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ABSTRACT 

Ke study the fermion-graviton system at linearized 

level in a {2+1)-dimensional space-time with the 

gravitational Chern-Simons term. In this approximation it is 

shown that this system presents anomalous rotational propertiss 

and spin, in analogy with the gauge field-matter system. 

I - INTRODUCTION 

It u&s been recently analyzed by several authors the 

Í2+1)-dimensional Abelian gauge theories with a topological 

(Chern-Simons) term as the action for this field. Because 

this special feature, the gauge field is totally specified-

by the matter field, and it is shown that the gauge field-

matter system presents rotational anomalies , and explicit 

frfictionul statistics2. In this paper w* would like to 

analyze these phenomena in the system composed by fermions 

ccupled with gravitational field having the gravitational 

Chern-Sixons (CCS) term as the action. We shall see that at ' 
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linearised level, or veak field approximation, the 

gravitational fields h have no independent degrees of 

freedom, and the femion-graviton system presents a 

rotational anomaly. The exotic statistic problen is also 

analyzed, but unfortunately no conclusion is presented. 

This paper is organized as follows, in Section II we 

present our system and its linear approximation. It is 

shown that the field h. can be expressed by the fenaionic 

enery-aomentum tensor T . Because the 6CS tera alone is 

•conformally invariant, it can only couple to matter with 

vanishing T*J , so we deal with mássless fenrtions. In Section 

III we obtain the rotational anomalies by the explicit 

computation of the commutator between the angular momentuja 

or "ator and the fennion field Ta, and an anomalous spin for 

? , that depend on arbitrary parameter, is also found. This 

result give us.indication that we have a gravitational anyon. 

In Section IV we present ur conclusion and some discussion 

about the consistency of our method of approximation, end the 

statistic problem for the fermion fields, when they * r e 

redefined by a specific "gauge" transforation, is also 

touched. 

II - FERMION - GRAVITO* SYSTEM 

The nassless fermion-graviton system is defined by 

the following Lagrangian: 

W - T Í * <»*V V*',?' l2'U) 

where the forward and backward covariant derivative »*• 
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defined by 

fr ? » (» + «• )T ; *D « * ( * - • » ) . 12.1b» 

From (2.1) one can derive the Dirac equation 

i e j Y*DuT « 0 , ' Í2.2a) 

and the c l a s s i c a l enery-motaentum tensor 

V I l F W -f Vv? » - ^uvV <2'2b) 

In (2.2b) the notation (wv) means 1/2 (uv+ vu), and T • e, Y . 

In the Dirac equation, Y*, for a «0,1,2, are given by 

Y*« (o3, i*1, i* 2), Y V » 0
tó. i«4,*Ye, 

(2.3) 

••*« diagU, -1, -1), 

with 3 being the Pauii matrices, and ? a two-compcr.snt spinor 

The action for the matter field defined by 

Sr « /d*xLr , (2.4) 

depends, besides the fermionxc fit*id 1, on the dreibein that 

is related with the metric tensor g by the relation g. * 

e*e , and e*"« g^e*. e«dete « rg~« (detg . ) l , i . The spin' 

connection u is given by u • 1/8ÍY6, r eJ e
b w

7
u«e • 

The linear decomposition of the metric tensor a , 

consists to separate into its asymptotic, Minkowski, part n 

plus a deviation b ^ j g - n r khMy, where the parameter 

<2 is defined, for our posterior convenience, as the Newton's 

constant. This decomposition in the g , induces an expansion 
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for the dreibr:in e„ = n + ieh ( + hiclier order correction). 
ml m all * 

(The gravitat ional f ie ld h y has , in th i s decomposition, 

dirransicn of (r.r.-s)1'2.) 

The approximation that we want to obtain to ( 2 . 1 ) , 

cons i s t s to do an expansion in the parameter r« *id retain 

only terns l inear in th i s parameter. As we shall see t h i s 

approximation simplify enormously our calculation when we 

try to express the gravitat ional f i e ld h by the natter f i e l d . 

So, wehave forL f and-equations (2.2&/b),the following expresse i 

L „ l E j " ? ^ t f - { 5 - ? ) Y ! t T j - i l h U t ? T v ( > f ) - ( a F ) t v f l , ( 2 . 5 a ) 
2 tf v 4 w v » 

where e • 1 + — ich, h « Trh , 

i , f " T i e h i i v l T ' ( i V f , + >PC»W*>] « o, < 2 - 5 s ) 

and 

inu 

V i lfVv>*' %T)\f] ~ -f"{?Y°( V " lioJ)lCv" C2'5cl 

One can see in (2.5) that, in the linear approximation we did 

not distinguish world and tangent space indices, and that the 

T is one order less, in the parameter «, than Lf as it 

should be by the definition «Sr» ^/d'x ig^T^. On* «*» also 

see that T .. is conserved and traceless, until 0(<> , if th* 

Dirac equation is obeyed, so JWT • 0(K) and TJJ* 0(«|. We 

shall use this approximation in our calculation, and w» 

shall verify later that the error in our equation will be of 

order *2 . * * 

The GCS tern that we shall use as the action for 

the gravitational field expressed by 



e * 4u< l»waS * 3 ti * k 

presents as basic dynanical variable the dreibein e* . The 

spin connection w ' , and the curvature tensor R , are 
«3 2 

expressed in terms of e . The distensionless parameter y< 

in (2.6) will be assumed to be of order smaller than one, in 

order the perturbation theory makes sense in our analyze. 

The linearized GCS term, Eq. (2.6a), is given by 

s c - 7;SaYw 3 x h i , V 3 Y <V3
h 3 a-ah^u 12.6b) 

(This tsiza could appear in our system induced by a graviton-

f ermion interaction after we have integreted out the f ermicnic 

degrees of freedom ; it is worth while to mention that this 

induced term comes from the second order correction of the 

gravitcn-fernion coupling given in (2.5a}). 

The Cotton tensor Ç , defined by the variation of 

S __ under the chaging in the metric tensor is identically 

tracelsss, symmetric and conserved. At linearized level we 

have 

c
Hv-~S«r

9 T tW 6 8-Dh^. (2.7) 

Considering now the total system defined by 

Sj» Sf + Se>ri , given in (2.5a) and (2.6b) we get by the variation 

of Sj under ig,,v 

T .-4. £w,T<\>»ihéB-a O ' i2-6) 

where 1 is given by (2.5c). 
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In crder to obtii;, che physical content of this theory 

Kcst clearly, it is convenient to study the components T30 

*"- "̂ i ' *s*n5 *̂i- following decomposition for the 

Gravitational field h . 
yv 

n --= (n « M, h = N , h J) , (2.9a) 

where i,j*l,2. Gauge fixing the potential h, , and 

considering only the transverse part of hal, we can choose3, 

Hl--el,i,Wf h11 .- W 1 3- ̂ V - ) V . (2.9b) 

using this gauge and (2.8) we can oLtain only two 

independents differential equations 

Tn. « -^ A * , (2.10a) 
v w< 

Ta< • - 6 , » 1 » + ~ t I 1 U i
: N - D V ) . (2.10b) 

« UK l 2»K 1J 

These equations above have in principal three 

variables (K,W,Y). However the field equation T .. +C. * 0, 
UV |»V 

has just two decrees of freedom. In the purely topological 

theorv, without S.,W and X» ?~N- Q V vanish, and V is 

undetermined, being a (f/eyl) gauge variable . Here, we 

certainly have w and X different from zero, however, V 

is still undetermined, so, let us choose V « 0 and solve 

(2.1C), obtaining for the (2+1)-dimensional space-time the 

metric tensor defined by 

ds'« (1+<N(x)Mdx 3)'•2«e l JO
iW(x))dxW- ( d x V , |2.11a) 

with 



K(x) « «/d*x,GCx-x,)Teolx
,>. 12.11b) 

and 

Six) » 2u<c' /d ' x ' G l x - s ' K ^ y x ' J ) , (2.11c) 

where G(x) is defined by the equation 

i*G(x) - «3(x>, (2.12a) 

which has solution 

* z 
G(>f) » -*- in xs + ~ xa, (2.12b) 

16s 8* 

for ar.y arbitrary constant "c". From (2.12h) we an see that 

V23(x) «D(x) »{l/4^inxa +(l/2») (1 + c), that is well known 

solution of ~2~ ") . 

*n ens weak field approximation it Í3 assumed thai 

for r - » , th* field h * 0, so, if we are mclir.sc to make 
' JIV 

an incegration by parts in (2.11c) we get 

ü(x) - 2u<Elk3</d
ax,G(x-x») Tn(x'). (2.13) 

Finally we would like ta conclude this section ncsir.g 

that the spatial part of the metric tensor in 12.11a) U 

Minkowski, and because h.,f ft,.we have a rotation i« the 

metric-space that comes from the parity odd GCS tern. 

i n - 3OTÀTIOÍ;;U» ANOMALY 

Let us now discuss about rotational features in our 

model. Under a rotation around the missing z-axis,the spinor 

field changes by 
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The t c t s l angular raocentun operator in a (2+D-áiner.sicnal 

èri*i-r£.ry ihecric SÍ^CÍÍ-tinte i s 

J = c i - , /daxx iTO Í{x) . /ç~. (3 .2 ) 

The tern T (x)/g" is to be regarded in general as the spatial 

density of the momentum . 

The corsmutater g;.--'en in (3.1) can be obtained via the 

basic anLi-cc-nusutator re lotion which the ferr.ions field must 

obey. 

*'V*>' ?bíyí>á<x
a- * c

} * á2íx-y>4.,b» for a,b«i,2. 

Ir. the linear approximation, we can write fcr our system 

c : :{x) - 1+ I K 2 ^ * . ' C V G U ' - x ) ? , f x ' ) , (3 .3) 
c a l ­

l/2 2 

and see that the correction t o g i s of order wic , so , t h i s 

resul t i s in agreement with our i n i t i a l assumption about our 

approximation. 

Eecause the exp l i c i t dependence of. the metric tensor 

en the fermion f i e l d , v ia T in ( 3 . 3 ) , the ccismutator lJ#taJ 

wi l l present, besides the usual terms, an extra contribution 

ccming frcm the cc-*r.üCú.»_cr of Tc with, g . This extra 

contribution we name anomaly. Now l e t us write down the f u l l 

result of [J, TaJ. 

• Í J , f a ( x ) ) « c ^ / d V x J I T ^ x 1 ) , f . fxMç^Cx') • 

e l , / d V x [ y x l l q ' ^ ' l , f 4 (x») , 

where 
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Now. a l l that we have to Co is to calculate the coj=sutatcr 

CT0J(x-% f,(x)l » - i{«2CÍ-x«) (y^tx» - U^«al2-*'0>*alxM -

**(x-x') O . y x n («j»8^ • (»;«2(x-x'H^tx'Ka'o^^) . 

After son» steps we get 

U,*4tx» « - i x « t ^ t x W ^ l x ) - ^ l^?(x» sg
l / l(x) - | fmCx)5(?g \ 

- i(Y0fCx) >4 x. CVgl/2(x»- i w c V ^ M V x ' y x ^ G t f ' - J f c m ^ i x » 

+ -2^c I i/d3x ,x;T0j(x ,)inix-x , |aC^T(xM j i + 

2 

~ ( l + c) e^/dVx'T (x')CXT(x)) . (3.4) 
8 t i J J * * 

At this point let us make some comments about the result 

above. First of all, besides the usual terms to 5?,(x) 

comming from the total angular moment of the field itself, 

there are contributions coming from angular momentum of the 

gravitation - field > secondly, the last three terms come from the 

ext:.a corantutator between the matter field and the square 

root of the metric'9 determinant: finally we can observe 

that unless for a particular value for the parameter c, 

i.e, ci*-I, there exist an extra (anomalous) spin for the 

spinor field 

^ ( l + O J , 
3* o 

where J » e^/d'x x,T,.(x) i s , up to the factor gI/2, that i s 
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not relevant in our approximation c, cms anomalous spin, 

the angular ir.omer.tua operator. Because there is no ultimate 

way to define a *->lur to "c" in (2.12b), this extra spin can 

assume any value. 

IV - CONCLUSION AND DISCUSSION 

He have studied the linearized f enaion-çraviton system 

in a three dimensional space-time with the gravitational Chera-

Simons tens as the action for the gravitational field h . Our 

linear approximation consists in keeping terms until order < in 

the expansion of the total action Sf « S + S _ , after we have 

assumed the weak field approximation: g «n- + «h . For S._ ve 
" r *|IV ||V JIV *^ 

have considered only quadratic tern in the h-field and this 

contribution is of 0(1) in K. If we had considered OU) in 

Sc.s, as we did for S_, tte would have tri-linear contribution 

in the h-field; this «h'-tena would modify our Einstein 

equation T + C *0, and in this case we nay infer by 

inspection that two solutions for the h-field will appear, 

one of O(UK) and another 0(K" 1). Because we are in the weak 

field approximation, the feraionic action, given by 

sr * so + " si * accePt» o n l v solutions of order IMC in the 

perturbs tive rcgirc, and for this olution we can write 

S - S -t- tic'sr that is an acceptable expression for the 
f 0 ' 

fermionic action. The solution given in Sect. XI for the 

h-field is in agreement with the consideration above. 

As we have seen in Sect. II, only two independent 

degrees of freedon are left for the h-field; by (2.10a), 

h M is defined in a unique way, however by (2.10b}, only 

http://ir.omer.tua
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th* variable X » v*H - Q V i s defined.Choosing the "gauge"" 

v » o , we get h M , and h , defined as well. In this gauge, 

V » 0 , we have shown that, the commutator (J»T) presents an 

anomalous contributions coming fro» the commutator lbao,TI), 

and an anomalous spin for the feraion appear. Because this 

extra spin can assume any value» and contributes additively 

to the "bare" spin, 1/2, of the femionic field, there 

appear a particle with arbitrary spin that we identify as a 

gravitational anyon. 

Another interesting point to study in this system is 

the exotic statistic problem. The total lagrangian of our 

system, L « L *I e with Lj. and L^given by (2.5a) and 

(2.2b) respectively, after some simplifications, reads 

LT -11"***« v } ~ < v ^ i - ^ *ht i ^ v } ~ •t»î 'V̂  i -

-<hl [*Tdt».*i - (».*> Y° T°TJ + surface terms. (4.1) 
4 0 l . * 

As for a gauge theory (sre Ref. (1)) where the matter field 

can be redefined by a specific gauge transformation, in order 

the to'-al lagrangian is described by free fields with explicit 

fractional statistic, we are tempted to try a similar 

procedure in (4*1). Under a space-time dependent Lorentr 

rotation on the tetrad, given by •*• •'J •*»*•!» the spinor 

field transforms as T + T'-LT , where t is the (space-time 

dependent) spinor representation of a tetrad rotation, and . 

L " V L « a*Y*'. So, let us try a specific (infinitesimal) 

•gauge" rotation with h «l-(i/4k e.^M in the spinor field 

T, Eq..(4.1) reduces to 
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L «r i l y ^ i y ) - Oar)Yy?'J - - | Kh°ltf
,Yl(30?,)# - 0 3 nY l 1"J. (4.2) 

From (4.2) we can see that only h* was eliminated 
o 

from (4.1), by inspection one can see that is net possible 

to eliminate h* and h° from (4.1) at the same time. Now, 

trying to analyze what (anti-)commutation relation the 

fermions field V-obey, we got tono conclusion about the 

evidence of exotic statistic in (4.2). 

Another point that could be analyzed is including 

the .Einstein action in our model.:•...•, In this case, some 

modification can, immediately, be observedt (i) the fermions may 

be massive now, and (ii) the variable V is now different from 

zero. After we have finished our calculation we received a 
7 

paper by Deser , where a structureless massive particle 

couples with topologically massive gravity, . there 

was also found the appearenctt of gravitational anyons. 
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