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1 Introduction
We consider real valued L?-solutions %, ¢ # 0. of the Schrodinger equation
(-A+V-Ey=0 nR*, n2>2 (1.1)

with suitable assumptions on V : R* — R and with E real. For ¢ € L} (R*) N C°(R"™)
with $(zo) = 0 for some zy € R* we define thc order of vanishing of ¢ in z, by

£, (¥) := sup{e :EIE R /B o0 Yldz < o0}, (1.2)

where Br(zo) = {z € R* : [z — 2o} < R}. If ¢ is C* in a neighbourhood of zo, then this
definition coincides with the usual one, namely

£eo(¥) = inf{|B]: (D*¥)(z0) # 0},

where 8 denotes a multiindex (8, .. .,4,), |8] = TN, f; and DP = 8¥/(3z ...82P).
From unique continuation theorems it is known [11] for a very general class of po-
tentials that such solutions 1 do not vanish locally of infinte order, so that £, () < oo.
P nce bounds to £, (¢) might be considered as quantitative versions of unique continu-
ation results. Such estimates were recently obtained by H. Donnelly and Ch. Fefferman
(8] for Laplacians on compact Riemannian manifolds. They consider —Au; = Ayui on
such a manifold M, where A\, — oo for £ — o0, and obtain the asymptotically optimal

estimate
sup L(u) < CyMs (1.3)
z€

with some constant C = C(M) < 0. In their proof the compactness of M is used.
For solutions to the Schrodinger equation in all of R™ the situation is quite different. In
particular it is not even clear when sup{£.(¢) : z € R"} is bounded for a fixed solution
¥ of (1.1).

To get some intuition we consider the Schrodinger equation of the Hydrogen atom (in
suitable units)

(—A - 'I—I - Ek)tllk =0 in Rs, (1.4)
where Ey = —k72, k € N and the eigenvalues Ej are k*-fold degenerate. The corre-
sponding real valurd eigenfunctions can be written as (see auy textbook in quantum
mechanics)

U(z) = E E cm,l,lcfl,k(r)yl,m( )
(=0 m=~L
with r = |z|, where the Y;,, are the usual orthonormalized surface harmonics. The fi;
satisfy in R*
t(t + 1) 2

- fox — ‘fz.l. + ( o k=) fen =0 (1.5)
(’ denoting d/dr), and fo ~ r‘ for r — 0. The ¢ ¢4 are real constants.
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Clearly we have for zo = O
1
lo(qbk)sk—l:r—l for ke N. (1.6)
|Exl

Since Ey — 0 for k — oo the above pasticularly implies that £o(3;) may tend to infinity
for k£ — oco. Another explicit example showing such a behaviour, but with E;, — oo for
k — oo, is the Schrodinger equation for the n-dimensional harmonic oscillator (—A +
|| — Ei)¥s = 0. Note that for any reasonable poteutial V = V(|z|) for which —A +V
has infinite discrete spectrum {E,, & € N}, eigenfunctions ¢;, & € N exist, such that
Lo(¥s) — oo for k — oo. The hydrogenic case is a particularly illustrative one and it will
be referred to below. A

In Section 2 we study L?-solutions of (1.1) and derive a sharp upper bound to £, ()
in terms of z9, E and V, under unfortunately rather restrictive assumptions on V. The
proof is partly based on methods developed in [9]. In sectior 3 we show for V smooth that
an upper bound to £;,(¢¥) implies an upper bound to the dimension of the eigenspace
associated to E.

2 Statement of the Results

From now on we assume that V : R® — R, n > 2 has the following properties:
For some zp € R*, V € C*(R"™\ {z0}) and )
|z — 2oPP~*V, |2 — zolP~*(z ~ 20) - VV € L2.(R™)

' (A)
for some § > 0, where p=2forn >4
and p=n/2 for n = 2,3. )
In addition we assume that either
V-0 rlVV|=0 forr—oo (B1)
or
for some fo, B > 0 with By < thereisan R> 0 )
such that C,r® < V < C,rf and
) (B2)

Cir® < |(z—20)- VV|S CyrP forr > R
with some C;,C; > 0.

Our assumptions on V imply (via quadratic form techniques) that there is a unique
semibounded self adjoint operator H associated to —A + V with core C§°(R") (see e.g.
[16]). Note that if V obeys (B1) then clearly o,,,H = [0, 00) and (1.1) has no L?-solutions
with E > 0, and if V obeys (B2) then H has only discrete spectrum (see e.g. [15}).

We remark that each eigenfunction 9 of H is Holder continuous, ¥ € W??(R") and

e*’y € L}(R") for some a >0 (2.1)

/



(see [15,16]). This and (1.1) implies

z-Vy e L}(R). . (2.2)
In addition our assumptions on V imply via unique continuation [11] that
£,,(¥) <oo forzo € R™. (2.3)

Theorem 2.1 Let V: R" — R, n 2 2 satisfy condition (A) and either (B1) or (B2).
Assume that ¢ € L3(R"), ¢ # 0, is a real valued solution of (1.1).
Define for k € R*

dal®) = ot (V6! + We(lelpl)iz] [ lofdz)  (24)

where W,, : [0,00) — R satisfies the following conditions:
r2-5W,,(r) = 0 for r — 0 for some § > 0,
sup(—W,,,0) is bounded for r > 0, and (2.5)
Wi (lz — zol) < V(z) + 3(z — z0) - VV(z) for z € R".
Suppose that £.,(1) > 0, then
(i) there exists a unique ko > n — 2 such that

1
Ag(ko) =E and £, (¢) < z(ko —n 4 2). (2.6)
(ii) Inequality (2.6) is best possible in the following sense: Let for £ € N and z € R",
r=|z|
V(r) = (2 + n — 2)3(r¥+3n-6 — 2pdlin—4)
(2.7
E=0and Wo=V + rV’
then z
P(z) =1t exp(—r’“’"")}’,(;) (2.8)
(with Y; a spherical harmonic of degree £) is an L2-solution of (1.1) with V and E
given in (2.7),
fo(y) = L and Mg(ko) =0 with kg =20+ n — 2. (29)
Remark 2.1
a) The assumptions on V guarantee the existence of a W,, obeying (2.5).
b) Theorem 2.1 particularly implies
A:o(u:o('l") +n- 2) <E. (2'10)

Since it is straightforward and might be illustrative we now give the
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Proof of Theorem 2.1 (ii): Let ¢(r) = exp(—r**"~?) and note that L?Y, = {(£ +
n —2)Y;, where L? denotes the Laplace-Be:trami operator on the unit sphere $*~'. Then
with ¥ = rfpY, according to (2.8),

-142
Ay =(¢"+ 2112

where with kg =26 4+ n -2
¢ = —kor* o, and ¢ = ko(kor™ % — (ko — 1)r* %)y

Therefrom Ay = Vi follows with V given in (2.7). On the other hand it is easily seen
that
1

ko
implying (2.9). 8]

Yo 4

1
—"P"-';‘P"" W0¢=0

Remark 2.2

a) Away from z, we could have allowed for rather mild singularities of V and hence of
W,, (compare [9]). But since we were not able to handle the physically interesting
case of a one-electron molecule with fixed nuclei, we refrained from doing so.

b) For dimension n = 2,3 the assumption (A) could be probably relaxed allowing for
an |z — zo|~?* singularity, but then the approximation arguments in the proof of
(2.6) would become more involved.

Remark 2.3: Evenfor V € C*°(R") our methods do ot lead to a bound to sup{£,,(¥) :
7o € R™}. Such global estimates seem to be out of reach at least for n > 3.

Remark 2.4: For the 2-dimensional case there is for smooth V another, topological
approach, which leads to an upper bound to £, (1): By a result of L. Bers [2] and via
a suitable version of Euler’s theorem on polyhedra [1,12] the number of nodal domains
of 1 is greater than or equal to /;,(1) + 1. This together with Courant’s nodal theorem
[7,11] implies

Lo(¥;)<j—1 forag€R”,  je€ (2.11)

with the corresponding eigenvalues E; ordered! in a nondecreasing sequence.
Next we consider Theorem 2.1 for potentials which can be estimated by some poly-
nomial 7* and obtain in (2.6) an explicit dependence on the eigenvalue:

Corollary 2.1: Let the assumptions of Theorem 2.1 hold. Let 2z = O and assume that
in R®

V+1iz-VV 2c,r* for somea > =2, a #0
(2.12)

and some ¢, with sgn c, = sgn a.



Denote
o= ! /R,(W‘PP + car®lpl’)dz/ / lel*dz) (2.13)
and suppose that sgn u, = sgn E. Then
1| g
lo(¥) < 3| -n+2). (2.14)

Proof of Corollary 2.1: Define for k € Rt

pa(b) = int [ (KL +carloP)ds/ [ lpPdc,

then p,(1) = . By scaling we obtain
Va(k) = kal(a+2)"a~

So for k = ko with p.(ko) = E

E 14201
ko= |—
ba
follows, if sgn u, = sgn E. Inserting into (2.6) yields (2.14). o

Remark 2.5: Suppose we know that £,,(1) is integer, then the upper bounds to £,,(v)
in (2.6) and (2.14) can be replaced by their integer parts. Though this seems likely for
a very general class of potentials, we are just aware of a result of L. Caffarelli and A.
Friedman [4] which implies that £;,() is integer under the assumption that

|A¢] < Cill" + Co| VY[

iu a neighbourhood of zy, for some C;,C; > 0 and a,7 > 1.

Remark 2.6: For the hydrogenic case (compare Section 1) (2.14) implies Lo(¥g) =
O(1/|E|) for |E| — 0 instead of O(1/,/|El). In fact if we consider
(~-A+car”~E)Yg=0 inR"
with sgn a = sgn ¢,, a # 0, a > -2, a simple ODE-analysis shows that
to(¥e) = O(IEIH*3)

for E /' 0if a < 0resp. for E / oo if a > 0. This asymptotic behaviour is different
from that in (2.14) and we do not know (but doubt it) whether there are potentials such
that (2.14) shows the correct asymptotics.

Now we give the



Proof of Theorem 2.1(i): Without loss ve take 7o = O and suppose that {o(¥) =
(>0
We first show

Proposition 2.1: Forally >0
prio iy, A gy € L(RY). (2.15)

Proof of Proposition2.1: Since lo(¥) = { > 0 we have according to (1.2)
: 2WU-n42y 2
m R~ /anp dz <o forally >0 (2.16)

with Bg = {z € R™ : |z] < R}. Let 2y # 2{ + n and choose 0 < v < ¢, then we obtain
by partial integration

< R-z(-n+2‘y
-~2l~n+2y-1 2 2
./ F /Bn'l, dZdR+2l+n—21./aR¢dz

( /s __y*do)(R)E"dR.

-
=4

14

e R-U-ni2v
- /v U+n—2y
Taking the limit v — 0

jB Y dr < cfe,b,9) < oo for >0 (2.17)

results because of (2.16). For 2y = 2 + n (2.17) is trivial. (2.17) together with the
exponential decay of ¥ (compare (2.1)) implies r~¢-"/3+7¢) ¢ L*(R") for v > 0, verifying
the first part of Proposition 2.1.

Now let f € C*(R") with f > 0, radially symmetric, where f, [Vf| and [Af] are
polynomially bounded for r — oo. Ther. taking into account (1.1) we easily obtain by
partial integration

[ FH=8+V = B)fydz = £l

and further
IV5lF = 9P + [(B = V)fivids. (218)
But by Cauchy-Schwarz and tle arithmetic-geometric inequality
1
NVl 2 Vel - i v (2.19)
so that
NIVBIF S AF9IP +2 [(E - VIfpide (2:20)

results. Now we choose for f functions f,, y > 0 defined in the following
fu(r) = (7 + 42" (r) withm = €43 =1 =4
where x € C°(B;), x =1in By, x> 0 and (2.21)
radially symmetric.



Then (2.20) yields for x> 0
I£LVeIP < 8(IX (e + #?) ™29l + m?r(r® + )™ xl) +
+2 [(B-V)fiyPdz <
< 8(x'r ™™gl +m?r " xl?) + 2lYIE - VI xy|f < o(m) < oo

where we used assumption (A) on V and (2.17). For 4 | 0 we obtain therefrom by the
monotone convergence theorem r™xVy € L% B;) and hence

rin2341gyl e L (RY) for 7> 0.

Finally to verify that
rtm/34419y) € LH(R”) for >0
we choose ]
fulr) = (3355;)" x(r) with m >0 and )|
X € C*(R"), bounded, radially symmetric, x > 0 } (2.22)
suppx C(R*\ By)and x=1forr> R> 1.

Again inserting into (2.20) we arrive at
- r m
IfVIF < 4l +x(+ K1) 7)(; n ,ﬂr) ¥I? +2YIE - VIfuyl® <
< CRYIDI* + lIr™x9l?) + 20| E = V|r™x9|* < const < o0
where we used assumption (B1) resp. (B2) on V and (2.1). By the monotone convergence

thecrem we obtain for 4 — 0 the desired result. o
Our main tool to verify Theorem 2.1 is the following

Proposition 2.2: Let A = z-V + n/2 be defined on CP(R") and let f € C*(R")
be strictly positive and radially symmetric. Suppose that V satisfie« condition (A). Then
for ¢ € C3°(R")

Re (A-1)f¢,f(-A+V - E)¢) =

= (- f gy, P DY)

+HS, (=4 f2 T = [ A 5rf [ =3[ + 547 - 17V [ ) )~

~(f6,(V +1z-VV)f$) + E(f4, f9)

where (-, ) denotes the inner product in L?(R").

(2.23)



Proof of Proposition 2.2: In [9] identity (2.23) was derived for ¢ € CP(R"™ \ Bg),
R > 0 under the assumptions V, z - VV € L} (R"). Taking into account assumption (A)
with z¢ = O it is straightforward to verify that (2.23) holds for ¢ € C°(R™). G

Now suppose that identity (2.23) still holds if we insert formally ¢ = ¥ and f(r) =
r=(2#n-3-1)/2 with v > 0 small. Then we have

Lemma 2.1:
(A4 ) 3, MY -A 4V -E)p)=0=)

= k(y, Py} + (1, (V = E + 32 VV)r—2y)
P (2.24)
where k = 20 +n — 2 — v (v > 0 small),

y = r(*3-0/3¢ and’ denotes 8/0r )

The proof of Lemma 2.1, given in an Appendix, follows by standard approximation
arguments from Proposition 2.2.
Rewriting (2.24) in polar coordinates gives

Sk [+ (v -4 %rV’)y’)rdrda =0 (2.25)

where do denotes integration over the unit sphere S™-2.
That the above integrals are finite can be easily seen: The assumptions on V imply

that
Jones [P (ky? 4 |V — E + LrV'|y?jrdrde <

(2.26)
< const fgalr~*-2 (92 + r%y?) + 14 (r 7+ 4 1P 4 |E|)y)dz

and the r.h.s. is finite due to Proposition 2.1.
Now we define

v = ([, #do)r)

and note that (because of Cauchy-Schwarz)
Yoo S /s . Yido (2.27)
Application of (2.27) and (2.5) to equation (2.25) leads to
[0 + Wo - B rdr <o.
Let 7 : R? — R be given by 5(z) = yau(|z]), then clearly
do(k) S [ (KIVa +Wollzn®)iz/ [, Infdz < E

follows, and therefore Ay(2f + n ~ 2 — v) < E for all v > 0 small enough. The strict

monotonicity of Ao(k) in k implies that there is a unique ko with Ap(ky)) = E and
204n-2<ko. ' o
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3 Multiplicity of Eigenvalues and Order of Vanish-
ing of Eigenfunctions

We consider again L?-solutions of (1.1), but assume now that V € C®°(R") in addition
to the assumptions (A) and (B1) or (B2). This implies that ¥ € C*(R"). Let E € o4, H
and let Ng denote the corresponding eigenspace with multiplicity vg. If € Ng, then
£:,(¥) and vg are related by a simple inequality. This will follow from the ouservation
that one can construct an eigenfunction ¢ by linear combinations of ¢; € Ng, 1 < i < v,
whose order of vanishing at a given arbitrary r, depends on vg.

Theorem 3.1: Let V/ and F satisfy the above assumptions and define for z, € R"

£(zo; E) = sup{f € N|3y € Ng with £, (¥) = £}, (3.1)
then £(zo; E) is finite and
ve £ inf C({(zo; E)) (3.2)
. rg€R"
where (n+€—2)(n +2¢ 1)
n+l-2)(n -
Ce) = - 110 . (3.3)
Vice versa, if M € N is chosen such that
C(M - 1) < vg, (3-4)
then for each z( there is a 3 € Ng with
L,(¥)=M. (3.5)

Remark 3.1:

a) It might be possible that such observations already exist in the literature since the
proofs are elementary.

b) Of coursé; bounds like (3.2) hold under less restrictive conditions on V. Forinstance,
if V is only smooth in & subset  C R", then (3.2) still holds if we take the infimum
over Q.

¢) For the hydrogenic case considered in Saction 1 it can be easily seen that we have
equality in (3.2), though Theorem 3.1 does not apply for zo = 0.

Naturally we can replace £(zy; E) in (3.2) by an uppervbound. Speciﬁc‘ally'we have
from Corollary 2.1
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Corollary 3.1: Suppose that V and E satisfy the conditions of Corollary 2.1 and that
V is C* in a neighbourhood of the origin, then

14201

) (36)

vg < C([§ p

with C(-) defined in (3.3), and where |-} denotes integer part of -.

Remark 3.2: If o4, H consists of infinitely many points, then (3.6) implies
VE = 0('El(2+°)("'l)’°) (37)

asE /oofora>0,oras E /0 for a <0, and this asymptotic bound shows the same
shortcomings as the bound to £,(3) in Corollary 2.1, which was discussed in Remark
2.6.

There is a rich literature on bounds to multiplicities of eigenvalues (a recent reference
is for instance [3}), and the 2-dimensional case is special (see [3,6,14]). For n-dimensional
compact Riemannian manifolds there is a bound due to Li (see [13,5]) which is a little in
the spin of our findings.

Proof of Theorem 3.1: We firsi show that (3.4) implies (3.5): Let {¢y,...,v,,.} span
Ng, fix o € R" and suppose that M satisfies (3.4). Obviously it suffices to show that
the homogeneous system of linear equations

Uik ci(DoY)(z0) =0, Vael,, 0<m<M-1
(3.8)
where I, = {a = (a;,...,0,) : a; € No Vi with T2, a; = m}

has a non trivial solution (cy,...,¢,,) € R*2. The cardinality of I, denoted by d,,, is

given by
%:(":T;I), (3.9)
M-1

and we have therefore 3", =) dm equations in (3.8). We will show now that for m > 2 the
number of equations can be reduced because some of them are linearly dependent, since

(-A+V-- E)f:c,-;(:.- =0 inR" (310)
i=]

Hence for m = 2 the number of equations in (3.8) reduces from d; to d; — dp (dp = 1).
Now let a € I,.3, 3 < m < M — 1, then we obtain from (3.10)

'z":f:ci(%ﬂ"ﬁi)(zo) + f:c-'(D“(V'bi))(lo) =0, (3.11)

j=1i=1 il
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where the second term vanishes since

vE
Zc,-(ngb.-)(zo) =0 for B €I, withk <m.
=1
Hence also the first term in (3.11) vanishes. This implies that for each m with 3 < m <

M —1 it suffces to consider instead of d,, only d,,, — dr,—3 equations. Therefore the system
(3.8) is reduced to a homogeneous system of

M-1
Z (dm - dm—?) +n+l= dM—l + d"l-?

mx=32

linear equations in vg variables. But (compare (3.3))
dy-1+dy_2 =C(M -1)

and because of (3.4) the system has a 7on trivial solution verifying (3.5).

The proof of (3.2) is now immediate. Suppose first that for some zg, {(zo; E) is infinite.
Then there are sequences ¥(™) = T"22, cS"')gb,-, ¥; € Ng, 0%, cS""z = 1, so that these (™
have zeros of order M(m) at z, with M(m) — oo for m — oo. This implies that there
is a subsequence {(cg""), cer €M)} of {(m,.. .»&i™)} which converges for m’ — oo to
some (c},...,d, ) € S*271. Clearly ¥ = T_;Z, ¢/#; has a zero of infinite order in zo, and
this contradicts unique continuation. Her.ce £(z,, E) is finite.

(3.2) follows now from the fact that C(¢) is monotonically increasing in £, and that
(3.4) implies (3.5), where we used that vg is finite. u}

It seems likely that Theorem 3.1 still holds under weaker smoothness conditions on
V, but then substantial modifications of the proof are certainly necessary.

Appendix

The proof of Lemma 2.1 is based on Proposition 2.2. We first note that it is straightfor-
ward to show that

(r* 1) e W*R") YVy>0 (1)
by taking into account (1.1) and Proposition 2.1. Pick ¥ > max(3,1) and let

n=(r*-+1)"%) and m=n*p, h>0, (?)

where p; € C°(R") is a mollifier, such that 5, converges pointwise uniformly to 7 for
h — 0 in every compact set and

lims = nllwsa = 0 for h— 0 3)

(see e.g. [10]). Further let
on = (r? +1)"" . (4)
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Then ¢, converges pointwise uniformly to ¥ for A — 0 in every compact set. Since
(r* 4+ 1)772, [V(r? + 1)~/?] aud A(r? + 1)-7/? are bounded we easily concludz from (3)
lon — ¥llwza =0 for h— 0. (5)
Further obviously
I - V1 + 1)~ s — ) <
< =l + 16 + )7 2 =) <
< Yl —nll +1V(m -l »0 forh—0

because of (3). Hence

Iz V(pes -¢)| =20 for h—0. (6)
Next we choose ¢ = ¢, and f = f, with
fe=(+e)™M,  k=U4n-2-v  (v>0small (7)
and define .
Yep =3[0, (8)
Insertiag into (2.23) we obtain
(-A+1)fpm f(-A+V ~E)pr)= = ]
_ , r4-n , 1 ’
= k(yc,ln my"h) + (choh’ (V -E+ ETV )fc‘Ph)+
1 " * (9)
+§(fc¢lu r Gcfc‘Ph)
(k* — 4k)r®  (6k — k¥)rt  2kr?
~ = - .
where .¢(1') (1‘2 +€2)3 (1‘2 +€g)g 1‘2+ €2 )
We show that
Lh.s. of (9) — 0 ‘or 2 — O: (10)

Obviously we have

Lhus. of (9)] < ((A - 1) felon =) + WA = 1) feol)) - el =D + V = E)(pn - ¥)}]. (11)
Since
kK r

f: = -'2' mfc and Ifcl L1, (12)

and (5} and (6) hold we immediately obtain for 5 — 0
(A= Dfe(pn = 9 + (A - DSl <

< co(k)(felon = O + NSkl + | fez - V(en = D)+ fez - VRN < (13)

< ¢(k) < oo.
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(11) together with (13) gives

[Lhs. of (9)] < e(k)ll fel—A +V = E)(wa — ¥}l (14)

Due to assumption (A) and (B) on V, and because vy > max(1, 3) we have

I17Vien =) < const(lir=*(on — ¥)ll, + lIr(n — )I]) < (19
15
< const([[r"* (o — $)lls, + llnn —nll)-

But r~?* € L'(B,) and supg, |@s — | — 0 for h — 0, together with (3) lead from (15)
to

IfeV(en—9)lf -0  forh—0. (16)
(14), (16) and (5) finally imply
{Lh.s.of (9)] = 0 for b — 0. (17)
Next we have to investigate the r.h.s. of (9) for A — 0: Let
ye = " V24 with £, defined in (7), (18)
then by (12)

kr?

1
2 _ ,n-4p2 2 i )=
V2 = AL+ withd(r) = S =2 - 5

) (19)

and further

4-— 2—n 2

(¥es =y ezy‘)lﬁ = | \/r_’_:-—’y'" "m(d'b'*'"{’)" <
cle,n, k)(l9ll + l|z - Vl]) < e

where we used {2.2). Analoguously

IN

4-r

‘ (y:ha

7T Ezyc n) <00 with g, 5 given in (8).

Therefore
2-n 2 ﬂ-n 2

"myc,h" "\/myc"

< fomg (A% = 1)+l = )] < (20)

< cle,m K[~ eull +1lz- V&~ a)ll 0 forh =0
because of (5) and (6).
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Next we note that
(enUfPon) = (9, Uf2) forh—0

, (21)
withU=V—E+§z-VV

which can be seen from the following: Clearly

[(ens S2Un) = (%, S2UB) = |(pn — %, S2U (01 — $)) + 2(%, f2U (o — ))1-
Therefrom we proceed as from (15) to (16) and arrive at (21).
It is easily seen that for all £ > 0, r~G, f? is bounded for r > 0 and therefore

Won, £r2Gupn) — (¥, 22 Gogp)| =
= l(vh - 'b’ fzr-zGc(¢h - ¢)) + 2(¢h - ¢7 ﬂr—zac'/’)' < (22)

< cle)(lien — #1° + 1) - llon — ¥l)) = 0 for A — 0.
(20), (21) and (22) together yield
4~-n

1
s, of (9) = Kyl —5%0) + (9 S2UY) + 59, frGg) forh 0. (23)
Combining (17) and (23) we arrive at

rin
0= k(y;, 5——v.) + (¥, f2U¥) + (¢, Fr%Gey). (24)

rP+e¢
Finally we have to investigate (24) for ¢ — 0: Wlth y defined as in (2.24) we clearly
have for € =+ 0, y, — » and y, — ¢’ pointwise in R" \ {0}. From (19)
4-n
Vs S elk, ) 4 1)
follows, and r=2-*(y? + r?y/?) € L}(R") due to Proposition 2.1. Hence we conclude by
Lebesgue’s dominated convergence theorem that

4-n
! 2—n !

Voo mgmga¥l) = (02 77y) fore 0. (25)

Since f2UY? — r~*Uy? for ¢ — 0 in R* \ {0}, f. < 1, and r~*¢?|U| € L*(R") due

to our assumptions on V (compare (2.26)) and Proposition 2.1, we obtain also

(fe, USp) = (,r™"U¥) fore = 0. (26)
Finally we show that

('/", r-zf30‘¢) —0 fore— (27)

It is easily seen thai

Ge(r) — 0 for € — 0, for r € [0,00), and therefore *r=3(r? 4 €2)~¥/2G, — 0 for
e — 0 in R\ {0}. Further for ¢ > 0 we have for some C < oo not depending on
g, Y’r-3(r? + 2)"M3G,] < C¢*r~2-* in R"\ {0}, but ¥*r~2-* ¢ L}(R") because of
Proposition 2.1, This implies via Lebesgue’s convergence theorem (27). Combination of
(25), (26) and (27) completes the proof of Lemma 2.1. o



15

References

[1] M.A. Amstrong, “Basic Topology”, Springer New York 1983

[2] L. Bers, “Local behaviour of solutions of general linear elliptic equations”, Commun.
Pure Appl. Math. 8, 473-496 (1955)

[3] G. Besson, “On the multiplicy of the eigenvalues of the Laplacian”, Springer LN
1939, 32-53 (1988)

(4] L.A. Caffarelli and A. Friedmann, “Partial regularity of the zero-set of solutions of
linear and superlinear elliptic equations”, J. Diff. Equ. 60, 420-433 (1985)

[5] T. Chavel, “Eigenvalues in Riemannian Geometry”, Academic Press 1984

[6] S.Y. Cheng, “Eigenfunctions and nodal sets”, Commentzni Math. Helv. 51, 43-55
(1976)

(7] R. Courant and D. Hilbert, Methoden der Mathematischen Physik I, Springer 1924

(8] H. Donnelly and Ch. Fefferman, “Nodal sets of eigenfunctions on Riemannian man-
ifolds”, Invent. Math. 93, 161-183 (1988)

[9] R. Froese, I. Herbst, M. Hoffmann-Ostenhof and T. Hoffmann-Ostenhof, “L2-lower
bounds to solutions of one-body Schrédinger equations”, Proc. Roy. Soc. Edinburgh
95A, 25-38 (1983)

{10] D. Gilbarg and N.S. Trudinger, “Elliptic partial differential equations of second
order”, Springer Verlag, Berlin, Heidelberg, New York 1977

(11] D. Jerrison and C. Kenig, “Unique continuation and absence of positive eigenvalues
for Schrodinger operators”, Ann. Math. 121, 463-494 (1985)

{12] J. Leydolt, “Knotenlinien und Knotengebiete von Eigenfunktionen”, diploma thesis,
Vienna 1989

{13] P. Li, “On the Sobolev constant and the p-spectrum of a compact Riemannian
manifold”, Ann. Sci. Ec. Norm. Super., Paris 13, 419-435 (1980)

[14) N.S. Nadirashvili, “On the multiplicity of the eigenvalues of the Neumann problem”,
Soviet. Math. Dokl. 89, No.1, 281-282 (1986)

{15] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. 1V, “Anal-
ysis of Operatcrs”, Academic Press 1977

(16] B. Simon, “Schrédinger semigroups”, Bull. Am. Math. Soc. 7, 447-526 (1982)



