°, (jrg)'' denote the canonical momenta conjugate to 

{WMO, K(V)}PB = - * " W t f ~ 1), 

(£, TJ denote the string world-sheet parameter at fixed world-sheet time 

T\ in most cases they will be supressed for brevity). AJI/AT,MAB a r e La

grange multipliers corresponding to the constraints on the auxiliary vari

ables DMN, 9AB. The latter have the following geometrical meaning . The 

50 orthonormality constraints tyAB: 

« M = u£u«" - SM = 0 

*"8 = < u 8 " = 0 
4. j . (2-21) 

* p ± = uju*" = 0 
* + _ = ti-^ii" + 1 = 0 

(with «*,u* as in (2.10)-(2.12)) imply that the auxiliary variables form 

on-shell an orthonormal frame often 50(1,9) vectors (the "missing" or-

thonormality conditions are automatically fulfilled off-shell by construc

tion, due to the D=10 Fierz identities [12]). 

The 52 constraints D " N imply that the physics is invariant under lo

cal 50(1,9) rotations of the orthonormal frame (u'> ,u8 ,ti+ ,u -) and under 

transformations of the v's which leave this frame invariant (the last gauge 

invariance is expressed by the constraints D8?): 

D" = -w'jrj + U'JTJ - ~ Y, « ± i f f M f ? i (2.22) 
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&* _ _tt«wp _ 1 £ t,±i<rVir?* (2.23) 
2

+ 1 

zr+=-lE«**»~+*?* (2-24) 
V 

£>+> = -«+< - 1 £ ir***^*?* (2.25) 
2

+ , 

£>-' = -«"»£ - i V) t/±i<r-"jr?:* (2.26) 
2+,-

D+s = - I J2 «***+*•?* (2.27) 

/ r « s - i J ] »**»-•••?* (2.28) 

# * = - | J^(±) t r* i f f * i r f * (2.29) 

Let us stress that all constraints in (2.18),(2.20) except G+ha (2.16) 
are first-class. 

Consequently, the gauge-fixed path integral will contain the following 
elements: 

a) the functional integration over the canonical variables X*, 9a, u, v 
and their conjugated momenta P^Pg, *•„, T«; 

b) the functional integration over the Lagrange multipliers 

A t ,AH ,A-i0 , M-i',AMN,MAB; 

c) delta functions imposing the gauge fixings x for the first-class con
straints fL,TR (rep) , K+i" (kappa), DMN (rot) , *-*B {*»orm); 

d) the determinants App of the matrices formed by the PB of first-
class constraints with their gauge-fixing conditions; 
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e) the inverse square root of the determinant of the PB of the 
fermionic second-class constraints G+i' (= det~*[U+]) . 

The gauge fixing for the (kappa) invariance is represented in the path 
integral by a factor: 

«(x(<0) = «(„+*„«*) 

which implies a (local) determinant: 

Aj# = <fcr8[n+]. 

The hamiltonian path integral result is therefore of the form [12]: 

Z = [DX^DeaDuDv 

DP>'Dp?DnuDiev 

DALDARDA-i"DM-iaD\Mf,DMAB 

exp{iS} ( 2 3 ° ) 

6(x(
T*r'))6(v+}t<r''6)6(xir°,))6(x{R°rm)) 

der4[n+] 

The correctness of the gauge fixings S(x^ro,^)S(x^"°rm^) an<l the determi
nants App ', Ay™"1' for the auxiliary constraints depend on the lack of 
anomalies. We will study them below explicitly in the lagrangian frame
work. 

*) n+ = uj l l ' 1 = u + i JTIw+i, cf. notations (2.14). 
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3. Lagrangian Covariant Path Integral 

Integration over the momenta P*,p% and the fermionic Lagrange mul

tipliers A~i°, M~i" ;n (2.30) leads to the lagrangian gauge-fixed covariant 

path integral: 

Z = jDX"DeaDuDvD(rru)mD(irv)mDgmnDA^NDMAB 

exp{iS'a<>ran<>ian} ( 3 1 ) 

«(x ( r e p ) )S (x ( r o , ) Wx ( n ° r m ) ) ^ + ^ o 0) 

A ^ A & ' > A & r m ) A , o c a , 

where 

qlagrangian _ cheterotic , o^a9ran9ian (o o") 

Sclerotic i s t h e s a m e gg (2.1) while: 

S S / r y " = JdTd^V::9[(^i)nP2mdmV±i + W^P'^dmU,, 

- A"NP?"D%N - MAB9AB] 
(3.3) 

In going to the lagrangian path integral the following notations were used: 

V^g00 = -[7(AL + \R)]-\ 

V^d01 = (A* - A£)(A£ + A R ) - 1 , (3.4) 

v ^ < / 1 1 = 8A L A f i (A i +A^)- 1 

*?* = V^P+^^U , < - yf^P^iOm (3.5) 

Similarly, D%fN have exactly the same form as the hamiltonian constraints 

Dutf (2.22)-(2.29) with all canonical momenta ir*' , jr« substituted with 

(«!7*)m, (*2) 
As usual, we take x^rep^ to be the conformal gauge for the world-sheet 

metric gm„ (3.4), D= 2 light-cone vector components are denoted as usual 

dz,di = i(5i T#o)(= |(5i =F idi) in euclidean space). 
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Although in (3.3) the Lagrange multiplier A**^ and the momenta 

(*v ")n> (fj)n become D=2 world-sheet vectors, only one independent 

component A ^ , (irv ' ) , , (TT»)J actually enters due to the D=2 self-duality 

projectors Pgn (2.2). 

Afoci in (3.1) is a local determinant factor of the form : 

A,oco, = jDX-^exp{i j drdiy/^\x-^pn\{\ - A t )x ;* ]^ m f t»*"«J} 

(3.6) 

where x~*a a r e world-sheet spinor bosonic ghosts and pn,Ps denote the 

world-sheet Dirac matrices. In the conformed gauge: 

A,aca, = rfei4[(5^")u+] (3.7) 

The orthonormality constraints <$AB in the auxiliary action contain 

only u, v and no morrsnta, therefore, they cannot be anomalous. Thus it is 

correct to introduce in the path integral the delta functions appropriate for 

their fixing: 

^ ( n o r m ) ) = S(QAB) 

where 

QAB ={\i#u<\ 

(*Z)h(v
±$<r''v±i),(xr)llV2(v+i<T>'v-i),±(v+iT;i+v-iwti)} 

(3.8) 

The FP determinant corresponding to QAB is constant on the surface 

VAB = 0 (2.21). 

The rotation part of auxiliary action (3.3) (in the conformal gauge for 

0mn), upon inserting the explicit form of the constraints (2.22)-(2.29), has 

the form: 

/ d r ^ M c V p + 2AMti« + 0(«, „)] + wf^d^i + 0(u, »)]} (3.9) 

The terms collectively denoted in (3.9) and below as 0(u, v) do not affect 

the path integral due to the following argument. 
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The path integral has the folic wing general form: 

Z = jDuD(*u)Dyezp{i Jdrd£ *u{L{y)u+V(u,V)) +W[u,y]} (3.10) 

where u stands for (u, v); 

y denotes the rest of the path integral variables; 

L(y) is a linear differential operator; 

V(u, y) is a polynomial in u containing only terms higher than linear; 

W[u, y] is an arbitray functional of it. In the present specific case, W[u, y] 

is the sum of the logarithms of the ghost determinants plus the fermionic 

part of the string action (see (3.12)-(3.19),(3.22),(3.23) below). 

Now, it is straightforward to show that: 

Z = j DuDyS[L(y)u + V(u,y)]exp{iW[u, y]} 

= det-l[L(y)]exp{iW[0, y]} (3.11) 

= I DuD(ir„)Dyexp{i J dTdSiruL(y)u}exp{W[0,y]} 

i.e. the functional integral does not depend on V[u, y) and W(u,y) — 

W(Q, y) which can be disregarded for any practical purpose. We will keep 

indicating their presence in the intermediate results (by the collective no

tation 0(u, v)) only to make easier for the reader to follow the algebra. In 

the final results (3.25), (3.26), we will appropriately invoque (3.11) and 

supress the 0(u, v) terms. 

Given the fact that only the derivatives sandwiched between rf and 

uq become covariantized by the appearence of the Lagrange multipliers 

Ap, as "gauge fields" in (3.9), the only auxiliary gauge invariances liable 

with anomalies are the ones corresponding to 50(7) rotations IP* (2.22). 

The invariances corresponding to the internal orthonormal frame rotations 

D8*, £>"+, D*?, D±a, ZJ8" (2.23)-(2.29) can be fixed with no further wor

ries. They contribute the factors: 

6(\a")det[diS^ + 2AP«] (3.12) 
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^K^^^dtP* + 0(w,»)] (3.13) 

*(A+-WA«)*(A*)<Arf10P,] (3.14) 

The (conformal gauge) lagrangian path integral can now be rewritten 
as: 

Z=J DX»Dil>'DuDvD(xu)ltD(Tv),DAf
I
1DMAB 

MWjZtV + 0(ii, «)]<fct2[0, + 0(«, i;)]det10[3,] 

where 

S = -2 JdTdt[d,X»dtXll + W.V?*) + \MAB*AB 

+ (*?*)*(&«** + 0(u,«)) + (KUdju' + 2A'»u, + 0(«,»))] 
(3.16) 

The covariant derivatives entering (J.15),(3.16) are defined as follows: 

( ^ C ? = V?' = *"& + 2A?«, (3.17) 

where p,? transform as 50(7)-vector indices, and: 

v?» = 6"% + r f - {dlx"uc
ll)(d1x

,'u+)-1rtd(sab)ai (3.18) 

r;* = «ja,u»" +»-W-a.tr*, 
r+- = «+«,«•>, ( 3 1 9 ) 

(S^^d^iv-W-V+^-i 

(the latter are precisely the matrices of the SO(8) generators in the har
monic (c)-spinor representation [5,7]). All indices a,b,c,d'm (3.18),(3.19) 
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and elsewhere transform as internal SO(S) ones (recall (2.13)). In (3.15) 
we used the change of variables: 

9a - ^ i " = (v±\i<Ta6) (3.20) 

with a subsequent rescaling: 

e-i° _> ^ = -2(dzX>'u+)t6-i" (3.21) 

Note that the Jacobian of the rescaling (3.21) precisely cancels A|ocaj (37). 

Now, it is useful to pass from the gauge QAB = 0 (3.8) for the or-

thonormality constraints 9AB (2.21) to another gauge MAB = 0 which 

significantly simplify subsequent calculations. This passage is effectuated 

in the standard way by introducing the usual FP "unit'\ (Recall that 9AB 

(2.21) form an abelian gauge algebra which acts only on Jru, irv but leaves 

«, v invariant. The Lagrange multipliers MAB are, of course, the corre

sponding gauge fields). 

Thus, one obtains in the path integral (3.15) the term 

6{MMN)d*t[{V*)™£ltraCeU,, + 0(« . v)]det™[d2- + Olu, „)] (3.22) 

inplaceof«(ftM/v). Here: 

(V,)f^,«ra«,e» = V ? ' " =«*'«'>*& + 2(A*V>< + A?'6*) ^ ^ 

— (trace —parts), 

is the 50(7)-covariant derivative in the symmetric traceless tensor repre

sentation with p, q, r, s transforming as 50(7)-vector indices. 

Ignoring for a moment the possibility of SO(7) anomalies, let us 

choose the gauge fixing for the internal 50(7) rotations to be A5 *•'' — 0 

which implies the path integral contribution 

£(xso(7))Aso(7) = ^Af ' ^e i 2 1 ^ - ] (3.24). 

Now, accounting for (3.12)-(3.14) and (3.24) we can straightforwardly inte
grate over the lagrange multipliers. Then, (disposing of the 0(u, v) terms 
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cf. (3.11)) we obtain the quadratic covariant gauge fixed path integral in 

terms of a finite number of conform*! fields and ghosts: 

Z = fDX"Dil>aDuDvD(*u),D(i(v)z 

Db'DcDl'Dcn 

DTJtDCDfyDC 

exp{iS^in""- + iS'} 

(3.25) 

sbJ'inear = -2 [dTdt[d2x',dIxli+iii>adzii>a 

+ (*?*),&»** + (•*),&«, (3.26) 

+ b*d,-czll+b1d,clz] 

where ij, , t], £, , C are the ghosts for the rotation- (DMN) and orthonor-

mality (VAB) gauge symmetries and b,c are the reparametrization ghosts. 

Eqs. (3.25),(3.26) are the basic starting point for computations of GS 

superstring amplitudes upon inserting in (3.25) the appropriate covariant 

vertex operators (which, in general, will depend also on the auxiliary vari

ables (u,v), cf . [5]). 

To prove the legitimacy of the SO(7) gauge fixing (3.24) and of the 

subsequent integration over the Lagrange multiplier Af' which which lead 

us to (3.26), we will show now that the corresponding 50(7) gauge invari-

ance in (3.15),(3.16) is not anomalous. 

The integration in (3.15)(3.16) over the auxiliary variables u, v and 

the momenta TTU, KV (cf . (3.10),(3.11)) provides the factor: 

der^V^^det-^m 
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in the functional integral which consequently becomes: 

z = /WZWDAJ* 

exp{-2i j drdtld.XKdjX,, + WdMV>«]} ( 3 2 7 ) 

M(V,)J^2ilr.Mltaf>to-»[(V,)~J?]to»[flf] 

The terms in (3.27) containing Vj are estimated by observing that [16]: 

In det[(V,)?°<P] = c2(repr)W[Af°<*>] 

with W[A] denoting the standard Wess-Zumino action and ct(repr) indi
cating the value of the second Casimir of the corresponding gauge group 
(50(7)) representation. 

Since [17]: 

c2(21) _ 54 

02(1) 6 _ 

where 21,1 denote the symmetric traceless tensor and the fundamental 

representation of 50(7), respectively, one obtains precise cancellation of 

the dependence on Aj *• ' = A|* in the quantum effective action: 

^[(V,)fy°i2,,rflM,„.]^-9[(V.)?u
0

n
(?]rfe/15[a?] = *«-»-»+»[&]• (3.28) 

and, therefore, no anomalies associated with tfca auxiliary gauge invari-
ances. 

Substituting (3.24) and (3.28) into (3.27) one obtains: 

Z = fDXfDifi'Affi 
J (3.29) 

exp{-2i I dTdtldtXtdtXp + iVdAa}}-

The covariant functional integral (3.29) coincides formally with the non-
covariant expression which was shown in [18] to be free of conformal 
anomalies. In particular, (3.29) shows that the introduction of the auxil
iary variables u, v does not contribute to the conformal anomalies at all. 
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4. Masslesa Field Theory Limit 

In [6] we have shown that given a functionally independent coven
ant first-class system of constraints, one can construct by a BFV-BRST 
procedure a field theory action whose equations of motion are the partial 
differential equations obtained by Dirac quantizing these constraints. 

Let us show here that the Dirac constraints corresponding to our sys
tem describe on-shell, in the point-particle limit, the D=10 Super-Yang-
Mills (SYM) theory. For simplicity we will prove here the equivalence with 
the component-field equations. A proof of the equivalence with the su-
perfield equations of motion was given in [7]. Of course, both proofs are 
equivalent because of the well known equivalence between the component-
and superfield formulations of D=10 N=l SYM [19] (and D=4 N=3,4 
SYM [20]). However, it is instructive to see both. 

The general procedure of canonical (operator) quantization [21] in
structs us to perform the following steps: 

i) Go from Poisson brackets (PB) to Dirac brackets (DB) for the 
canonical variables accounting for the presence of the second class con
straints G+i" = 0 (2.16) and of the pairs formed by the first-class con
straints D+h" = v+i<r"J>D = 0** (2.15), <tAB = 0 (2.21) together with 
their associate gauge-fixing conditions \^ +^° = v+iaa6 = 0, QAB = 0 
(3.8). 

ii) All remaining first-class constraints: 

p2,Da>,D-+,b±a,b'> (4.1) 

are imposed as operators annihilating the wave function of the superparti-
cle. (Recall that a,b are 50(8) indices unifying 50(7) vector- and 50(7) 
singlet- indices , cf. (2.13)). 

• ) In the point-particlelimit: tL,TR - » p 2 , ,Da - • -tpg - f^S/). 
**) Actually, we may choose not to impose classically the covariant fc-gauge fixing con

ditions x'"' + I" = v+ia"6 = 0 but to add the quantized first-class constraint 
D + s " to the set (4.1). The corresponding Dirac constraint equation, of the form 
6 + i ° * = (p+ —Qrr + P2*+ i ° ) * = 0, would simply imply that on-shell * does not 

depend on 0+J" (3.18). 
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One easily gets the following nontrivial DB for 6~h* (3.18): 

{0-i<",0-i»}flB = -i(4p+)-1*''* (4.2) 

which implies, after rescaling (cf. (3.19)): 

0-i° _•*<• = - 2 v ^ + 0 - i " (4.3) 

the following quantum anticommutation relations: 

{*', #»} = Sai. (4.4) 

As shown in [5,7] , the 50(8) Clifford-algebra (4.4) can be represented 

in terms of 16 x 16 matrices T?g. constructed entirely out of the auxiliary 

variables u, v and the D = 10 cr-matrices: 

*a = -4=rs = 
k(7a)»c 

L751 WT")I« 

75 (4.5) 

(V% = (rh = \ /2>Wv c j r 4 (4.6) 

As a result of the matrix representation of the quantum variables *" (4.4)-

(4.6), the wave function of the system becomes a 16-component spinor: 

*(p,«,") : 

B"{p,u,v) 
(4.7) 

with a fcrmionic upper half and a bosonic lower half. The assignement of 
(+5) 50(1,1) charge to Y" is a matter of convenience. 

Taking into account the representation (4.5)-(4.7), and performing a 
suitable similarity transformation (involving the u's and the v's ) on the 
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operators (4.1), we first solve the following constraint equations: 

£> o t *= = 0 (4.8) 

£ > - + * = 
{D-+ - i)y+io 

D~+Ba = 0 

. 8 p 

D*PB" 
= 0 

(4.9) 

(4.10) 

The notations used in (4.8)-(4.10) are as follows (cf. (2.22)-(2.24),(2.29)): 

+ 1 ^ 7 ^ + ^ ^ <4-»«> 
DPI = UP _ — ui _£_ 

^duu, ''duu,, ' 2y 
"P« "w 

^dupp 2V fo+i dv-i 
(4.116) 

D-^kvii d 

dv, .+* dt>a 
-T) (4.12) 

^ S 5 ^ ^ - . - * ^ ) . (4,3) 

(5"*)^ is the same as in (3.17) and (V"b)cd, (Sab)c<l denote the generators 
of the 50(8) (v) and (s) representations [5,7]: 

( V b ) c d = 6ac6bd - Sad6bd 

(S"% = i«+W-V-^+fc (4.14) 

Solving the equations (4.8)-(4.10) one is lead to the general solutions (in 
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momentum space): 

«+ B°(p,u,v) = ul £ (5l-)-(5^)-<-^-«|,|"M*H'HT}W 
(-HMMW P P 

(4.15) 
(recall p* = t ^ i / i r H ) , 

y+*-(p, «,») = (.+*»•)" £ (§•)•••( J)-<-«r-,-

yj«HAH/>Hr}(p) 

The coefficient fields in the expansions (4.15),(4.16) satisfy certain al

gebraic conditions of symmetry and tracelessness with respect to their 

Lorentz indices described in [7]. 

Actually, in our older works [2-7]*, the form (4.15),(4.16) displaying a 

specific dependence on the auxiliary variables" was input as a definition of 

the space of wave functions ("harmonic superfields" ). Now, it becomes 

clear that the space of D=10 harmonic superfields used in [2-7] is nothing 

but the space of general solutions of the equations (4.8)-(4.10). Therefore 

our present formalism [12] is physically equivalent to our original harmonic 

one [2-7]. 

Solving now the equations 

r>+°*= 
D+"B" 

= 0 (4.17) 

* As opposed to the new formalism in [12]. 
** The specific form (4.15)(4.16) is characterized by the complete saturation of the 

internal SO(8) X 50(1 ,1) indices among the u's and the v's. This, in turn means 
that the coefficient fields in the expansion carry only Lorentz-indices but not internal 
5 0 ( 8 ) X 50 (1 ,1 ) indices. 

• • The name "harmonic1' came from the fact that fields of the form (4.15)(4.16) as 
functions of (t», v) are actually functions on a (non-compact) homogenous space 
S£>(t')x~S6{l l ) w ' i e r e £ •* t n e subspacespanned by the (u, v) fulfilling the orthonor-
mality constraints 9AB (2.21). Similar constructions previously appeared in the 
D=4 harmonic superspace formalism [11]. 

21 



with (cf. (2.25)(2.27)): 

D+p = «+_£. + lv-h0+pJL-

2 a«-i (4.18) 

further limits the form of the general solutions (4.15)-(4.16) by eliminating 
the terms containing u~: 

B*(p.",v)|B+.**> = K " S<)D^-)-(^) 5"< S }(P) (419) 
y {«> v V 

y+* a (p ,« , »)lxM-«fao = («+*<ra)a ^ ( -S i ) . . . ( - ^ )y J«} (p ) (4.20) 
{«} 

vinally, one imposes the D~a9= 0 equations: 

d - i = 

where (cf (2.26),(2.28)): 

/>-«fl* _ £f.(K«)»d.B<< 
= 0 

5u« T 2 dv+h 

(4.21) 

D-8^' t !-8a?T (4.22) 

and (Vh)cd, (Sai)cd are the same as in (4.14). 

Let us consider first the explicit form of the second eq.. (4.21) upon 

inserting (4.22) and (4.19): 

+ « - £•*> £ D#)-7^pK.«t - <«J).. .{^->'(P) = o 
* {«}< i= i r W ) V 

(4.23) 
where now {«}' labels the non-empty sets of indices (/ci,..., /er). 
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Comparing the expression'- in front of the different structures involv
ing the auxiliary variables we find that: 

(a) All higher order coefficient-fields in B"(p, u, v) vanish: 

fl"<">'(p) = 0 (4.24) 

(b) The lowest-order field Bl'(p) satisfies the ordinary Maxwell equations 

(going back to z-space): 

d„Fi"' = 0 , F"" = d"B" - d"£" (4.25) 

In a completely analogous manner, upon substituting (4.22) and (4.20), we 

for the first eq. (4.21): 

p < « } ' p p 

{«}'«=1 ^ W ^ f 

(4.26) 

and, therefore: 

(a) All higher order coefficient-fields in Y+%a(p, v,v) vanish: 

Y£*V(p) = 0 (4.27) 

(b) The lowest-order field Ya(p) satisfies the ordinary Dirac equations: 

fYfiir) = 0 (4.28) 

This concludes the results for the point-particle limit analysis 

of the covariant canonically (operator-) quantized GS superstring: 

The covariant Dirac constraint equations for the wave function completely 

reduce to the usual Maxwell and Dirac equations for the lowest order ordi

nary fields B<i(p), Ya(j>). The nonlinear supersymmetric extension of this 

analysis and the construction of the corresponding D=10 SYM superfield 

action were performed in [7]. 

23 



5. Conclusions 

We have shown that the lagrangian path integral for the covariantly 

quantized GS heterotic superstring reduces to a two dimensional free con-

formal field theory with a finite number of fields and ghosts (3.26). 

We have found that this path integral is anomaly free in 10 dimen

sions (3.29). 

By performing the corresponding Dirac quantization we have shown 

the equivalence of the present formulation [12] to the "harmonic super-

field" formulation of [2-7] (4.15),(4.16). 

We have shown that in the point-particle limit, the Dirac constraint 

(partial differential) equations obtained this way lead to the covariant 

component-field D=10 SYM field equations (4.25),(4.28). 

We consider the contact with the D=10 SYM theory as a decisive evi

dence that our superstring covariant quantization procedure is correct and 

tractable. 

Acknowledgements: E.N. and S.P. most thankfully acknowledge the cordial 

hospitality of the Einstein Center for Theoretical Physics and Y. Frishman 

at the Weizmann Institute of Science. 
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