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ABSTRACT

We study the existence of a bifurcation point in the

S:hvi r»ç«-r -Pycon equation of Z*\ dimensional quantuiii

electrodynamics with N fermions. We find evidence for the

my.ittense of a critical behavior, such that chiral symmetry

breaking may occur only for a small number of flavors.
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Th» import anca ef chiral symmetry breaking C*SEO for the

strong interaction i s largely known, and it is through this

mechanism that the quarks obtain their effective mass. It i s also

expected that this phenomenon occurs only when the coupling

constant of the theory i s larger than a certain critical value.

above which the iermionic self-energy bifurcates into a

non-trivial solution.

A series of studies of the bifurcation of the quark

se] Í -ener ov has been done by Atkinson et al , and here ve> will

apply some of their ideas to 2+1 dimensional quantum

electrodynamics CQED 3 with N fermions.

QED i s a super-renor mal izable gauge theory, which

mimics some of the main features of QCD;it has a coupling constant

Ce > with dimension of mass» offering a natural scale to which

most of the dynamics can be related; and working in the large H

limit we can sa*n sets of diagrams under control able

approximations» ft mg beyond per turba tive results'4'. The

techniques of T&*. Cl -3J will allow us to deternun* the

existence, or no.( of a bifurcation point in the Schwinger-Dyson

equation of the ! • mionic self-enercy, in particular we- may verify

if chi rói synin»- •. •/ breaking occurs for any vil UF of N. If this i s

not the case Cas will be shown} the use of the large N expansion

to study * SB in iítis theory may not be consistent.

The ma*;less QED lagrangian density i s
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L * - -r F F *
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which has a Global chiral symmetry UCEND, and a mass U r n

would brcv.l t h i s symmetry to UCFOxUCtO. The- gauge boson propagai or

in Landau aauge i s

wh«r«, t o leading ord*r ir> 3''K expansion, flCkD i s gi vc>n by

2

with os»zN^d f ixed. The inverse fermionic propagator i s

S'*Cp5 « - Y PM 11 • ACp5 3 • ?Cp> . C43

where ACp̂  i s the wave function renormalization, which i s

perturbe': v e l y generated, and can be neglected in leading order of

l/'N. Using the lowest order vertex T** * y? the Schwinger-Dyson gap

equation of the fermionic propagator Cafter angular in tegrat ion)

i s < 4 >

n N x J y -ncy^

where the variables x*p/oi, y*k/a and ICpD-rCp^/a were used
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*s •• biiurcit jcr. poi nt it

there- i s it c r i t i ca l value N . such that a non-trivial solution

£Cx) e x i s t s only when N < N . According to ref.ClD» to find

non-trivial small solutions of the non-linear equation C5.». we-

study th«? l inearized equation, i . e . , the functional derivative of

C5> evaluated at £=0**'. Writing 6ZCxD=fC>:>. we obtain

dy ' ^ Lr, C6>

T M S : : i Fredriolm equat ion» and i f i t s k t r r i e l : s L t s q u a r e

integrableO there is a discrete spectrum solution. The smallest

eigenvalue for which C6) has a non-trivial solution is the first

bifurcation point of the non-linear problem. Moreover, if the

kernel i s symmetric we have the condition

4
1 < _ _ | K D . C73

with

« D ac>

|| Y. ||* = I d>: I dy KCx,y>* . CÉO

o o

where KCx.y} i s the kernel of the integral equation. The kernel of

equation C63 is symmetric but it is not L due to the infrared

divergences.

We can study the possible solution of equation Co) even

in the case when the kernel i s not L . If we remenber that x and y
g

are defined as p/a and k/a, and the integral i s rapidly damped

for momenta larger than a, we can make the following approximation



in equation CO:

o

[» ! i n j rio * new 1 unctioii c«. xl> =1C x> sV~>: *q. COL» i& reduced te>

dy —"*7* * | dy V xy c<y) } . C1C0

o

and introducing new variables u=lnV x and v=lriY y , we finally

ar r i ve to

= 2 X I dv •"lu" v l «<v3 , C113

which i s knwon as th» Lalesco-Picard equation19> ,and where
2N. This equation has the general solution

and it exists for any value of X real and positive! The proof that

Cli) has no bifurcation point can be seen in Tricomi's book Crei.

5}. If a cutoff is introduced into eq.C&) i t i s possible that our

conclusion does net hold Csee, for instance, the second work of

rmf. 45 .

The linearization we have performed i s not reliable for

the infrared limit of eq. C5). As pointed out, by Atkinson and

Johnson'0', a much better approach would be the substitution of



y *Z.v y.' i ti th*> denominator c>i Eq. CO by y *I(O> . E*f-»»»di no th»-

loaar illtm i h »q. C5} and re ta in ing the leading terms w» obi» in

This ir>Upral equation is equivalent to the following differential

equation

*' P. '

e
x «

and whose solution i s

where y*V 1-4X

that eq. C14> is identicsil to eq. C3.3^ of ref.

. and solution C160 exists only for X > 1/4 r * ! Therefore we

see that there i s a critical value N above which there i s not

chiral symmetry breaking

X > j * N < I I . C175
4 S

Evidence for the existence of such critical value of N was also

found in the analysis of an effective potential for composite

operators' *, and such small number cast some doubts In the

consistency of the 1/N expansion for the study of chiral symmetry



br e«li nu through lhe ur>t of the Schwinger -t^'ton equation. It must

al&o bv noticed that the linearization around ZXOD was n»c»isary

to obtain this result» and this is a. much better Approximation to

the actual rior.-l j Df-r solution

Finally, it i s interesting to investigate if with ar.

improved ansatr for the vertex function the above result will b*>

modified. Such approach has been pursued by Atkinson in the

case of OCO". and here we recall that the behavior of the theory

for all momenta i s best described in terms of di mensi onl ess

running coupling constant

Hence» we adopt the ansatz

where fKV..p'J - maxCk.p5. Introducing C105 into equation C65, this

last equation will be reduced to

4 r revi f x+y*1

n
2N J xyll+l/^x.y^J l|x-y|*l

Expanding the logarithmic function as we did to arrive at eq.Cl3>,

we obtain an integral with a Lz symmetric kernel, well behaved in

th* infrared and ultraviolet regions, for which we can compute the

expression C8D. Consequently we verify that condition C7) leads to

th» constraint



N *
n*

which. >o?in, is. a quit*» small number and even mor» restrictive

than condition C172>.

In conclusion, we have- seen, using very simple mc-thods,

that the Sehwinger-Dyson equation for the íermionic self-energy of

QED with N fer miens shows a critical behavior . with non-trivial

solutions for the dynamical mass appearing only for small values

of fernuori flavors. This result persisted even when we used an

improved vtr* «;•: function in the gap- equation. Such result cast

doubts in the consistency of the 1XN expansion as a lool to study

chiral symmetry breaking in QED , and a deeper study of this

behavior, where lhe full non-linearity of the gap equation i s

attacked remains yet to be done.
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