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1. THE MOTIVATION

Let (M, g) be a normalized compact Riemannian surface, i.e. a Riemannian surface
whose boundary consists of a finite number of closed geodesics of (M, g). Let ( N, h) be a compact
Riemannian manifold of dimension n. For any smooth map u : M — N, we define an energy of
u by E(u) = [,, |du|>dM where |du| is the Hilbert—Schmidt norm of the operator du.

Let K be a k~dimensional closed submanifold of N and we define
C(K) = {u € C*(M,N); uw(6M) C K}

Then the critical point of E( ) over C( K) is a harmonic map with free boundary. The motivation
of this paper comes from following basic problem: WHEN DOES A GIVEN COMPONENT OF
C(K) CONTAIN A HARMONIC MAP WITH FREE-BOUNDARY.

A natural way to attack this problem is to flow ug in C(K) along the negative L2—
gradientline of E. That is, we want tofind u : M x (0,+00) — N satisfying following equations:

owu(z,t) = T(u(z,1)),V(x,t) € M x (0,00) (D
u(,O) = o (2)

u(z,t) € K, acaxedM for t>0, (3
duczn(n) LTy K, V(z,t) € OM % (0,00) (4)

where 7(u) is the tension field of u in the sense of Eells-Sampson [ES], nis tbe inward unit normal
on M, and “_L” means orthogonal,

A global way to write (1) in one chart in the range was found in [ES]. We adapt a statement
from [H]. We imbed N in a Euclidean space E¢ by Nash’s isometric imbedding theorem, but we
prefer to change the ordinary metric on E¢, Let T' be tbular neighbourhood of N in E¢, define
¢ : T — T be ainvolution having precisely N for its fixed point set, take an extension of the metric
h to T, and average it under the action of ¢, then ; is an isometry. Finally, let B be a large ball (in
E%) containing T, and extend the metric on T smoothly to all of E? so as to equal the Euclidean
metric outside of B, then we obtain a new metric vector space RS. In R, B is also convex. If we
consider u as a map from M to R4, then (1) can be written as:

Beut = Ayut + A(Tu, V), 1 <i<d (5)

where 4, : TN x TuN — R? be the second fundamental form of N in R¢.

Since the natural space for E making sense is H'( M, N), we shall enlarge the inital
value class of (1) to

H(K) ={ue H'(M,N); u(z) € K a.a.x € dM}
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By the argument of [SU], we know that C( K) is dense in H( K'). Our main result is the following:

Theorem 1 Letup € H(K), then there exists a (distribution) global solution u of {(1-4),
which is regular except a finite point set {(z*,T") hagr © M x (0,00) such that at each point
(=, T, there exist sequences 2} — z!,t} /7 T*, and R} \, O such that (a) if z* € intM, then
u(z! + R} x z,t}) — w(z) in HZ (R?,N) where u; : R? — N can be extended to a minimal
2—-sphere in N. :

(b) if 2 € OM, then
1, pl l . 2 . p2
w(z'+ Ry xz,8)) —u(z) in Hp(R{,N)

where u; : B2 — N can be extended to minimal 2-disk in N with free boundary in K.
The solution u is unique in this class and the singularities are characterized by the con-
dition that ,}in}g E(u(t), Br(z")) > €, VR > 0 where ¢ is a uniform constant.
,.——i
If up € C(K), then the solution u is regular on M x [0, T") where 7" = min{T"}.
As a direct consequence of Theorem 1, we obtain

Theorem 2 Let N be a compact Riemannian manifold within no minimal 2-sphere. Let K
be a connected and simply connected closed submanifold of N. There exists at least one minimal
2—disk with free boundary in K.

So our Theorem 2 is a generalization of the reuslt of [St1]. The main difficulty in proving
Theorem 1 is as follows. We cannot directly use implicity function theorem to obtain the small time
existence of a solution of (1)-(4), but we work through by proving a uniqueness theorem and using
fixed point theorem after a subtle geometrical construction. The large time behaviour of the solution
was studied as in [St]. Our argument is similar to [St2]. I should mention the work of Kungching
Chang [C] which is very important in relating harmonic map heat flow with minimax principle and
Morse theory. In the following, without loss of generality, we will assume that the injectivity radius
of (M, g) is one and the sect(N) < 1.

NOTATIONS

Foradomain Q C M, —co < s <t < +oolet
Q=0 x(s,1),Q0 =Q,, 0 = Qt
and the space
VQY) = {u e C°(1s,1): H' (2, N)); |V?ul, Bul € LH(QD}
where the derivatives are taken in the distribution sense.
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V denotes the covariant derivative on (M, g). In particular, for a local frame {e;, ez}
we write V; =V, fori=1,2.

At a local frame of z¢, we denote 2o + z = exp_ z forz € R?.((z) € Cg(B—ﬁ;(:co))
denotes a non—increasing function of the distance dist)s(z,zo) such that¢ = 1 on B}{ (xzo) and
= 0 outside B}, (z0) and |Vs| < 3R™!

¢ denotes a generic constant depending only on M, N and K sometimes numbered for
clarity.

2 A-PRIORI BOUNDS

The following Sobolev—type equality is crucial in our estimates.
Lemma 1 There exist two constants ¢ and Ry for any R € (0,Ro), T < oo, and any
u € V(MT), there holds the estimate

f (Vul*dMdt < ¢ essup f (Vu dM( f (V2udMdt + R f [Tul2dMdt) .
MT (2,8) EMT J Bg(z) MT MT

Moreover, for any 0 € M, ¢ as before, we have the estimate:

f [Vul*cdMdt < cessup f [Vu|>dM( / |V2u|?cdMdt + R™2 f |Vul?cdMdt) .
MT 0<e<T J Bp(z0) MT MT

Proof The same argument as that of Lemma 3.2 in {ST].
QED

Now let us introduce a key quantity

e(R)= sup R(u(-t); Br(z)),
(z)eMT

which describes the energy distribution of the map u over all balls of radius R in M and plays an
important role in following estimates.

Lemma 2 If u € V(MT) be a solution of (1)(4), then E(u(t)) is absolutely continuous in
t € [0, T] and there holds the estimate

E(u.(r:))+fw|a¢m|2 < E(uo) (6)

Proof By Lemma 1 we may multiply (5) by u, and integrate. On account of (3)-(4) this gives
forany s,t € [0,T]:

t
fiE(u(t))dHf [Biul*dMdt =0
s dt M}
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ang the claim follows.
QED

Lemma 3 There exist constants c1, €; > 0 depending only on M, K and N such that for any
solution u € V(MT) of (1)~(4) and any R € (0,0.5] there holds the estimate

f IVu(T)P + f IV2uf* < e E(uo) + TR sup E(u(t))
Bg(z) Bgp(z)T 0T
provided e(2 R) < €.

Proof Testing (5) with —A uc? we obtain

f |Au>c?dMdt + f |Vu(T)|Pc?dM — / |Vuo 2dM
MT M M

< cgy f |V2u)2¢tdMdt + cTR™? sup E(u(t)) . (M
MT 0<i<T

Without loss of generality, we assume zp € OM. Let {e;, ez} be a local frame on Bg(xo) such
that ey is the outward normal on M. Testing (5) with ~V% uc? we find

1 |
[ B Vaul)s? + f (VVaulc — OTR? sup B(u())
MT 2 MT 0<t<T

gc(/ |V2u|2c2+f [vu;2[v§u|)+1f (Vlu,V%u)g2|+f V. (8
MT MT (aM)T MT

Foru € K now let {G1(u),...,Gnk(u)} C TN be the cutward normal frame to K.
By (4),

n—k n—k

Viu= Y (Viv,Gi(w)Gi(w) = Y (Viu-Gi(1))Gi(u) on OM.

i=1 i=1
By (3)
(V2u,Gi(u))=0 ae on M.

Differentiating this equality w.r.t ez on M yields that
(Gi(u), V3u) = —(VGi(v) - Vau, Vau),

hence on M,

n—k

(V14, V3u) = = ) (Viu- G Vzu  VGi(y) - Vau) .

=1




Smoothly extended G; to B C R? and by Stokes’ theorem,
Vyu - Vuc? =f Au-[G(w)(Vau - VGilx) - Vaw)1s?
M M

+f Ve VIG(1) (Vau - VGily) - Vau))6?
M

+f Vo - Gi(w)(Vas - VGi(u) - Vau) Ve?
M

<c f (I924|[Tuf? + (Vul*)e? + [Vl [Vuf?

M

Hence for any § € (0, 1) we know from (8):

1 1
f_/ |V2u(T)|*¢* - 5/ |V2u2|2c2+f (V¥ ulc?
M M MT

< (cep + s)f [V2uf*c? + «()TR™* sup Euy) -
MT 0<t<T

Since
[V2ul* = [Viu? + [V3uf? + 2|V Vauf?
= (Au— V3wl + |Viu? + 2|V 1Vu)?
<2()Au)? +2|VVaul?) (9
we obtain from (9) and (7):

f (V2262 < (cgq +4a)f |V2u|® + cE(uo) + c(8)TR™? sup E(u(t)),
MT MT 0<t<T

and the claim follows for ¢;, 6§ > O small enough.
QED

Using
f Bl 2 dMdt < ¢ f (V2w RdMdt + ¢ [ \Vul 2 dMdt
MT MT MT
in the above argument we obtain the following:
Lemma 4

There exist constants ¢c;,e2 > 0 depending only on M, K and N such that for any
solution u € V{MT) of (1)—(4), any R € (0,0.5), any z € M there holds:

E(u(T), Ba(zo)) < 2E(up; Bap(z0)) + 2 TR

and
f IV2uPdMdt < 4cs(1+ TR™?)
Bg(xo)

provided e(Z R) < ¢2.




3. UNIQUENESS

Let M be the double of M, it is well-known that X/ is a closed Riemannian surface. We
will denote M, the a—tubular neighbourhood of M in M. Then for a small enough and for any

z € M N M,, there exists a unique projection point z' € M and a unique point T € M, /M that
has also z’ as the unique projection onto 3 M along the geodesic c(t) = exp{—expZ' z}. Sowe
may define an involution & (that is ®2 = Id) by

O(x)=2 f zeM-M, and ®(3F)=z for T€ M;/M.

Similarly, we can define an involution [ in a b-neighbourhood K of K in N. In what
follows, we will write M_, = {z € M; dist(z,0M) > a}. For a solution u € V(MT) to
(1)-(4)now we consider the set

Q = {(z,t) € (Ma/M)T, w(®(2),?) € K3}
and define an extensionof u 10 = MTUQ

R _ [ u(z, 1), ifze M, _
“L”_{Hﬂ¢uhﬂhiﬁ%ﬂeg

By the interior regularity results of (1) (see [C]), €2 is open in M, x (0,T) and it is
meaningful to consider

I(u(d(z),t) = u(z,t)
for (z,t) € MT with (& (z),t) € Q. It can be verified that;

Lemma 5§ Suppose u € V(M7) solves (1)-(4), then # satisfies
Vi, 0t € L3 .(£2)
and & is a weak solution to the system |
Ot — Ay b+ Ta(VE, VL) =0 (10)

on §2, where I" +(+, -) be a bounded bilinear form.

Proof To obtain (10) note the pointwise estimates for all (z,t) € 2.
&z, )| < [DI(w) - Bu(®(2),1)]

< c|fu(P(x),1)|, etc. (%)
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Moreover, it is easy to see that () is of class H? for a.e. t € [0,T) on its domain
(t). Indeed §(t) € H? separately on M and Q(t) /M =: (1) for a.e.t. By properties (3)—(4)
we have that for any

f 4V pdM = f AV pdM + f 4V pdM
Q) [ 10)) M

= Vzucde+/ ViupdM ,
fi(1) M

while the boundary terms cancel. Hence the L2—function V2 u(t) (defined on M U Q(t)) is the
second distributional derivative of 4(t), and &(t) € H2(£2 (1), R%) fora.e.t.

Since I? = Id on K, and for v € T K, we obtain that
DIgpDIjv=v
fory € K;. Let v = DI(v), then by differentiate the above equation we have that
D? Iy (DI, (v), DI,(v)) + DIy D* I,(v,0) = 0

here we assume D,v = 0 at the point y. Then

DIy (9,9) = —DI;D* I, (v,v)
where y = I(y). Let e; be a moving frame on M,, by the relation

u(z,t) = I(2(P(x),1))

we obtain further that
u(z,t) = DI; - u(x,t)
Viu(z,t) = DI - Vi gy (V@ (), 1),
Ayu(z,t) = V,Vu(z,1)
= D* [i( Vs, Ve, ) + DIi - V¥ iz (8, 8)
= DI Ay bant
+ DI; - D* I3y (VR (V4,8), VO (Vg i1)

where &; = V®(e;). By (1) we have (10).
QED

Later we will use another implication of (3)~(4). Define ¢ € C§ ( R) satisfying 0 < ¢ <
1, ¢(s) = 1if |s| < £, while ¢(s) = 0, if [s| > a. Then for any solution u € V(M7) with
extension { the function

1 ifreM _
(z,t) = {¢(dist~(ﬁ(z,t),d’(ﬁ(z,t))), if (z,7) € Q (11)
0 if (z,1) ¢
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belongs to HZ (£2(t)) for a.e.t. and satisfies a.e.
Vol < Vil [V2ol < v, (11
Moreover, the distributional derivative 8,4 € L}_and
| 18,4 < ¢8| a.e. (12)
Lemma 6 Suppose u1,u2 € V(MT) are two weak solutions to (1)—(4) with u; (0) =
= u2(0) = uo, then u; = us.

Proof Let {i; be the extension of u; defined in the above of Lemma 5 and ¢; the associated
truncation function j = 1,2. Define $ = min {¢, 32} and |V4| = |Vi; |+ | V2|, etc. Subtracting
equations (5) for uy, u2 and testing with {u; — uz) 352 we obtain the following estimates for ¥ =
fn —_ ﬁz:

180 — Agd| < (IVEIVE] + (V& [2])
1
[ Gadaret) +valet <c [ (ol lagipr
MT MT
+ V|| Vplp + [Vd|[b]p*+
+ |Val|Volp1p? + Va0 @* }dM dt
By (11)—(12) we may bound the above by
cf [vl (|8l + [Vul?) + [Vu|jv|(1 + [Vu])1dMdt
MT

here we have used the mean value theorem:

9z, t) = (1 — ) (=,1) = (Jour — T oua)(P(2),1)
= ./0‘1 DI(up + 8(uy — uz2)) - (41 — uz)d(on)
and the bounds
[o(z, ) < clv(PLz), 1), [Vi(z, )| < V(P (2),1)]

for all - ¢ M, and integral estimates for  and Vi can be obtained from estimates for v and Vv
on MT respectively.

From Holder’s inequality we now obtain
[ (T PdM + / (Vo dMdt
M MT
< o f el + [Tl - ( / lof* dMdt)! /2
MT MT
+ L |vudmdi+c f P dMdt .
2 MT MT

9
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Without loss of generality, we may assume that T is chosen such that

f () [PdM = sup f o(2)[2dM .
M 0<t<T I M

Using Lemma 1 for the estimate of L*—norm of v, we conclude that

sup f |v(t)|2dM+f |Vu[*dMdt < T sup f lv(®) *dMdt+
0<t<T /M MT 0gi<T /M

+c( / 1Beu)® + Vel 2 sup [ () + f V)
MT Ost<T J M MT

and by absolute continuity of the Lebesgue integral the above can be bounded by

(supo et Sy |¥(2) 2+ |Vv[?)
2

forT > O sufficiently small. Hence v = 0 on M7 forthis T". By iterationv = 0 on M7 forany T >
0 for uy, uz both making sense.
4, LOCAL EXISTENCE

Theorem A For up € C(K), there exists a number T" > O depending only on M, K and N
such that (1)-(4) admits a solution in V{ MT).

Proof We want to prove this theorem by Schauder’s fixed point principle. Let
. _ [ uo(z,?) ifxe M;
to(2) = {I(uo(d’(:c))), ifz€ My/M -

and forany T > 0 and o > O sufficiently small let

M = {& € V(MT; R)|u(0) = g, esssup | [Vi(t) — Vin|* < o}
0<t<T J MT

where g be a number > 4 to be determined later. M be a closed convex setin V(M7T). Tol € M
we now associate the unique solution ¥ = f(&) € V(MT) of the Cauchy-Dirichlet problem

O — A+ T3(Va, Vi) =0 in MT (13)
9(0) = fo (14)
9=14 on AM,x[0,T] (15)

It is a standard fact that we have the following uniform estimate

[ (|8 017? + |V2]YH)dMdt < c(uo)
MT,

10

- VRS s N
A e R T T g S N s o . N -,@-f-;.... et L S




(see [LSU], Theorem 4.5.1). By Lemma 4.2 of [C] we may bound any derivative of ¥ on M_, %
10, T} if up is sufficiently smooth on M. This is a parabolic~type Bernstein’s estimate. Hence
fora > 0,T > 0,0 > 0 small enough, the point set {#(®(z),t); = € M.} will liein a
b—neighbourhood of K in N and their reflection in K will be defined. We may therefore define a
map F : M — M by letting i = F(&) be the unique solution to the problem

GibAyw + [(VE, Vi) =0 in MT, (16)
®(0) = o (17)
W(z,t) = I(H(®(x),1)) on 8M, x[0,T] (18)

Note that if ¢ > 4 is chosen sufficiently large from Lemma 4.2 of [C] and the regularity
of v on OM_, we obtain uniform Holder estimates for Vi in (z,t). Therefore, for this small T
we have » € M and F : M — M and F(M) is bounded in V( MT).

In fact, F is a compact operator. Let I3 be a bounded subset of M, then this I8 is compact
inL?([0,T]; L}(M,)) by the weak compactness of V{ M) and uniform boundedness of Vii(t)
in LY(M,) foranyt € [0,T] and any u € M. Moreover, the associated set of traces

{ilargs v € B)

is compact in W}'% . From (16)-(18)and Lemma 4.2 of {C] it follows that F' is compactin V{ M .
By Schauder’s fixed point theorem F* has a fixed point & = 1. Necessarily -

- 0(z,t) = oz, t) = W(z,t) = ((D(2),t)) on OM,x[0,T]

i.e. ¥ is also a solution to (16)(18). Hence 4 = ¥ = i and & is a solution to (10). But by
our construction also I{(u(®(z),t)) is a solution to (10) in (M, /M_Q)T with the same initial
and boundary values as . By an argument like the proof of uniqueness for (1)-(4) we get that
i(z,t) = I(L(®(2),t)). So (3) is satisfied. (4) should hold—otherwise V2 u would not be in
L*(MD). :

5. THE LARGE TIME BEHAVIOUR

The following Lemma was obtained by M. Struwe [St] for harmonic map heat flow in
closed Riemannian surface.

Lemma 7 There exists a constant g3 > 0 depending only on M, K and N such that the
following is true:

11




Any weak solutionu € V(MT) to (1)-(4) with initial dataug € H! is Holder continuous
on M x (0,T), and any subinterval [ s,T'], s > 0, the Holder norm of u is uniformly bounded in
terms of T°, S and the number

R =sup{R € (0, %—]; € (2R) <&3}

If up € C(K), the solution u is Holder continuous on M x [0 , T'] and its Holder norm is bounded
in terms of T', R, and the H?-norm of ug.

Proof First we derive uniform bounds for smooth solutions for the L2—norm of 8;u(t) for
aet>0.

Differentiate (10) with respect to ¢ to obtain the equality
1625 — A Bei] < c|VOul| V4 + cldeit]| Va2

on Q. Testing this inequality with the function 8,2¢2<? and integrating over M, and [£;,12] C
[0,T] we obtain that

I - ~ - ~
7 [ lawPectiz,+ [ el -
M, (M,),?

h

1
- [ GaBaReh + (VA

< c‘/; " {16,8|3¢2 + VB892 + |VB| 18,5\ Vi|p2¢2 +

1

+|Vo:l|8,a2*¢|V¢| + 18 l* |VE* @¢ }dMat .

Note that we have used the bounds of §.

Next recall that integrals and derivatives of % over  can be estimated by corresponding
integrals of u over M; see Lemma 5. Hence we may replace the domain M, by M and omit ¢ in
all integrals at the expense of enlarge our constants ¢. Applying Holder’s inequality we obtain

2,2 202 22 1 2,2
] tattiic +fM‘? Vol <c [ 1Bl +5fy:: Vaulcs
vol [ 10l + DN | Bl
M,‘f M,’f

‘e [ , 1B (¢2 + [V¢J?) . (19)

From (5) there holds
|8y < [V2u] + c|Vu]?, (20)
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we now have the estimate

f [Beul?¢? + [VuP¢ < ¢ f |V2uf2¢? + |Vul*¢?
M M,‘f

< c( f [V2ul?¢? + |t; ~t1]R™% sup E(u(t), B¥(z0))
M,'f . Hgish

< c(tz — 'tl)R_2 + g3 .
For the last inequality we have also used Lemma 1, Lemma 4, and our assumption that

€(2 R) < e3. Moreover, note that we may also apply Lemma 1 to the term |, M2 |Osu}? c? appearing
1
on the right of (19). Going back to (19) we now simply write

[ atniict s [ 1vouPe <c [ o
M M M

t <<t

+c[(1+ (2 —t1)) R™?)es]'/?[ sup f |8:u(2) P2 ( f VB¢ + RT3 |8,uP ()] 2+
M M}

+¢c[(tz — t1)R™* + &3] sup 18u(t)|?
t<t<t: 7 Bap(xo)

< cf [Beu(t1) 2% + c[1+ (22 — t1) R 2e3]'? f VB
M Msf

c(es + (t2 — ) B°2) sup[ BaH? . -
6 <<ty J Bap{xy)

i.e. for sufficiently small ¢3 > 0, t; —t; <€3 R? there holds

f [Beulta) 2 < cf [Bsu(t1)|? + ces sup / IBtu,(i:)(2 .
Bg(xo) Bap(xp)

Bap(xp) 1 <t<ts
This inequality will hold for any o € M and any t1,t2 € [0,T] suchthati; —2; < €3 Rz. Fix

S o1
0 <t <13 <t + &3 R, h=sh+h),

and fort; € [1;,12] letzg € M, t; € [t1,13] be defined such that

2 f Bt 2 > essupf (D2
Bga(zxo) Br(3)

(zheM;

Covering M with balls of radius R, for sufficiently small €3 > 0 and suitably chosen {, e[t1,22]
we obtain that

R [ B < f Beu(t) P < f Beu(t)
M Bg(zo) Bz g(=xo)
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c

<c_inf f|au(t)|2g- = f |Beuf? (21)
M -t Jup

L<t<h
By (20) and Lemma 3 we finally get

o4
t — 1

/M |Bu(t2)|* < (22)

for all t2,t € [0,T] such that 0 < t; —t; < €3 R?, with constant ¢ = (T, R). ie. for all
t € (O, T1] there holds

f (Bu(t) P < e(1+¢7) . (23)
M
If up € C(K) from (23)-(24) we obtain

[ 1 < (24)
M
uniformly, with ¢ depending in addition on H2({ M)—norm of up. Now we derive pointwise esti-
mates for
f V2 u(h)?
M
by using (10). Note that (10) implies that
AR < (|Bi(2)] + 1VEB ) .
Testing it with A (t) $? we find that
[ V242 9? < c[ (|6, 4 + |Vi|?) 92 + cf_ (V24| Vir|? 32

M M 74

i.e. by (*) again
f IV2u(t)|® € c/ (JGeu(D? + | Vu) DY),
M M
Lemma 1 and our assumption (2 R) < €3 now imply that
[ v <e [ ool + cr
M M

and (24) yields the estimate
f IV2u()|? < (T, s, R)
M

forallt € [s,T1,s > 0 and the global bound
[ 17 o < o Rl llcan)
M

for all u3 € C(K). By Sobolev’s imbedding theorem H2(M) — C°(M) and u(t) is locally
uniformaly continuous on (0, T] resp. on [0, T'] forregular up. In particular, ) contains a uniform
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neighbourhood of M x (0,T], resp. of M x [0,T7], and we can use Lemma 4.2 of [C] to derive
all required estimates for u.

For weak solution u € V(MT) the time derivative has to be replaced by difference
quotients. One can proceed as above.

Q.E.D.

Remark Now we can prove the small time existence of V ( M7 )-weak solution to (1)~(4) for
uo € H'. To see this we approximate ug by smooth data ul* € C(K) and let u™ € V(MT=) be
the corresponding solution of (1)—(4). By Lemma 3, 4 and 7, each u,, persists as a regular solution
to (1)-(4) for at least T" = %; > 0. In fact, Lemma 3 guarantees the estimate (2 R) < & for all
u™ on [0, T], and Lemmas 4 and 7 apply. Moreover, we have a uniform bound

[ (|8eu™ + |V u™ + [Vu™)dMdt + sup E(u™(1)) < c(R),
Mt o<icT

and we may extract a subsequence that convergences weakly in V{ M7T) to a solution of (1)-(4).

Now we are ready to following

Lemma§ Suppose u € sup V(MT) is a solution to (1)~(4) and for some R > O there holds

<00

sup  E(u(t),Bgr(z)) <E.
(zt)EM=>

Then u is globally regular and there exists a sequence t,, — oo such that u(ty,) € C? and
w(tn) =& in H*(M)

where @ is a harmonic map from M into N with free boundary in K.

Proof Our assumption and Lemma 3 imply that form = 1,2,

f |B:ulPdMdt > 0 (m — oo)
mmt!

f |V2u|?dMdt < ¢ uniformly in m .

Mo+

By Fubini’s theorem we may choose a sequence t,, — oo such that up, = u(t,,) € C? satisfies
Btu(tm) = Aprtim + A(um)(Vtm, Vum) —» 0 in  L2(M),

Oitim(2) LTy (K ae.on M,

sup E(um,Br(z)) <&, forall m.
reEM
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Now the claim follows from Theorem B below.
QED

As in [St] we study singularities created by concentration of energy near some points.
Lemma 9 Suppose that for some T < oo, u € NV(MT) is a solution of (1)—(4). If for all

R>0,

lim sup E(u(t),Bgp(z)) >E,
T (z0)EMT

then there exist sequence tm /T, 2m € M, R \, 0 and a map & € HZ_ such that u(t,) € C?
and the rescaled functions

Um(t) = u(Zm + Rmz,tm) — & in HE_,

after a possible rotation of coordinates. Moreover, E(#) < oo, and @ is conformal to either some
minimal 2—disk with free boundary in K or some minimal 2-sphere in N.

Proof For any sequence Ry, \, O lett,, < T be maximal with the property that for some
Tm €M

E(u(tm), Bam(zwm)) = sup E(u(t),Bpm(z)) =E.
(zt)EMim

Clearly t, /* T as m — oo. After possibly take a subsequence we assume that £, — % in M.
Let O be a local chart of Z. By Lemma 4 there exists a constant c; = € 2¢;)~! such that for all
te€ [tm - C3R'2n:tm]

HﬂﬂﬁmM%D2§>0.

Moreover, by Lemma 3 and Lemma 1

uniformly for all m, while again by Lemma 3 and absolute continuity of the Legesgue integral

|VZuldMdt -0 (m — +00) .

mim

lm-—caﬁ?".

Finally, by Lemma 3 also

essup E(u(t)) <c<oo
t-—c:R?..Stsf-

uniformly for all m. Hence if we let
u™(z,t) = W(Tp + Rz, thRLL)

and
M™={z € R*|zm + Rnz € O}
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then u™ € V(M™)_, will satisfy (1) on (M™)_, and following estimates

f lagu’"lszdt =0 (m-~—o00)
(M™)_y

f [V2u™|dMdt < c,
(Mn,

s

essup E(u™(1),B(0)NM™) >0,
-6 <t<0

essup E(u™(1)) < c< o0,
(ZDEM™).qy

uniformly in m. As in {C], we can choose s,, € {—c3,0] such that u,, = u™(s,,) satisfies
tm € Mz(Mm:Rd) ’

Su™(8m) = Aprtiy + Au,(vumsvum) '
Oatim(2) LT, (K ,a.60n OM™NSR2 =M™
0<c< E(um,B2(0)NM™) < E(un) € ¢ < o0,

sup E(up, B1(z) NM™) < E,
TEM™

uniformly in m. After shifting ime we assume s, = O and invoke theorem B below to conclude
our lemma.

QED

Theorem B Suppose M™ C R?, is a sequence of bounded domair;s that converges to a
limiting domain M*® C R?, u™ € H?(M™) satisfies that

um(OMT) C K (26)

Ostm(z) LTy () K a.e.ondM (27N

E(um) < c< oo uniformlyin m, (28)

rsel;?" Elum, B1(0) N M™) <E uniformlyin m (29)

f Bamum + Au(Vim, Vim)2 -0 (m > o00) . (30)

Then there exists amap & € H2 (M*, R%) and a subsequence (we still denote) m — oo
such that
U — B in  HE(M™,R%
where & € H' (M) solves
Ad+ Au(VE, Vi) =0 in M*, (31)
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'anlz - W:z‘z =0= Uy *Ug, in M™, (32)

WM C K, (33)
Osu(z) LTy K, on SMZ (34)

and
E(d) <co. (35)

If M = R2, then @ is conformal to a minimal 2—disk.
If M* = R?, then @ is conformal to minimal 2-sphere.

Proof By (30) we obtain

f |Aum|25cf !Vum|2|Aum|+0(1)(f A um(®)!/2 .
Mm Mm M™

By Lemma 1 this gives
/ |A"-‘m|2 < Cf Ivum|4 +0(1)
Mm M
< c‘éf |V2um|4 +c+0(1) .

As in the proof of Lemma 3, we have
f IV2up,| < ¢ uniformly inm , (36)

By Sobolev’s imbedding theorem, u,, are equicontinuous and hence may be extended to a r—
neighbourhood M™of M™ by reflection in K as before, here » > 0 independent of m (26)—(27)
guarantee that these extensions &,, € H2(M™; R%) and satisfy (20) on M™, as we verified in
Lemma 5. Moreover, as in the proof of Lemma 5, for the extension i, of u,, we derive that

'/;d_ (AT, + Ay (i, Vim)? =0
for all m.
By (31) we may select a subsequence #, such that for any bounded domain Q C R®
im =% weaklyin H*(M*NQ;R%
By Rellich’s theorem we have
im — % stonglyin LM(M*NQ; RY

and
im — % stonglyin L'"(M®NQ; RY
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for any ¢ < oc. Hence we may pass to the limit m — oo in (30), (26), (27), and find that % be a
harmonic map as claimed.

Moreover, letting ¢, be the cutoff function associated with &,, by (11). Given j, k let
¢ = min{$;, dx}, £ € C3(Q) upon testing the difference of Eq.(5) for u;, u; with the function
A (u,- - u.k) d)f we obtain

'[Rz V2 (4 — 2 6 = '/; 1A (8 — ) [2€ + 0(1)

< c/.z[Ag,(Vﬁ,-,Vﬁj) — A (Vi, Vi) .
R

ARy~ ) PE+0(1)

asm — 00,

and @y, — @ strongly in H2(M* N Q, R%) for any bounded Q C R2.

The remaining part of our claim are now easily verified. By (31) the complex valued
function of 2z = z + iy € M™ C R? = C is holomorphic and

H(2) = i) = Jg,* — 298, -Gy

by (35) is integrable over M. In case M* = R? from the mean value theorem for harmonic
functions

1
H(z) = ——-—/‘ H(zd
(2) 2TR 8Balz) )

upon letting B — oo we obtain that H(z) = 0, i.e. that & is weak conformal. By [S],& is smooth
and hence a minimal 2-sphere.

Similarly, if M® = R2, by (33)-(34) H is real on M. By reflection and (35) the
imaginary part of H may be extended to a harmonic function in L'( R?), hence it must vanish
identically by the above argument. The Cauchy-Riemann equations now imply that H =constant.
But H € L'(R?), thus H = 0, and & is weak conformal. By the conformal equivalence D? = R2,
the map & will be conformal to a weak harmonic map. By the regularity result of [S] again # is
smooth and hence a minimal 2-sphere.

Q.E.D.

6. THE END

Now, the proof of Theorem 1 is a direct consequence of Theorem A, the remark, and
Theorem B.
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Proof of Theorem B First, suppose K is diffeomorphicto S2. Let (r, ¢) be a polar coordinate
on §2 and denote C = 8D?,then §? = C x [0, 7] with C x {0}, C x = collapsed to points.
Let D : K — 8? be the diffeomorphism in our assumption. Then any continuous mapping
p: [0, 7] — H(K) such that p(0), p( ) are constant maps induces a mapping §p : S — S? by
letting

8p(v,¢) = D(p(¢)(e™)) . (37)
Endowing the space of mappings §2 — 82 iwth C%—topology set

p={p € C°((0,7); H(K))|p(0) = const,
6p € °(S?%,5?) is homotopic to the identity on $?} .

Since (36) for 6p = id|s» defines a path p € C!. Clearly p # ¢.

Suppose the conclusion of Theorem 2 is false, then for any uy € H(K), there is a global
regular solution of (1)-(4) which convergences to constant at infinity. Hence $d|¢ is homotopic to
constant mapping in C°(S$?, §2), a contradiction.

The general case can be proved in the same spirit. More precisely, it goes as the same as
the proof of Theorem 8.50 in the book of J.T. Schwartz: Nonlinear Functional Analysis, Gordon
and Breach, New York, 1969. ‘

Q.E.D.

Acknowledgments

The author would like to thank Professor Abdus Salam, the International Atomic Energy
Agency and UNESCO for hospitality at the International Centre for Theoretical Physics, Trieste.
He is also grateful to Professors Kunching Chang, J. Eells Jr. and Guangyin Wang for various
stimulating discussions.

20




REFERENCES

{C] K.C. Chang, Analyse non lineaire 6 (1989) 363-395.
[EL} J. Eells Jr. and L. Lemaire, Bull, London Math. Soc. 20 (1988) 385-524,
[ES] J. Eells Jr. and J.H. Sampson, Amer. J. Math. 86 (1964) 109-160.

[H] R. Hamilton, L.N. in Math. 471 (Springer, 1975).

[LSU] O.A. Ladysenskaya, V.A. Solonikov and N.N., Ural’ceva, A.M.S. Transl. Math. Monogr.
23 (1968) Providence.

[St] M. Struwe, Comment, Math. 60 (1985) 558-581.
[St2] M. Struwe, Acta Math. (1989)
[S1 R. Schoen, MSRI Pul, 2 (1984) 321-358.

[SU] R. Schoen and K. Uhlenbeck, J. Diff, Geom. 18 (1983) 253-266.

21




Stampato in proprio nella tipografia
del Centro Internazionale di Fisica Teorica




