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L Horvith, B. Lukdcs: Some noles on sia times
enrays. KFKI 1969, 66/8 UONary Vacuum space- with shearing nongsodesic

ABSTRACT

Here the stationary vacuum problem with eigentay structure x=const.=0, a=const.=0 is
considered, as a possible Kerr generalisation. The result is that for the sohtions of the Einstein
ocuation this ciass is emply.

M. Xopsar, b. Jlyxau: O CTaUMOHBDHO-BEKYYMHMX DEWEHMAX C HErEORETHUECKMMM
coBcTasinnm nyvamm co casnrams. KFKI-1989-~55/B

ANNOTAUMA

MayueH KNBCC CTAUNOMEDHO-BAKYYMMMX PeweHwii ypasvewnn Jinmveiina ¢ colcreen-
MMM YU, KOTOPME MMEDT NOCTORHMME HEHYNEBNE CABMIM M OTKNOHEHWA OT reofeTH=
YECKUX N, Takne PemeHmA ABNMOTCA OANMM 43 METOR0s 0boOmMEHMA NPOCTPSHCTBa~
spemneins Keppa. K aToMy xnaccy He npuHagnemMT WM ORNOTO U3 pewernli ypasHeHmn
Jdrmreliva.

Horvith 1., Lukécs B.: Meglegyzések a nyird nemgeodétikus sajitsugard siaciondrivs vikuum
16r108kr8). KFK)- 1989-55/B

KIVONAT
A siaciondrius vakuum 1ériddket v ljuk olyan eselekre, mikor a sajéisugarakra x és o

4Handd és nem O. Ez a Kerr-megoldds ditalanosiidsénak egy modia. Az eredmény az, hogy ezen
oszidlyba az Einstein egyeniet megoiddsal koz(i egy sem tariozik.



1. INTRODUCTION

An interesting task in General Relativity is to look for
external solutions of compact final states of stellsr evolution,
such as rotating neutron stars and black holes, when Newtonian
treatment is already insufficient. Such final states are expected
to be axisymmetric in addition to stationarity, but generally not
spharical.

There is a solution which can be used as physical starting
point for tackling the above problem, the Kerr metric [1). It is a
stationary axisymmetric vacuum solution containing two arbitrary
constants, whose canonical notations are m and a. l-‘ar-ﬂeid
asymplotic geodesics demonstrate [2] that '

m = gwc’ 118>

as J/Mc 1.1bd
where M is a mass and J is an angular momentum. Therefore one might
regard the solution as the external field of a massive rotating
source. Indeed, for far-field appro:dmaubns the Kerr solution is
pract.ically sufficient. :

If the above parameters are finite, then the solution
approaches the Minkowski space-time asymptotically, therefore the
source {18 localized. (Near the central singularity there are
acausal closed timelike orbits (2], '[3), but this problem can be
eliminated if aim and, eg. the matter fills the =p:xe up to above
the outer horizon.) All the other parameters of the body, as e. ¢.
oblateness, are determined by a and m. Therefore, one cannot expect
the Kerr =molution to be the general external solution of a rotating
stationary body, because even in the Newtonian limit mass and
angular momentum are not enough to characterize the gravitational
fleld (4]. Rather the external solution around a fastly protating
neulron star may be a member of a class containing Kerr as special
case. Therefore to describe astrophysical situations a
generalization of Kerr metri: would be needed. For further
arguments see Ref, 3.

There is a class containing Kerr as firot member, the
Tomimatsu-Sato aeries [6). However, there the extra third
parameter takes only integer values. Interpolation has been
formulated by Cosgrove [{7) but not in analytic form.

There is a method for solving Einstein equations where the



position of Kerr is very special, so giving ideas to generalize. In
the Newman-Penrose spin coefficient method of solving the Einstein
equation [8) the Kerr solution belongs to a very special class
® = 0o = 0 . If we are interested in final states of evolution,
stationarity can be assumed. Then the Einstein equations can be
reformulated in a 3 dimensional space [9). Again, spin coefficient
technique can be used, and the resulted egquations are substantially
simpler than in 3 dimensions (9] The x=0, o=0 class (geodesic
shearfree eigenrays (9D can be fully integrated and contains
Kerr~NUT and some plane waves. The only solution in this class with
asymptotic flatness iz the Kerr. Now it seems that the task iz to
mly ceneralize the Anzatz a»0, o=0.

Both the w0, o0w0, and the xm0, om0 cases have been
analytically solved. The first class contains 3 .oluuon-,‘ but.
neither iz the generalisation of Kerr (10). In the second case one
obtains two solutions, without free parameters (11], so again they
cannot be Kerr generalisations. Then the Kerr generalisations must
be smomewhere within the generic case 0, o»0. But there they are
expected to represent only a cluster of very special metrics.
Therefore for them some special relations must hold among the spin
coefficients.

The =pin coefficients are invariant scalars for coordinate
transformations. For axial symmetry in any specific solution there
is a relation

f(n,0) = O 11>
CFor the detailed argumentation see Ref. 8> A functional
dependence of Iform (11> is a reasonable form of Ansatz to
formulate the speciality of “generalized Kerr™ solutions in the
space of spin coefficients. The specific Ansatz would be a specific
function f. With such a relation derivatives of = can be expressed
via derivatives of o, and the number of equations seems to be
sufficient Lo proceed to solve them (5] ‘

However, besides this generic case there is a disjoint special
one, when both » and o are constant. This case cannot be written
into the form <(11), and therefore must be differently handl.d
The aim of t-hc present paper is to look for solutions in this
special subclass. This does not necessary mean isolation from Kerr,
because the constants may be imagined to be arbitrarily close to 0.



2. THE FIELD EQUATIONS

Our starting equations are the triad projections of the vacuum
Einstein equations in spin coefficient form using the 3+
decomposition in the stationary case. The details of the technique
can be found in Ref. 8 and will not be repeated here. The unknown
quantitiez are the s=pin coqfﬂdqnt.s x, o p, T, = and the trisd
< M-) oompoﬁ.nt.s of the complex vector G. However, by appropriate
triad choice one can always reach =0 *-o (9). Here this gauge will
be used. Then the field equations are as follows:

0= Ta® - 2"x* - oo + o™ C 21a )
Dr & px® = 20® - %% + 10 + G°G+" < 21b )
Sp m ~Q2ro + n(p~p*d> - GoG-O-‘) ¢ 21c >
2
s - . .
neo - Zpoo Go G°G° =0__ < 21d )
6‘00‘ = =o"G+* - a"eo' - Go'o_ < 21e¢ )
» &> FS », - L}

DO_ = 5°G  + pO_ + x°G_ - G_G_ < 21 )
60_ = - pGo + p.Go + T80_ -~ G G C 24¢ D
Do s = 1t + ux® +# go® + pp + GoGo‘ < 24h )

where the differential operators D, 6, 6 have the commutator
relations

D6 =~ 6D = p%5 + 065® + aD 2.2

A 86® ~ &6%5 =m 175® - 16 + Cp*=p)D

The star stands for complex con Jugate. The triad is not yet fully
fixed: there has remained a restricted 'rotau?n of the triad vector
z . om as follows 9

)

n’-m‘c

pc® =« 0 v _ 23>

By means of this, a phase, constant along the clcon'ray-, can
be conveniently removed from one of the quantities o, T or a_ (9)
In the present case, since o is totally constant by assumption, its
. phase is constant too, then it can be¢ removed, and the triad
becomes completely fixed. Therefore henceforth o is real and
positive. v .

Observe the algebraic equation <(21a); it is algebraic because
in general it contains derivatives of x and o, which vanish now.
This squation becomes a trivial identity if xwom0,

Again, observe that the system (21-22) was closed for
integrability for xscm=0, Now the number of unknowns is the same if
we regard x and o as given (although unspecified)> constant

i}




parameters. lowever, because of the extra equation, now the system
i= not closed; in (he foliowing Section we derive maw integrability
conditions. : .
3. INTRORABILITY CONDITIONS

One may start in two directions: either tLhe algebreic equation
can be utilized or some commutator can be appiied on an unkmown to
obtain new esquations. We start with the algebrsic egquation (21a).
Nence T can be expressed as

T =& = 2% = (®CEP®)D/n € 81 )

For a while we consider the constants = and o given This can be
substituted into eqe. (21b). The first one gives the rether long
enplicit expression

o = (20 'u'a'o z 2:’3 'a"o * 4.‘30"3 * h’zo'pv * n’p‘za'n

- %%p%"xp *+ 2:’0’2::0 + p‘o’ l + a'z = p)/(G ‘u‘zu)

« 32)
if Gy #0. The exceptional csse O =0 would lead to 0 %0 via eq
(21e); then G=0, therefore the I~dimensional Ricci tensor
vm,tmt..“w‘cmhndtﬂtﬂ.nmmm
Minkowski solution is reached. Henceforth o-o. There is no need
for eq. €2.1d) to be explicitly used in this calculation.

Then O_ can be written into eqs. <2.1f) and 21g). Two fairly
long equations are obtained which explicitly ¢give the &°
derivatives of p and Go' (See Appendix.) Observe that the D and 6_
derivatives of these quantities were already given by the starting
equations; the other unknowns O_ and 7 have Iiater beocn expressed
via o0 and Go.

So now all the first derivatives of o and ¢° are known,
therefore any new integrability condition for them will already
ovurdetermine the system in some extent. We are going to get these
nevw equations.

Let us start with the commutator (2.2a). In order to evaluate
its effect one, of course, needs egs. CA.1~2). Applying it on o an
identity is obtained. However, acting on ¢°. the result is not an
identity, similarly to e g the case xeOsco [10]. Nowever, now no
unknown derivative has remained. It gives ‘ ‘



38 *2.2% 2.3 - 80 *2.236 %232 + G 26 Y o
© [+ ] (] (2] o L]
 JPY 2 3 2 .2 25 2 .2 2.3
ol _al _a.® + ol el _» "l 0l o -
200 apo-Gono 260 x aGon +2Go x ooonpa
2 2.2 4 4 3 4 3
[ 4 L e 2 L PN »_ .8 L 2% 4
mo x*0*"Q “x'c + 46 *x* p%o%G xo + 40 °x o’Gonpo *
202 4 2

3 .2 3
®0 » i Y [ I - - _
QGupoca o OGIPOGR

¢

+ 1460’1’3p’a’ﬁoa po®

3 (] 3 4 3 222
[ ™ &> » 0% . » ® LBV _»
40 *2*"0"G » 140 "2 00  po + 20 *x"0"@ x"p" 0o *

3 02 02 o 5 _ o 02 _»_e2 3 2 - 02 o 5
.o' poGou 4Gon PPo Gono Gox po‘Goatp

2 .2 8 2 2 3 2 - o2 6
ol o - o 0C @ .0
o0 x o 46 *x*“0®*"0G 2 po” * O Tx®L"0* "G x + 12

[ SR PR ) L P9 W 2 »_0_» ' PN g )
(< ] tpo’Gupa- 120 x%0" G »x 0o+ O o an- 66 f=ad -4 (¢

nsa- doo’a‘seoaspa * 4:‘5p'20"o4+ 24:’549’0“ 12030 Oa‘sp'o"po‘-f

220 *x
o

33:'50‘1402 + 24a’so’nzpoa + 4n’sa’pzov4 + 2:’4p'3a“a¢03 * 3.3)
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While this equction i considerably longer than its
counterpart was for =0, now all the derivatives, together with 71
and G_, have been substituted. so eq (33> is algebraic.
Henceforth we concentrate on this equation and the equations
containing Dp and DGO. These 3 equations will be sufficient to
prove that no solution exists in the subclass investigated here.

- 42'4p’za‘xpaa* 12:’49’0'

3 23 3
o *x o

2,3

4. THE RADIAL EQUATIONS

Our equations are: eq. (3.3) (not repeated here), and the
radial equations for p and Go. The latter ones come from egs.

(21), T and G_ substituted:
2

DGO - 2p0° + Go - OOGO' - x0_ 4.
Do s (n®+Co®Co®0®dd/u™d)n + an® 4 0o® + pp + O oG o.
' < 42 D

Let us see the steps in details first for the special case




Muhu&?ormhxuthd-rlvauon_hm.l’or.ud
x the imsginary part of eq (33> gives a simple equation, linear

®.
_ln @ .o :
2 3
» -
O°G° Ca *Zp‘a)_. 40 P, = 1] » C 43 )
where
(- p‘ﬂp‘ 4.9

| Obmerve that eq. (43> overdstermines the system (4.1-2).
Therefore acting on it repeatedly by D, all ths D derivatives can
be substituted from the system, thus obtaining a sequence of new
algebraic equations, If not identities. Doing ®=o, the first
differentiation gives:

m‘2.4 * ép‘znzoz+ Gp‘n"a - 49‘8303‘ Op‘os- pgzn"*zp:nzazm‘
- 3uto?® - 2x30%2)/x%=0
C 43 )
where eq. (4.3 has been used. Acting again with D, one gets:
3p‘a“a» - opfa‘az . 1_,,“:"zuc',w . up‘z"toa . zo‘E,‘zuz S - sp‘p'z O -
Zp‘pgzu"oz + Gp‘n‘ + ﬂp‘uoaz + 10 p‘u"o‘ - 349‘:206 - Mp‘a.. -~ 3
26 2 43 2285 L] 6 3 4 8 27

‘ - - -
"na-Oszna Qp'zua + 6x O n O 10% o 4:Ao =0

C 46 )
At this point it is worthwhile to separate eq. (4.1) into real and
imaginary parts as

2 2 . 2_ 2
Dp‘OZn + 0 +G°G° +p‘ Py +Zop‘ < 47 )

Do, = 20,0, : C 48 )
From eq. (46) one can eliminate po via eq (495, unless
2°-20"0. Assuming that it is not 0, one obtains

]
«p:c‘( - -39‘2'4 - 9p’zuzaz - pza‘ - op’u‘o + 65-:‘«:7B - x5+ 2497 - y
%30%)/<x3-25%) = 0 <49 )

Bence p‘-comt., being eq. (49) an algebraic equation of
constant coefficients for P, After that, in the same way, eq. -
€4.6) gives p.-con-tant am well, which, via eq. (48) gives that .
qu-» P, oFr p fs 0. By straightforward but tedious c.lculauon-

2
one can show that these cases do not give solutions.



Still we have the subcase ='-20"=0. Then eoq. (45> is a second
order algebraic equation for P, with two smolutions:
p‘-o, or

o= Sox 2:103_805/”2

1 6% + 3

4100

(constant in both cases). In the first case eq <43) would give
Goﬂo‘-o excluded earlier: in the second again P, is constant, and
we can repeat the previous arguments. So for real x there iz no
solution. For complex = again we can start with the imaginary part
of eq. €3.3). With the definitions '

% = x + ix C4.11 D
1 2
2 2
Nl = L x, C 4.12 O
one gets
2 2
» » L 2 - *»
GOGO Cxx®) pzn/o + Cxx®) p“z:c‘zz/o + Bxx pon x, + 8ax Qu‘.
2 o2 P 2. -
- - &> - -
x, 1240 u‘nzﬁ) 4Cxn®) crorp‘pz xx (pl P, )4u‘a20 xn®w
4 2 2 4 2
- + * C -
Zp‘p'(z‘ 6::‘ x, x, > 4+ 2p‘(28(zu¢ > ox %, + (o 413>
603(1/0)>(6u Bu - 14 3:: 3*6:: x 5)) + (p z+p 2)4:¢ x (1200~
1 2 1 2 1 2 1 2 1 2
- xn®) + ( 4(::::‘)2 - 22xx*? - 1204> 4 (x‘anz - a‘uza) = 0

In the generic case hence GOGO‘ can be expressed. Acting on
eq. (413> by D and eliminating GOGO‘, we get eq. (A.3) (because of
its extreme length relegated to the Appendixd Now, substituting
eooo' into the real part of eq. (33> one obtains a rather long
equation, not displayed here. Apart from constants, both that one
and eq. (4.11) contains only P, and P, Acting again on them by D
and substituting the D derivatives from egs. (4.2), one (finally
gets 6 equations for the variables P, and P, and for the constants
o = and x,. Such a system is either overdetermined or the
equations are algebraically dependent. Checking the coefficient
mataix by REDUCE code it turned out to be the first case. Therefore
no solution exists in this subclass.

Now we turn to the special case when the coefficient of Goco"
vanishes. Then eq. (3.3) reduces to


http://C4.ll

2 2 2
- o + . - - -
4 (ex®) o o P, pz %xx (p‘ e ) 4::‘::. Q 2z 2 p‘p.

4 _ 2 2 4 " 3
(u’ 6::‘ a' + .z >+ Zp‘ C 14 CGen") o 2 -‘u.* o - 6o 414>
5 - 3 3 3 2 2
aAaD> 6 u‘ uz 1411‘ nz + du‘az » + (p‘ + p: b ] 43‘13'0

1200 - xx®) + (4(::‘)2 - 22rx*co0 - 1204)4(3‘3:' - n‘uas)-l)

Now, from the vanishing bracket one can either express Py o=

P, = 3, + Db 413
with constant a and b, known functions of x and o (cf. <(4.13)), or
=0 <4.16d>

In the first case p, can be written into eq. (4.14). WVhat remains,
im an algebraic equation of secord order for P, with constant
coefficients, therefore .

Do, = Dp_ = O. 447>
(n the special case when coefficients of all the 3 terms in the
quadratic equation vanish, we have 3 homogeneous equations for 3
varisbles, without nontrivial solution.)
Then from eq. €4.2):

2 2 2 2 2 2 2

L ] - -
2(u‘+az)+o +G°G°+p‘ P, +20p‘(u‘ a').
1) = 0 <4.18>
2 P, P, + 4 x = o P, 1/7¢€)) = 0 4.19>

Now, from eq. (4.18) GOGO" is const. Comparing this with eq. 4.1)
and (3.2), one gets

2 2 .

.0 .. -G *)- o 2® H* » »
2pGG°n +G°Go:¢ <Go°o) (20° x® o Oox + 2 %®°2 p* o* o
04:‘20'012#2:"20';:0-0 n"p‘zo’n-u"p‘a"up‘-Zu’

a’zua+p‘a’zuz+ a‘2n2p>
‘ 4.20> :

Pinally, the real part of eq. (33> is utilized. Apart from
2, % and o, it contains Goao", substituted from eq. <418, p,
substituted by solving (4.14), and Py substituted from eq. 4.19).
Then we have 3 equations for 35 unknown X, %, GO‘ » G“ and o.
(GO-GO‘O-MO') ,

However, each equation is homogeneous in them. Therefore one
can introduce the new pentad of unknowns (o, z‘/a, n:/a, Gm/a,

Goz/ao. Then ¢ occurs in the equations as a (nonzero) trivial



wmultiplicator and can be removed. There remains 5 equat.ons for 4
quentities. Checking algebraic dependence, again they are
overdetermined and no solution exists.
Finally, if (=0, tLhe wvanishing bracket in eq. (413) reduces to
px = 0 ' 421
~ Call the other common factors being positive). But from the
. definition of N, if it is O, z‘-O leads to aw0, exciuded in this
paper. For p’-o we can compare eqgs. (2ic) and (4.187. The first,
having substituted T and G_ from eqs. (3.1-2), in our =special case

cives .
2 2
» - *
2xx" + o Py + G Go = 0 4.22>
while from the second:
2 2
* 5 - »
xx o pz + GOG = 0 (4.23>

" flence x=0, exciuded in the present study.
Now we are ready and the whole class has turned out to be
empty. It is interesting to note that such solutions, where one of

o and x is 0 , and the other is a nonzero constant, do not exist

either as can be seen by inspecting the solutions in Refs. 10, 11
3. CONCLUSIONS

-We have found that stationary vacuum solutions with the
eigenray structure »xsmconst., omconst. do not exist if the constants
iro not zero. The physical meaning of this negative result is hard
to be quite explicitly seen; it is true that the above 2 spin
coefficients characterize the deviation from geodesics and the
shear of the eigenray congruence, but constant deviation does not
mean too much. Again we have arrived at an isolation of the Kerr
solution. The mathematical reason of the negative result is clear
snough: comparing cases =0, o=0 and xmconst=0, osconstm®0, in the
firat casme eq C(21a) is an identity, while in the Ilatter this
equation exists but, of course is a differential equation not for
the constant quantities but for the other ones, governed also by
the further equations. So in the latter case there is greater
chance for the system to be overdetermined, and this is definitely
which has happened.

Therefore all asymptotically flat and axsymmetric Kerr
ceoneralizations must be in the wmubclass cheracterized by the
existence of a relation f(x,0om0. This subclass needs a completely
different approach and will be object of forthcoming papers.



APPENDIX

Here three rather long equations are collected which would
have digturbed the reader in the main text. First we are obtaining
the 4° derivatives of the quantities p and @ . For this, we start
from eqm. (2.1f~g). Substituting thither 7 and G_ from eqe.C3.1-2)
and known derivatives from the system (21> thers remain only 4%
and .é‘o. and one gets egs. (A.1-2) (see below).
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CA2)>

Hence one can directly get 4% and 6‘60 by trivial algebra. For the
shorthand notation () see eq. (4.12).
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Our last equation here is the result when acting by D on the
algebraic expression (4.13). One gets:
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In this form of the equation 0 oo o’ is not completely eliminated. I
could be done by using again eq. (4137, but it would be of lttle
help to get a handy expression.
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