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We shall consider the behaviour of a real valued solution V' of a Schrödinger equation 
in the neighbourhood of a zero. Let 

(-A + Vty = Oinft, 

where II is a domain in RB, n > 2 and V € C°°(ft) with V real valued. (1) 

Without loss we assume O € ft and ii>{0) = 0. 

Note that V 6 C°°(Ü) by elliptic regularity. Further let e > 0, Bt = {x 6 R"||x| < c} such 
that B, c ft. In the following we present ? survey of results recently obtained in [8] on the 
behaviour of the nodal set and the nodal domains of $ in Bt. Let A', = {x € Bf\\j>(x) = 0}, 
a component D of Bt \ Xt will be caüed a local nodal domain (l.n.d.) of xfr in Bt and we 
define 

V, = {l.n.d. D of ^ in Bt with O 6 dD). 

Let Cf = {x € B«|V(x) = 0, VV>(x) = 0}. It is known (see (2,3,4j) that under the above 
assumptions the manifold Nt \Ct is as regular as the solution V* and that the Hausdorff 
dimension of C, < n — 2. So clearly the case O 6 Cr is the interesting one, and given 
D eT>t one may ask whether it satisfies an interior cone condition. Furthermore we shall 
also deal with the question of the cardinality of Vt. To investigate such problems we rely 
heavily on a result of Bers [1]: 

Proposition: Let V satisfy (1). Then there exists a harmonic homogeneous polynomial 
PM(X) £ 0 of degree M > 1 such that for 0 < v < 1 

^ • " ^ ' = 0 ( 1 x 1 " - ^ ) fo,|x|-,0 (2) 

for / = 0 ,1 , . . . M, where £ ? = I ij = t 
Using polar coordinates x = ry with r = |x| and y = x/|x| € Sn~l, 5 n _ 1 the 

n — 1-dimensional unit sphere, wt can write Pm (ry) = rMYm(y) with YM some surface 
harmonic, and (2) implies 

r - * V M ~» YM{y) forr-»0, for y 6 5"- 1. (3) 

We denote the nodal set of YM with Af(Y\4) and the set of nodal domains of YM with 
U{YM). (The components of Sn~x \M(YM) are called nodal domains of YM) 

For dimension n — 2 Cheng [3] showed that the nodal lines of iff look locally as the 
nodal lines of PM, which are straight lines intersecting in O and forming an equiangular 
system. So for e small, Vt and U(YM) have the same number of elements. 

For dimensions n > 3 the situation is more delicate as can be seen from the following 
harmonic function in R 3 

V>(x,,xj,x3) = x,xj + x\x3 - xl/Z 
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which has a zero in O of order 2. The corresponding harmonic homogeneous polynomial 
is P2(x,,X2,z3) = zj i j , so obviously #W(Vj) = 4. On the other hand studying the 
intersection of the nodal sei of ip with planes x 3 = c with c < 0, = 0 and > 0, it is easily 
seen that 0 has only 2 nodai domains. 

To state our results we need the following definition: For D € T>„ D arbitrary but 
fixed, let 

S(r)={yeSn-l\ry€D) for 0 < r < e. 
Further we denote |{-}| =s /^, da, with da the surface measure on S" - 1 . 

Theorem 1: Let n > 3, suppose V> satisfies (1). and let YM denote the surface harmonic 
for which (3) holds. Let D € 2>e, D arbitrary but fixed, with S(r), 0 < r < e given as 
above. 

Let M C S""1 denote the union of all nodal domains U of YM with the property 
that there exists a sequence {rmym} with rmym € D for all m, rTO —• 0 and ym —* y for 
m -* oo for some y e t / . 

Then M f 0 and \M \ S{r) U 5(r) \ M\ -> 0 for r - 0. 

This result, which implies |5(r v —» |,M| ^ 0 for r --» 0 in particular rules out that 
S(r) "shrinks" for r -» 0 into a subset of A/"(YM). There are some rather immediate 
consequences: 

Corollary: 

(i) There exists a cone K with vertex O and K C D. 

(ii) #2>( < # # ( V M ) , furthermore #2>( is constant for £ small enough. (#{•} denotes 
the cardinality of {•}.) 

(iii) Let Vo(r) = fs(r) $*ia ™d # . ( p ) = /s—» ^ 2 r f < r ' t h e n 

«/At 

and 
*»/*..-»(/ >M<W/ , > W forr-0. 

These findings show that the local properties of ^ in the neighborhood of a zero are 
determined to a certain extent by global properties of the nodal set of the corresponding 
surface harmonic. 

Of course it would be desirable to study the local behaviour of the nodal domains 
of ^ with weaker regularity assumptions on V. It would be also of interest to extend 
the foregoing results appropriately to the case where the Laplacian is replaced by more 
general elliptic operators. 

Let us sketch the main idea of the proof of Theorem 1 (for the full proof see [8]): The 
difficult part of the proof is to verify that M ^ 9- For this purpose we investigate the 
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asymptotic behaviour of Vto(>") = (/S(r) il>
2d<r)1/2 for r - • 0 and proceed similarly as in [6] 

where we studied the asymptotics of a solution 0 of a Schrödinger equation for r —» oo. 
We suppose indirectly that M = 0, which implies 

| S ( r ) | - 0 for r-4 0. (6) 

Let for 0 < r < e, e small 

\ 2 (r)= inf [\L<p\2dc/ f \<p\2da 

where —I? denotes the Laplace-Beltrami operator on 5 n - ! , then we obtain from (6) 

A 2 ( r ) - x » f b r r - 0 . (7) 

It can be shown that 0 O = An~l^2^>o satisfies 

, _ £ + u V + '" - ' » " - 3 ) + *%*)», < 0 f o r 0 < r < £ (8) 

in the distributional sense. The proof of the following inequality is rather involved (com
pare Lemma 3.2 in [6]) and we note that the C°°-assumption on V plays an essential role 
here. We have for some C > 0 

+o>C[-£-rft lorr<e 
( r ) „ - 1 <9> 

with 2f = M + ——-. 

Now we take into account (7) and obtain from inequality (8) by standard comparison 
techniques that 

V>o = 0(r m ) for r-* 0 for all m € N. (10) 

On the other hand combination of (8) and (9) yields 

- $ + $ ~ 2 o < 0 (oT0<r<Ra (11) 

for some a < {2f)~i and some Ra < £• Finally a further investigation of this nonlinear 
differential inequality shows that rp0 vanishes polynomially in O contradicting (10). Hence 

In connection with the results given here more detailed questions about the local 
behaviour of nodal sets arise in a natural way. For instance one might ask whether S{r) 
is connected for r > 0 sufficiently small. This we could not answer, but for dimension 
n — 3 we obtained more detailed results about the set M. 
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Theorem 2: Let n = 3 and suppose that the assumptions of Theorem 1 hold. Let 
{rmy„,} be a sequence with rmym € D, Vm and rm —» 0, ym —» y for m —» oo for some 
y € 5 n _ l , then ytM. Furthermore M is connected {M denotes the closure of M). 

Note that the case Yy(y) ^ 0 is trivial since per definition y 6 M. To verify that 
y G .M, if yjkr(y) = 0 we used the fact that on S2 there are only finitely many zeros of 
order greater one of YM. 

Though we could not prove it we believe that Theorem 2 holds also for dimensions 
> 3 . 

As already noted the methods for the main part of the proof of Theorem 1 have 
been developed in [6] to investigate the asymptotic behaviour of nodes of solutions of 
Schrodinger equations in exterior domains for dimension n > 3. We remark that there 
the situatkm is much more complex than here, even for the 2-dimensional case it is rather 
delicate (see [5]). For a survey on these results see also [7]. 
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