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ABSTRACT

An analytic method 1is described to allow one to calculate the
stopping power of an ion travelling through matter. This method
accounts fof the electronic structure of the target as well as
that of the ion. This has been shown to be important for a good

prediction of channeling in crystals.

The electronic shells are introduced and the concept of the

effective charge is viewed under the light of these shells.
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1 - INTRODUCTION

In this work we outline an analytic methcd that expresses u.e
electronic energy loss of an 1on travelling through matter by
means of the energy transfer to each electron of the medium.
This procedure allows us to distinguish among the electrons of
the target according to their position 1n space. This approach
is important to account for the energy loss of an ion when the
electronic part 1s important and when the electronic target
distribution affect the results. This 1is the case of axial
channeling 1n a crystal where the electronic 1loss 1is very
decisive and very different whether the 1on travels close to the
axis (where the electron density 1s lowest) or away from it. The
most significative parameter 1s thus the impact parameter (b)
between the ion and the electron 1n question. The formalism
accounts for the possible electronic distribution of the ion.
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We work in a region of not too high energy to avoid plasmon
excitation. This requirement can be easily

removed and the formalism extended to 1include plasmon response
from the medium.

In section 2.1 we develop the theory and give the most important
formulas for the energy loss as a function of the 1impact
parameter b, and the local electronic density. In section 2.2,
and 2.3 we outline the method when the target electron
distribution is described by a Thomac-Fermi distribution and also
by a Shell Quantum Dynamic like that of Hartree-Fock. Thus the
affect of the shell structure of +the target on the
electronic-energy loss of the ion may be studied. Finally in
section 2.4 of the theoretical part we address the problem of
Effective Charge.

In part 3 called Results and Discussions, we present “he Energy
Loss per Electron and an integral form of that energy suitable to
be compared with more classical gross approaches like those of
Firsov, Lindhard and Oen and Rokinsorn. We also present in
section 3 the effective charge of an ion described by a shell
structure obtained from Hartree-Fock calculations.
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2 - THEORY

The method we describe here allows us to write the stopping power
as a function of the impact parameter. To correctly describe
channelling we have found [1] that the stopping power at low
incident energies must take into account the electron density
distribution of the target as the ion travels through the
channel. This means that the impact parameter must be used .in
the treatment of channelling in the low keV energy range.

The energy transferred from an ion to one electron in a gas may
be written as

AE';——e ?v.E(t)di,'

where v is the velocity imposed on the electron by the electric
field E(t) generated by the ion at the electron position. v is
proportional to the polarization. The ion has a velocity v, in
the laboratory system and collides with the electron with an
impact parameter b as illustrated in Fig. 1.

The electron field has components E_, and E_ along the x and y
axis and the electron is located at a distande r(t) from the ion.
Thus r and E are in the same directicn.

The Fourier components of E and r are given by

E(t) = L J. Ew)e—* dw,

V2

- 00
oo

() = 11_— J' r(w) e~ =t dow .

V2

Since E(t) and r(t) are real E*(w) = E(~w) and r*(w) = r(-w).
From the electromagnetic wave equations.

Eg k, = =—G7 19 _QM__
(k, w) 4ik, 2, o)

Ey(k, w) = —dnik, }?;’w?)u :

0,

"mow | A Fig. 1. Schematic of an’
b ion with wvelocity v
, approaching an electro
/ in the medium with impact
7 parameter b
Yy
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The velocity of the electron dis given by

v =) = il‘-_}'.—: j r(w) (—iw) ¢~ dew

AE:Rc{;‘_—'I

and

00
J- dow dow’ di{—iw) e~ *t r{w) - E*w’) e"‘} .

5“——.3

Since 1 f e o) dt = 3o’ — ) ,

©.
ey 48

AE = Re (e }" da)(—ia;) r(w) . E*w)}
= 2Re {e ?dw(—x’m) r(w) - E*w)} .
0

The last equality is due to the fact that the integrand is its
own complex conjugate for w<0, and therefore the real part for
w<0 is equal to the real part for (-w).

The polarization P is given by

1
p :—-..Ve riw) = o [e(w) — 1] E(0),
where N is the number of electrons per unit volume. Thus

1 -
AE = 7~ Re f (—iw) elo) E(w) - E*w) do .
0

The vectors A(w) and B(w) are defined as

Mow) = ¢lw) E(w) at r = (0,b,0),
B(w) = E*w) at r=(0,50).

Thus the energy transferred to each oscillator is given by

AE = ?Lv Re f (— i) [ M) - Blon)) deo
]
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2.1 Example 1: Point charge

The density e(r,t) for a point charge is

o(r, 8) = Z,e 3(r — v,f) .
Therefore

e(k.w)égmk-v.—m).

The vectors A and B are calculated as follows:

2iZ,¢ o — k) e
Afw) = — (21);12 J' k, = ° dk
_ 2iZe0r -
=~ ey
where
-y ikyd
asw, b) = :,,—"———-— ak, dk, .
< +E+ 8
%

and similarly with the other components of A and B.

Carrying out the integration in kz first and later in k

1
becomes Y *

as(w, b) = 21K, (wb) ’

Ty
where K, is the modified Bessel function. Similarly,
2w . [wb
o) =15 ().

where again K, is a modified Bessel function. 1In the calculation
of B, and B, we must incorporate an expression for the dielectric
cons¥ant, ¢(¥,w). 1In the Random Phase Approximation (RPA)[2, 3]the
dielectric constant may be written as¢ =El+iez, where

3wh :
gk w)=1+ ?% {—?,"‘l':—:- X
r -

, @ = (hk22m)?
X [(1 — i, ) In

+(1 _ o+ (I:k'-;/:!m)z) n

w— kry — k2 [2n
@~ kvg — hk32m
w -+ ke — 1k 2m I]}

I +

kg ©— kry -+ ,,k:/’E,’,;i
)3 2
=5 \i) =i bk
L) ( .,_-,.) vk for o < kg — S
=T [t w — hk32m\ Ky hhe a1
4 ( L )(l - '-‘———ki-.——-'vf' ) ‘kz‘ fo l”'y'— ";,-;;; :;: w S k'"” + ;27’_'_ ,
=0 k2

for w> krp +

——
Im
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Since A.B must be pure imaq‘ﬂary and A, is real while A is pure
imaginary, we just need the imaginary purt of B and “the real
part of By’ Thus

o { g 1
db, di, cos b2 im ~—) * dk, dk, o in kb Re (——)
Im (b)) = e e e — J e e t:—
wt o, a ¥ . *
J (E + k5 4 ,) J (1; + &+ l";)

Since Re(l/e*) is symmetric with respect to k . the second term
is zero. In region (1) where 2 %1, Y

1 ‘ ;tu-:‘k‘
! Py Iy s < D
ut (g:k) $750? 2 (-Ml.} TR o e k< 2y,

=0 k> 2k
where i

d = ljag, » = 1afryp ,

ag the Bohr radius, and v tt.e Bohr velocity. Let us introduce
cylindrical coordlnates ={o) dky dk =k'dk'dy and k' k;+k§
k2
even in the case where k'—0 since for w—=0 and k';»o,

and
= k'2 + w /v In Im(l/¢e?*) terms with w2 may be neglected

Im(1/e*) ~—>0(w) independently of terms containing w

Thus 1 sl
Rl PO 4 o
Im ( ;) (kD + k) V< % y

=0 )

We may now write
Im (b;) = doayyiky, b), '
where ko ]
- l ") 1 ’
ﬂl = -.—- dlk (;:;—J_—L—;z‘)‘i J. d¢ cos (k b cos 7«)

Imax

vro(.l)
(12 _,‘z)z ?
where n=2ykdfx and x = aband x = b,
Similarly
© 23
Pe (by) - ch d'k,k,zJ' ll(.'O‘!"p e itk cose ) (](’,
[0} ’
( + "’) (o, k)
Now s h
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f cog e~ e gy f 08 ¢ cos (k' cos ip) dip —
v
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2

- f cos g sin (K'b cos ) dep
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From symmetry considerations the first term is zero. So we are
left with the seccad term and consequently we must use the
ixmaginary part of (1/t*) again.

By integrating by parts

ar an j
f cos @ sin (k°b cos p) dp = L’b [ sin® ¢ cos (L’b cos ¢) d,
then o ° B '

Re (b,) = hn?ﬁz(lt;. b),
where

Soms
_ xJ,(x) ‘
,A"vjdﬂv+ﬂr
: [ ]

2.2 Example 2: Cloud Charge

Assume a cloud of electrons around the Nucleus zl with a density
distribution

eN,Z3

edr, t) = e-Tir-my

This distribution corresponds to a hydrogen 1s type of electron
wave function where 2 is an effective charge that may be
determined by some minifiization procedure as in the variational
method explained by Schiff,[4] or as in the paper of Ferrel and
Ritchie[5]. N, stands for the number of electrors in the cloud.
The Fourier traﬁsform of e (r,t) is

N,de S(k.vg — )8

(K} + 42332 a

ek, w) =

As in the example 1 we must calculate the vectors A and B which
we separate into two parts

A="p+/|¢n
B=BP+B¢-

A_ and B_ were derived in the example 1 since they are due to the
pgint chgrge Z, or nuclear part. We now proceed to calculate A,
and B, due to the cloud distribution of the N; bound electrons.
The total charge density may be, of course, written as

1

A 3 !
:\lfz-.y e"zz"—l',l!]. 1

0=0p + 0c=2Zc8(r — ryf) —

and the total loss is-

1
2N,

o
AE = Re I (4. B)(—=iw)dwm .
°
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In thie part we are just going to calculate A_ and B .
. c c
They rcsult in:

et §(Lr,—e) dk
(SR VA

—4i ap 2y
(4.)e = {ie J"“ o &t 32y

3%2iN,eZ% ] "
=i (ades !
2o Y
where (a) = citd dt, dk,
) FeE s

where again ‘

.k'=(§)'+&3+lf-
L J

Similarly
dar L, 8N e Z2 A §(L,r, —
(d)y = ——, | 222 1y — @)
R I ka(k + 4Z3)° dk ;
_ dai 8X,ez! :
- ‘21); T‘ (e » :
where (ady = _ K, eitd i
w? - o] o ™ N J
[Eé-";-l—“;}{rg-{-k;-{-l‘;-*--lZ;]

2.3 Quantum Mechanics Description for the Projectile~Electron Cloud

The Fourier transform of the projectile density s (k,w) can be
analytically determined from the Hartree-Fock P (r). According to
Clementi and Roetti [6] , the electron wave function may be written

i1 = In *nim Ciln’

Xn1m(T700®) = RO, (F) Y, (0,8

Here, the index i refers to the ith orbital; the subscript n
refers to the nth basis function of magnetic quantum number m and
angular momentum l. R represents the radigal party of the wave
functions and Yim the 'sp?ﬂarical harmonics. '

In the Hartree-Fock calculation Clementi et al., 1in agreement
with Roothaan et al.[7], used the following forms:

Rnl(r) = zj aj s it N
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The radical density (electrons per unit volume) is
r)y = e
. e ananRnl (r)/a4m,

where an is the number of electrons in the (n,l)th shell.
Naturally, the integral of e(r) over the whole space is N, the
total number of electrons in the atom.

It is customary to use a shell density enl(r) such that

»
N = an Ioenl(r) dr .

Thus, en1 (r) = anranl(r).

The product (arl) is sometimes indicated by en1 -
In general (e.g., for deformed shells), ¢ will depend on the
angular coordinates. However, in this work the time-dependent

part of @ is obtained by assuming a rigid motion of the whole
cloud system, with €a function only of the radial coordinate.

Therefore,
e(r) ~-— e(r-vlt),

where v, is the velocity of the ion with nuclear charge Z, and r
is now the vector pcsition. Tne Fourier transform of e (r- 1b) is

° 1 itk-r-wt)
elkyw) = f e WP etr-vat) dr dt .
Using the change of variable u=r - vyt, we obtain
elksw) = J(27) S(k-vy—w) D(k), where
_ 1 o ik-u

Hence, the time-dependent part of appears only in the delta
function. (Now we revert to the usage k=lk|, r = lrl.)

According to the previous description of (r), its radial part

(or average over angle) is for each shell of the form.

eir) = I) a)r e .

The Fourier transform of this function is

1 Yy 2 5 .
D(k) = Zh ay | (1+p ) X +__a" z(;“‘{;’)f?“ilafel l klEHI
2nk X (v )t o, ei+1) I8y )
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2.4 Concept of Effective Charge

Almost all formalisms (including ours) yield a stopping power

2
S - zl l,uz'
in which the function f does not involve the charqe 2 It i1s found
experimentally that the ratio between the stopping pow&r S for the 2
ion and S_ for a proton 1is nearly indcpendent of the quantum structur&
of the _ﬁ%rget element. Specifically, we may define an effective
charge Zl by :

f (v b),

2
21 %

*x

with Z. almost independent of the detailed shell structure of the
target.” Thls observed independence 1s closely related to one of the
conclusions of the present work, nagely that only the valence
electrons are relevant to the value of Zl.

It 1s worth noting that we do not address here the relation between
the actual charge of an 1ion 1inside the material and the charge
measured outside. In transmission experiments 1t 1s possible to
analyze the 1on and determine its charge, but the relation between the
charge 1inside the material and outside it is difficult to determine.
It touches upon quantum mechanical problems of the variation of tle
Hamiltonian of an 1on as it goes from the bulk towayd the surface and

out of the target material. We will simply regard z, as being defined
by the previous equation. :

S = (vl,?z,b),

Inasmuch as the results which follow are (as in Ref. 8) for boron in
silicon, we will now refer specifically to boron as the 1ion and
silicon as the target. As the boron atom moves through the silicon
target material (fig. 2) it may excite an electron at position b.
This electron belongs to the silicon, whose local electron density is
p(r), r being the distance between the silicon nucleus and the
electron. The local density determines the response function of the
medium for the target electron, which sees an effective Coulomb field
from the ion which is lower than the field due to the point charge 2

(5, for boron). 1
boron )
—o— Fig. 2. The boron atom at a
i : b distance R from the silicon atom.
R P e An electron e of the silicon cloud
| o is at a distance r from the silicon
SN 7\ nucleus.
shien '

The difference is due to the electron charge of the boron ion, which
is inside a sphere of radius b. The boron atom, which is assumed to
have been singly ionized, has two shells, (1ls)., and (2s).,, each with
two electrons. If the target electron 1is cn1%1de the “outer (2s)
sqg}l (tpp (+F1elq between the ion and this electron is dve t

+4 =1 unit of charge. However, 1i1f the target electron‘*?
1n51de the second shell the field at b will be due mainly to 3
charges,
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This simple pictur=2, which is originally due to Brandt and co-wo.kers
(see for instance Ref. 9) is used in this paper. We work in the
energy regime where the assumption that the boron atom retains 2
electrons in the (1ls) shell and 2 in the (2s) shell 1is plausible.
Also, we use a response function (dielectric constant) derived form
electron-hole excitation without plasmor excitation.

The effective charge ratio calculated in this work is defined by
* 2
(21/21) = S(R)./ SP(R) P
where S(R) is the totcl (cloud plus point) stopping power of boron
completely dressed with its 4 electrons, and S (R) 1s for boron
treated as a point charge with 5 protons. P
3. Results and Conclusions

3.1 Point Charge Case

Except where noted, atomic units are used: that is, energy in Hzrtree
and distances in Bohr radius.

In Fig. 3 we show AE, energy loss per electron, as function of the
impact parameter b. The upper curve responds to the bare ion (in this
case for boron Z.=5) and the other to the ion with an electron cloud
of 3,3.5 and 4 electrons. The target was Si w’th ar average electron
cloud corresponding to the one electron radius, r_=0.1047 nm. This
value corresponds to the average electron density tn [110] channel of
the Si crystal. All curves show a systematic oscillation with a
wavelength of the order of 0.1 nm.

Fig. 3. Energy loss/electron as a
function c¢f 1impact parameter for
boron incident on a silicon target

|
-

with rs=0.1047nm. Results are
plotted “for the boron 1on modeled
as a point charge (~----- ) and with

and electron cloud of 3.0(- - =),
3.5 (-.~),and 4.0 (....) electrons.
The incident velocity 1is 0.06v_,
where v, 1s the Bohr velocity. TRe
impact parameter is given 1n terms
of a_, the Bohr radius; energy 1is
given in terms of E =27.2eV.

energy tesjerian (o umty) —

imoac! parameler (al yinifs) ———=

These oscillations are of gquantum origin and arise form the assumption
of a zero temperaturc Fermi gas for the taroct_electron qas. As the
temperature rises the oscillations are damped. [8]
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3.2 Cloud Charge Case

We have found that the encrgy loss (AE) per electrfw 1s very dependent
upon the electronic structure of the light 1ion B . However, the
internal Si structure 1s practically irrelevant--ouiy the four valence
electrons (3s), and (3p), are 1important. This 1s because the high
density of 1ts inner code generates high Fermi momenta, and so the
imaginary part of the response function £ and also Im(l/e) are very
small.

It is apparent from our calculations that the maximum energy transfer
1s experienced by those target electrons close to the boron nucleus,
where the coulomb field generated by the ion is greatesc. When boron
1s approximated by a single (1s), shell, as in our preceding paperﬂﬂ
and in the one of Brandt et 11[9], We see that AE is increased by
as much as a factor of 4 with respect to the §fh§§ard case: (ls)z,
(2s),.

2

Shown in Fig. 4 as a function of the nuclear impact parameter R is the
stopping power S, calculated by

S(R) = I;anr pr) aE(r,R) dr

where AE(r,R) is the energy loss per electron at the position r. Also
shown in Fig. 4 1is the point stopping power S_iR) corresponding to a
AE generated exclusively by the boron point chBrge (5 protons). S is
always smaller than S_, due to the screening effect of the boron
electron cloud. The “range of R (but not of r) used in these
calculations is of course inuch broader than would be realistic for an
actual boron 1in silicon case.

Fig. 4. Stopping power as a

" function of R, mirimum distance
i between the silicon and boron
! \\\\Q nuclei., S_ 1is due only to the
o boron nucléls (charge 5°), while S
'\. is the net when the 4-electron

\ boron cloud 1is 1ncluded. (Boron

— . energy = 1 kev.)

In Fig. 5 the effective charge ratio z*/z is presented for the l-kev
case; this ratio varies from =1.0 wheh @20 to =0.2 when R is large.
F?i) largf_)R aai) the silicon atoms will see the boron atom as
5 + 4 = 1 point charge. For smaller R we easily can find
silicon valence electrons that see the boron screened only by its (1s)
electrons; the contributions of such target electrons cause the
effective charge ratio alway. to be strictly less than 1 and greater
than 0.2.
1

T~ ' ' ' Fig. 5. FEffective charge ratio for
s ““-\*\~\\, | 1-kev boron on silicon as a
' = function of R, minimum distance

b 77 -r. N
{r T between the silicon and boron
1 nuclei. At 10 kev this ratio is

' . . . almost unchanged.
[ F] ] Y S

Rimums)
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In addition to these 1l-kev calculations we have done some with
E,=10 kev. Since AF is proportional to V,, the calculated values ofAE
igcreased by the factor v10. However, the effective charge ratio was
virtually unchanged.

3.3 Comparison with Experiment and Other Work

It is very difficult to have a direct comparison of this work with
experimental results. We must somewhat average the enerqgy loss AE
per electron over target-projectile configurations in order to ubtain
values which can result from experimental measurements.

As the averages are done the impact parameters b disappear from the
function f of section 2.4 and the new analytic expression may show a
2, dependency different from that of expression S for the stopping
r. Thus, when we perform the comparison of our average stopping
power with the formulas given by Firsov or Oen and Robinson or
Lindhard this implicit z, and Z, dependency must be kept in mind.

Fig. 6 provides a comparison with our averanes <topping power with
these given by Firsov [1j] and Oen and Robinson [12].

\ Fig. 6. Stopping power 3 calculated
- in this work, compared with the
predictions of Pirsov (F) and of
Oen and Robinson (O-R) (exgonential).
R i1s the minimum distarnce between
the silicon and boron nuclel.
Q (Boron energy = 1 kev.)

Y Y O A A
p—

l B ent

The Firsov predictions were derived from the formula

S(R) = 2,423’3 . 4.3 . 157 . V,

(1 +0.31 - (2,+2273 . )2

in ev/ﬂ, where V. 1s in cm/sec and R in A. His predictions are seen
to exceed our S(R& by a factor of two (at a typical distance of 2.5
at.units) or more. Oen and Robinson'’s exponential result also cxceeds
ours, but only by roughly 65%, uniformly over the entire range.

In addition, Lindhard's prediction of average stopping power 1is given
by the formula 176
s = gl i 8" ” S ZIZL? p v,
( 2.2/3 . Z;E/ )

in en55gy/unit length, where p is the atomic density of the target
(5°10°“/cc for silicon), V, the ion velocity and ajp the Bohr radius.
For E,= 1 kov the Lindhard formula gives an average S of
0.041 at.units, which corresponds to our calculated S at
R=x2.4 at.units. This valuc of R is, as it ought to be, less than the
average interatomic distance in silicon, which 1s about 3 at.units.
It is also large cnough that the corresponding deflection ot the boron
ion, based on calculation with a Molicerce potential, is only about

2° for 1 kev, and the dominant stopping mechanism is electronic.
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Our stopping power calculations for boron in silicon are highly
dependent upon the boron shell structure; however, they appear
consistent with Lindhard's prediction. When the stopping power 1s
expressed as a function of the nuclear impact paramecter R, our
predictions, as well as those of Oen and Robinson, fall below those of
Firsov by about a factor of two.

There 15, unfortunately, no experimental data available at low
energlies from which to infer effective charge. , The work of Brandt and
Kitagawa [9] would predict a value of 0.3 for Z./Z, when the boron ion
is assumed to have 4 electrons in its cloud. ~This value agrees with
what we calculate (for a nuclear impact parameter of 2.5 at.units)
when we concentrate all 4 electrons in the boron (1s) shell. We
previously, like Brandt and Kitagawa, have employed a single shell
whose exponential function was obtained by a minimization procedure,
so 1t 1s not surprising to get the same result.

As we Include the (2s) shell (that is, when the 4 boron electrons are
split betwegen the (1s) and (2s) shells) we obtain the higher value of
0.6 for 2./2 (when R=2.5). This 1s due to the fact that the
screening éff t 1s less prenounced; electrons from the target may see
just the tyo electrons of the beron (1s) shell. 1In order to get a

value of 2./Z, as small as 0.3 the majority of the target electrens
must see tﬁ% f%n dressed with 4 electrons, which requires an R of

6 at.units or greater {unphysically large for boron in silicon).

We have shown here that the quantum shell structure of boron has a
strong effect on its stopping power as it moves through a silicon
target. Our continuation of these calculations to other ion-target
ccmbinations is expected also to show strong shell effects.
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