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WESS=-ZUMINO~-WITTEN MODEL A5 A THEORY OF FREE FIELD.
IV, MULTILOOP CALCULATIONS: Preprint ITEP 89-74.

"
A.Gerasimov, A;. rshakov ), A.Norozov, M.Olshanetsky,
S.Shatashvili ~ M.§ ATOMINFPORM, 1989 2 - c.44

The free field representation of Wegsg-Zumino-¥itten modsl
/1,2/ is generalized tc the cese of arbitrary Riemann surface,
The multiloop calculations for free Tields on Riemann surfaces
are discussed. The special attention is nttrected to the boso~-
nic JBA’—system, which appears in the "bogonigation" scheme
for the Kac-licody current algebras. Ve consider the general
properties of the multiloop biocks of the WZWN and in parficu-~
lar we explain, how the one-loop cheracters are reproduced by

our methods,

Fig- - 2, refv - 21

@ HncTutyt TeopeTavecnoR 2 sxcnepuMmenTansMofl $msxkm, 1989

')Lebcdov Institute, Moscow
*) LOMI, lLeningrad
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5. NMULTILOCP CALCULATIONS FOR FREE FIZLD 1. RIENMAYN

i I3 - 3
SURPACES 2 4.5

in previous seciions we discusssed the Iree field repre~
gentgbion of #WZWi and represented it in
scalar fields,which take values in e c¢irele, and of meveral

A
E}qﬂ-—sysiems of bosonic fields vJ.k,”X,\ with apin J=1. We

v

(44}
'O
H
oD
0
1]
&

tried to demonsiraie,that this kind cf =
fies considersbly czlculation of tree {genus O} corraslators
in W2®M, Just as it hepprens in analogcus situation with mini-
nal models LSS . However, the mein advanitage of free field
repregentation i3 that it natur 1'5 gives rise to muitileoop
conforimal blocks (modulo s gspecial projection,see p.c)

the Introduciion). Before e brief and preliminery discussion
of this subject in Section 6 below, let us remind the mein

information concerning muliiloop caleulstions for free fields. N

5.1 DIFFPERENTIAL GEOMETRY OF RIEMANN SURFACES "¢ .

Here we collect some facis from the theory of Riemenn sur-

faces,which sppear usefull in muitiloop calculstions .

dacobian map, =
— . -%
E—*EE éw - L%"J\_EA-..E\JS {(5.1.1)

may be considered as & map of genusg p R;Lem eun surface Sp
into p-dimensional torus (Jacobian), which is a factor of
P -
c

over a group of translations Jj; > ‘g *'S‘_,,E E v‘T.. .
The concrete choice of point § in (5.1.1) is usually unes-

sential.
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The imege of Riemann surface under the mep (5.1.1) is
descrived by Riemann'’s vanishing theorem in terms of theta-
* *
~functions. On SP there are p~1 points R1,...,Rp_1, such,

that for srbitresry p-1 points on Sp

S, &~ - R -Ri)=0 (5.1.2)
(paranmeter * is arbitrary non-singular half-integer charac-
teristic).

From thié theorem 1t is easy to derive,that holomorphic
jwdifferential .
V3= T SX PRI (5.1.3)

L% B
[

has double geroes et points R:,...,Rp_1 and is in fact a
squere of holomorphic %-differential V,(¥). Another corolla-

ry is thet Prime bidifferentiel,
/ 5
Ele,%)=

(&) -

2xl3-3%) (5.144)

PACPR AL
possesges a simple zero when }-.-‘g' and has no poles at all.
£(3,%') 1e invarient under the shift of 3 along any A-pe-
riod, and changes under the shift of 3 along Bj-period as:

, / ‘ Ry .
Eis f35,§)= E(E,%)tx?(ﬁit\‘g-&;)i’f'I'.TSS). (5.1.5)

There is ancther usefull object: a holomorphic p/2-diffe-

rertial without poles and zeroces,

e Vel B
Calzg)= 7" Q/ﬁE(‘g}p\b. (5.1.6)
For even non-singular theta-charscteristio e Sgego

xerne: is defined as
d —
A ‘ gg (-3
Gz ';);‘%,\ - = p . (5-1.7)

CeHIE(RZ)

e
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It may be iniervreted ms Green function of Y—differentials
(spinors) on Riemann surface with appropriate boundary con-

ditionas:

QZT:F» ((ﬂ )‘tm>7 G c‘gm (5.1.8)

For these Green functions the following analogue of Wick's

theorex hoids:
. s ey SO B AN R )
). .. - D /_t:z--,__..\_q,_ )
Ce. (OH:EJE&H"S; (5.1.9)

Q ("‘s 3 " - e
= MRl " et 5y, -

We shall need also Green funct*l ons of Laplace cpe“aoorA

Usuglly Green function {3} A \ > onn & surface with metric

'b’(*;) ig def ned as a golution of.’ the _ollov_tnr equation:

{h‘iﬂq»ba («333# ;,l\(s (‘i‘i&‘ T )i j {(5.1.10)

13
QO ‘wfunction here is normalized as follows:

. ¥ ‘oha i)
Sgﬂga>r~§? L.e. 5LS’

YAz =4 B3 sy - (541471

The second term on the r.h.s. of (5.1.10) is due %c zexro
modes: Green function QG“A G{*I..“:.(') = E:” f‘i)c?r(éi) /A

with normelized aigenfunctions <;";‘(‘5)J [_\:\p = A, ‘43 sntisfies
the equation

I AQJ%G Ad’ “Hn\ = Zhybah = ZTRRey -

- *~*° 0 (5.1.12)
~zd ADF 4= (83 - Z_ 50y -

f It 18 herd to write down expllclt formula for for ax-

R e

bitrary metzic ¥ . 1In string theory,however, we need
alightly different Green functions ,wlch are golutions of two
other equations: (%5.1.13) and (;.1 18) below:

SRS ERCITRR zm““-‘-’ )

(5.1.13)

AN
ERY R
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or,in conformal gaugse,

v 5 N
% bog GaM A = T AS ey amd (5.1.14)
e
with dditim:l conltrd;t :
;L—Ax’ o, (5.1.15)

Explicit lolution ot cq.(S.'l 14) is:
G 3){1hs ’s;';ﬂ\ea ) i RO S A LRRE

EQ.(5.1.16) do!.:lnes single~valued Iunetion on Sp.Thc multi-
Plyer »H}q 3;73 :ls -qunl to-

”‘“r AR ﬂ\G.Q;;)\ u? _‘I-&x) 1) L@k \ﬁ:: ) “(5.1.17)
1t accounts for the proper dopendencc of G&\Hr'i‘ng on 51 ,
in appliocations it is unessential.(Vector ¥ T and meirio

Q i1 (%) entering €q.(5.1.17) are defined below,in egs.
(5.1.28) and (5.1.29)).
The second type of relevant Grun functions is defined by

the equation
<
l ‘L Gm(‘x'us % (D A‘sn&?ﬁ’(ﬂ) (5.1.18)

with rzSN"‘- -1 i.e.

P& > _A-Ti(‘-\) . (501.19)

Solution of (5.1.18) looks like

V3] 2 /2 e
G‘(;.ﬁ:m*s\ecss’wfm@f Bl pE ™ u-.o.r ) (5.1.20)

Ty o)

with '_‘_-’ -,
¥ =p-0% - R 3 0% - ZRE (saam

and is linglc-vduod tunction of “3 and 3, « The factor

r {R,-} - (*E:(ES) H

s

AR RN T R e e e R
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turns & into O-aifferential in all R_'s. Let us note,

that eq.(5.1.20) provides a principal way to £ind out a Green
function of the type (5.1.11). One should £ind a new metric
¥ connected with original ¥ througn
R;; - QEQD%& = (v-ﬁ’l‘/sﬁ.f; ) (5.1.22)
Then substituting this A into ¢q.(5.1.20) one gets G’-{“ . .
Let us define Green function at coincidesit pointe as ]

dog Ty QM [ S‘u@,‘gmhg Q.,%\%—‘s\m J.51-2

Counterterm is chosen to maintaein two~dluensional covariance.

In fact we have 11y ;
1%y g GG
G &%= o) Toy RS (5.1.24)
The following metrice on Riemamn surface are of specisl
interest:
Bergmann metric: °

Wel) L Gamy
%e..\@ﬁz ;T; ZL L&ﬂ‘; . (5.1.25)

It i3 normalized so,that

SJ%%&)A?‘; =4 . (5.1.26)

Arekelov metric,related to the Bergmenn one,according to
(5.1.22),

f’au,.p)z 3a.0%) 1.e. RM(’S\ %?"‘ h‘) (5.1.27) x
%m 84 (‘s.)l exp (m-s) “‘g ) (5.1.28)
- (p-0% -Ry ZRu (5.1.29)
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Singular metrics:
9 &)= IWiDL™ (5.1.30)

which are squares of moduli of holomorphic or meromorphic
1=-differentials ¥(3). These metrics have zerces and poles
at some points Q',P. respeotively. Curvature is concentra-
ted in these points,
— "o oy :
There are constraints on Qa and Paz ‘
ko‘—& n_vq
Na-Np=20q-0) 7§, -‘é P=20, M*  (5.1.32)
[ 8

As a consequense we have:

S Ru = dxi(p-1) (5.1.33)

b3 hY
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5.2, SCALAR FIELD ON RIEMANN SURFACE

£.2.1. Let us congider the functional integral

Ay = @#ut%lm‘k%«ﬂ& +IZM_\KT ‘{’("i:)] (5.2.1)
where ¢(§)is a scalar field on the surface Spe Int:gration
over zero mode <P sconat gives rise to condition Z Kr=0.
Thus,we may use Green functions (5.1.13). One equa%.;:y‘ verifies,
that this Gauss functional integral is equal %0 '

Ad¥ry- (‘:&NX ﬂG( O— “(@) '%(Im) (5.2.2)

<
Here

/ z Vea I‘*( '1
G (5%)= 16 3 Y bgls E)c'i‘f),! ) 5.2.9

5e2s2. Consider now a slightly more complicated functio~

nal integral, 2 N
T (o WY ]

hhest= ipderpl: WilEdog ) e Taben). 5,20

Integration over zero mode lee.ds to the following condition:
ZKI +—-—§{§‘?\ ZMNLM? H=0o. (5.2.5)

It ig use.[‘ull to shift va.riable ‘#4 75 ?50 s with %
being solution of the equation

WP, = A g, ‘i)+3n2: Kr 8% ,%1). (5.2.6)

Let us introduce asuxiliary singular metric %t(% 3)= Lk ("E)(
with doudble zerces at points Ra . Ye may rewrite (5.2.6) in

the following way:

PR TINCRSEIIrD fm[%/ﬂ r;f;z S i:wﬂﬁn R(5.2.7)

Solution of this equation looks l1like

h(s, x)=)?MP/%j 1 kr&ﬁ(»‘(‘ D FE ;;ﬂ)y .2.8)

: S5

oL
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Insertion of F(Q«,‘s;) makes the whole expression scalar at

points Qo.,\iz and is unessential in what follows.
Now it is easy to calculate functional integral (5.2.4):

Adecy= (f\"ﬂ&)“v\ﬁm# A EMS S(Z“ 42X (p-1)). (5.2.9)

Lot us begin with evaluation ot L¢o Ao ;.) :

a4 003, T jetan ), T (00 Yy, +

IT=t

+ E;zx%&.m»%“xmx;\)-. o L\‘*@,\Q{j}k"&% oy +

(5.2.10)
+ ”)\\i Q.%/ &. +E kIK’ G‘(‘;z,\i:B A\ GOy, LyF
':’z" T3, 50) {—(QL‘I EA)T“ } Z M-HG(L& )\»4
Exponentiating this expression one gets 3 )‘\{t

URa) (=1)
% L“l A% k Q"ﬂ, J«t. SLPA*S QK% (L.) n c%w(iﬂ %
22 .
JGL%:*;Q ﬂG(i; D ﬂc(x- ‘.) \'[G(m‘\ ug@ 2 (5.2.11)

TN
Where SL P/‘A‘I S\QQA-P(‘JA Ai Liouville action.

Tsking into account regularization rule (5.1.24),we obtain
the final answer
/cchLNﬁ

Aderd - “d‘«i SLW‘S*Y) \RVA o TG( ;g
%A’h\ )\\h &:ka m’)h['l‘c,w\,v“ )‘k“ \-
N
5 2 3. Consider now the scalar field ¥ which takes values
in & circle of radius r: ¢.ér 252 On & non-simply-connec-
ted surface this field is not necessarily single-valued. In-

(5.2.12)

deed,we have
-

x5y = h3.3)s D[R uﬂ@{f} L‘**“T&:ﬂ\il (5.2.13)



g3
where %(} ,E) is single=valued on SP. The velues of kI

are no longer arbitrary, instead
. b ;
Kgﬁsmzf):mgl beZ . (5.2.14)

Functional integrel now 1s an jinfinite sum, with each
item related to0 a definite homotopic class of mapping of Sp
into a circle, Mepping classes are labelled by two p-vectors
4 97y o and

A= SM op X_‘G’?LSFZ &“‘Lga"?[)d’ * 'J,iz &zd’fiﬂ} =

; (s¥h ¢z N . (5.2.15)
- Cobyung Lt ST TR {vhed (] -2
r = Fred - P Y 1
Kt 2 xp x__ T'?}(‘l—: +-\:,TjT(‘IlT)(\M~}Y) -]1('\;\ T%—LT?_—(W-\“T}:E:‘&_EE
\ . s 2 ol 1
where

- My >
Z ’.Z}l\ii ' (5.2.16)

We obtain the result of integration over @, ,making use of

(5.2.2) and thz c;:mdition Z£r=° : E?‘
- Y - 1/?_‘?.1
kN3 SRR o m 3L ﬁ)} TE G
@‘7&3&\5(":%\\ | m‘lﬁi RS %T)E ). (5.2.17)

The sum in eg.(5.2.15) 1is ususlly reffered to es instanto-
nic contribution [Lil s because non-trivial solutions of
equations of motion '3-‘-}"#:0 are known as instantons. Instanton
contribution Ije,z]is calculaiged in Appendix to this sub~

‘L_A“d
section. According to eq.(A.%-T"ﬁ*om this Appendix,we have:

- -3 /1. A » hr= = \% I
Tia) -7 S g PO TREY . (5000

Taking into =mocount,that det Im T = det Ngcan)' we ob=

tain: - -’tﬁ:/..} v W
s | ey TREITVERD Stk 4.

St
pRe)

R,

!

= ey
bY
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A1 this coneidexstio
to the caege of 2 mulilp
a torus (se cy example, L9 .

KT R
3 b
APPENDIX

Let us considar the instsntonic sum, depending on two real

p-vectors Ju; s VL

ters & eand Y :

YA

k"-sm T —-?“\]j’““? ssrﬂ“ )R- (3R

B3 Z oy O uelzu%&w;@-

s Ons complex p~vector 25 end two perame-

2 k .k =T —
) I W) 2 - ("auTIS. 2
h@] Zex? “X8 Quw'f}f— FAT) DR Z - = l(.a..n
weZ ,f‘
.,l:Z-N
and express it in terms of theta~functions when % is rati-~-
cnal. Let aa apply Poisson transformatio? w.T. Lo m;
i Qm\‘\ h- 254,
Tk =3 fiweep =2, S Qe TN LY (4.2)
w el g hwieZ? QN‘SE
in order to obtain
—~ 1
A | )
(A.3)
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%
It 3’:- is rationel,

: -%1: ?/Q {hedl
.‘ further °:Lm°>11f1c:at.i. ns-ariges ~ T:\
_LYN—-'Z £YY’@‘H:\ }k)ﬂ_x?\-\j?\lk‘* “ (.?,-‘t Gl +
= A Rl il \.‘ == ’AaS}
Bty =Pk I;;‘:.(z_—_\__g\. _qﬁiz@{h_‘i\g-i k
+9.!le(? —\13 Q’*?L == ( (1\)\ ? 2/ N \P_ g/ l-
Let us use the Iollowing substitu 39
-t ,_S.
f\ . "i___'? Z W -a:t
T T T = S Gx

where ey end 'bi are simultanecusly sven or

nente of p~vectors S, and &g take velues

O, 1/ o cces
{P=1)/P eand 0,1/Q,ee«,{Q=1}/Q resgpeciively:
€p e VA
Cs € ZPQ (Z Z mc&“ (A.T)

Restrictions on ey end bi may be encoded by 2

I S--w) = 2, = Zpéxg (21\(54??3)_
DNRa W o

A o e
—IUNCTIOoNn:

(4.8
The sum (A.5) now tu-ns into o
= -? Z £y r\T h I&((\L?. x
'1,.1 Gt %ez g(w Qe 2
eaczg beZ® . (4.9}
LN NIy (= i »
* v (28 FrE-omuata Yeve wi@-By&e Koy £33
uhere X =za + Cp Ce+ Mo
T=b- Cet CerV/Q.
Making use of the definition of thete~functiomn,
@H@m ‘[_,,\,?Uﬂa«.ﬁ'ﬂuan 9%\ (ata) m;.)) (4.10)
(Y A )
we get the final expression:

wrle

| ixigs 6\_% *Gi .5/4} (R332 lm)@ﬁ* wﬂ(-x Qi\’%} A1)
€3 *
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D.3e CIRCLE-VALUED SCALTAR FIELD WITH MODIFIED LAGRANGIAR

Let us consider now the functional integral

ALARY = ool DO Th) 1 A RRSD| 5.3
where scalar field ‘75 tekes values in a circle, With given
value of coefficient A in (5,3.1) possible values of radius
of the circle and momenta kI are reatricted by the single~

-valuedness condition for exp S(¢ ):

QA"Lzl:n . I-‘-LE hj%léz. (5-3'2)

e

Using these restrictions,we ms.v write:

A= ‘Mu\aL,\SF T4 [ﬁxéﬂg.} \ZMJ (5.3.3)
Divide the field 47 into homotopically trivial ¢5 and non-
-trivia.l.¢ pa.r-Ls, as we did in 8s.5.2.3. Then:

Avivyy = A‘j’wg A (5.3.4)
A“’ sk = _X’M&*?&mﬁi Ot )k %’J_&ﬂ‘s@ﬁ &ﬁﬁ’;ﬂ (5.3.5)

Aml erd =7 evplak S8 B Yebe )t IRl 2D 3] €503-9

A;v h&éwbeen elready calculated in (5.2.12).Now we shall
discuss the instantonic contribution. To begin with let us
note,that (5.3.1) i3 not generically a proper formula. The
field ¢> itself and not only its derivative enters (5.3.1).
However,the field ¢’ is not single-valued and does not
toke definite value at any given point. To make the field
<]5 single-valued we cut the surface S (Fig.1 ) and de-
fine aingle~valued ¢ on this simply-connected surface

5. Now A™3% 5 well defined, but it depends on the
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cuts. Por example, in the case of p=?Q (Fig.2 ) small defor-
mation of the cut change instanionic contribution as follows:

NN E " ,L&ﬁ\zée“ 4.1&1?;24 e 4‘.‘81}2&“. (5.3.7)

It deserves noting,that there is no dirficulties of this
kind with terms ,.-LUZﬁ\’LHQ because of conditions (5.3.2).
To make (5.3.6) correct we should add some boundmry term.
It is easy to verify,that proper expression is:

§9_4>,;ks 3.8)

QSC
where Q ' is defined from

20 - 2ol - T LSG-p (5.3.9)
and 'D-:’}_Q. (%) is any divisor of appropriate degree. It is
easy to show,that (5.3.8) does not depend on divisor D and
metric g. Given a section Q@) of linear bundle,associsted

with D, we may write down explicit expresgsaion for Q :

%L%B
If we change D for another divisor D' and section WwiR)
for w'(z), the difference is

Sg’a‘}mi*a\%\:‘x}h@‘ A (Z*gatg\ “:?:J -
- z‘? *O\Qo% ‘:?_.;J\AQ¢) 0 (wed 231

where A, & and A 4 are jumps of the xield‘“q) %,m

the cuts. Let us choose one special divisor k 2 with

{(5.3.11)
on
lectien@h(i)). Let us show,that (5.3.6) really does not depend

on the choice of metric g. Changing the metric g-> g', we
have:

PRI N S, WOPRETS S AP VI S



5 B )- SR
= S*““"&P g m_ &*‘““%\s \=0.

Let ul cnooss metrio to be %n Wﬁ['ﬁ\ for the sake of

(5.3.12)

convenience, Then we obtain:
A“‘tia-I expla S mﬁm@m& 2 5.3.13)

This sum has been already calculated in (5.2.)

The answer 1s bilinear combination of theta-functions (if
/o « P/Q, P,Q€2). In order to obtain a single theta-func-
tion with given chargcteristic 1_‘1] » one should consider a
more general boundary condition of the type

Ds+h)= Py + xYimes ‘S‘T'D
TN SPERTCNE "

: Some linear combinations of A, $x) s which arise in this
case instead of (5.3.13), with different (ol‘,g;-,,_) are equal
to a square of module of a single theta-function. However,
in this case e.x? ke d(s: 1) 1s not well defined, Also our

discussion above,concerning the term SF& R§> appear incor-
rect, The proper prescription for (5.3.8) in this aitustion

(5.3 14)

i

is:

~ \ ¢ v (

B ’ﬁ 3('5"') + )R "‘w (5.3.15)
whers AQ) = kagﬁ X)) 5y '&‘3 L%(‘A)
This expreas:l.on is obviously mvariant with respect to the
shifts (5.3.14) and does not depend on any cut.
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S5¢4. b-c-IYSTEMS WITH ARBITRARY HALF~-INTEGER SPINS

In this section we reproduce the formulse for conformal
blocks of Grassmanien b-c - systems with spins (j,1-j) for
aerbitrary Jje 12 . We shall use the following strategy.
First,we obtain correlation functions in the simplest cese
ol j=l, using local bosonization. Then, by a change of vari-~
ables in functional integral we shall treat the case of arbit-.
rary Je

5.4.1. Let us consider a speciel case of b-c-gystem:
fermions ¥ (3) ) 4Z)with spins % and the following 0.P,E.:

TEOYE) =y * L (5.4.1)
Stress tensor has the form of
Ty =Y, TRty - A ) ¥ (5.4.2)

On the sphere this theory mey be eazily bosonized in terms of
one scalar field,which takes values in & circle of unit redius:
Y= oexp ()
‘\ . '\
Y= oevp(+04) .- T.;. AEL I

Indeed,let us compare correlation functions in the theory

(5.4.3)

ot .fermionic spinors and in its bosonized version:

<H‘H‘%\ IR DE L\‘Q& _§§ (5.4.4)

vy Q"'
: —wm* **& ) = NI (ae-5s ) (5
< e w 'M% -5 o

1t 13 easy to realize,that (5.4. ) and (5 4.5) possess the
game zeroes and poles anc thus coincide. Note also,that cent-
ral charges of these fermionic and besonic theories are the

geme:
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20637-6341) 4y = (W)2A63%-63+1) 4 4 (5.4.6)
( <% is due to the fact,that ¢ 1is real boson ). ‘

Let us consider now a couple of fermions on arbitrary
Riemamn surface. To define the theory on arbliirary surface,
we have to0 choose phases, which fermions acquire when they
move along non-contractable cycles. This freedom is fixed
by the choice of some "characteristic®, i.e. of two p-veu-
torsz ,"? o When fermion is shifted along Ak (Bk) cycle,
it becomes multiplied by &xp B (N ) exp AT (St A).

Before we discuss,how t0 bosonlze fermionie coxrrelators
one comment is in order. When functional integrel in bosonic
theory is calculated, one should integrate over momenta »p
of intermediate states F(Qﬂeiv)‘. However,Irom (5.4.3) we
see,that only integer momenta are allowed,if one wants to
make correspondence to fermionic theory. This is exactly the
reason,why we should consider ¢ as a field,which takes va-
lues in & circle of unit radius, ¢ v ¢+2X%

#e have already discussed in 8s.5.2,5.3 how the correla~-
tors of circle-~valued acalar fields are calculated.Thus we
have-

S = et 1 E(l; 2 ot —Zt)
<ﬂ ‘N&) YN }g‘ks ) \ Hlea® L

({ 2 Qidin, 4.7 )
In terms ot fermioms this .fonmlc may be interpreted as fol-

T E(‘e.:s ) "’—m‘r‘

lows:

4 - P (“‘*(’E\M’c"»\ (5.4.8)

q.€
¢
Thus ©o X tor-mtornmiethcmm

ﬂ‘?&;ﬂ_’l‘\'&{) t ;“‘3)“ Et‘u‘s )(—XC& -7%)) .49
¢ RELx,'s 5 Q.M.\*’?—
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It is easy to verify,that (5.4.9) has proper transformation

properties under the shifts of z; or ya. along A or B~

=-cycles.

1 Fay*s ident:.ty,

\ EG‘RW FE ’)geb;? 73;3 )Ge@ 35 (5.4.10)
1. EG.,z ) Be (8D WS @Y eE2)

a..qulres a natural interpretation as Wick's theorem:

<ﬂ“i’(€)ﬂ‘ﬂ¥ )> Mwe L5 ) 8. (5.4.11)

) eamm;z) [ERLRE
where (5, N )C"s‘% BB BQC'% )
S. BIERE) (5.4.12)
and _ 8.
Q\n}‘m"‘- (5.4.13)

are fe_rmionlc prepegator end detexrminant.

5.4.2. Let us discuss now the case of arbitrary je¥kz,
The simplest way to work out the answer mekes use of the

chenge of variables {9 ]:
o -4
L) =@, Y  Cs=RnMYE) e
whereﬂ j—Vz is holomorphic (j-})~differentiol with zeroes,

located at points QusevesQ, ny= (23-1){p-1). It is

obvious thet 0,P.%. for b and ¢ has correct form:
Dt )
blryCley= rx/ + .\, (5.4.15)

Ordinary norms of b and ¢ cerrespond to the following

O
noxms for ~Y and Y%

T -
Ll ISR Y 5 BN LV Gt

AN b i+ L
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Thus integration over regular b and c¢ fields is equiva-
N

lent to integration over Y possessing poles at Q1,...,

Qn aend ﬂ/ possessing zeroes at the same points. The-
J
refore we have the following relation between measures:
w3
< QD)

2L pe = ¥y ﬂ (5.4.17)

(B e DR
where C) .\ (3) - G‘LA—-\,)&@M*; a0+ Cs-ayy.

The action is:
~ = -4 9 N
= 33\1‘2 (rRy) (‘\'Q-;-vl\): 3+ ) (5.4.18)

and we obtain the following equality

<\_\Q«,D\)HCHI> <ﬂ *&_‘0 ‘uQ\ x)w)ﬂS\ H,-\"H‘ir)> (5.4.19)

The charge conservation in rermionlc theory leads to the

following restriction: m = n + nj, or

[ QS—\\(‘,-AB, (5.4.20)
The noms (5.4.16) are not exactly standard norms on

the bundles of j end 1-j differentials,which have the

form of

QR - S\Ll 2\ )ﬂ'&l’% ez S\Q - (‘SJ@‘V& (5.4.21)

Tc make (5.4.16) and (5.4.21) the same, let us choose the
metric g and (j-%)~differential {) o 88 follows:

, VIR
dl\riz. Vel QS-\,LGh Y, (2. (5.4.22)

x

P
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Thus we obtain the following answer for correlators of

b,c~systems in metric ‘iz\yqitﬁﬁq

L “ . “. - . .
/ 3 : -~ N Lol - '_’?_\ -\
( h%ﬁa\\\%%» = .\-\ B, 2 )_ﬁ ,‘:’&:L}SL’}; ne ,\__\m\\‘ 34l
a=t k2 € agq LY ,\ ~ Y 5.4
I . i = .’ oLy
il t,:nc. Ay RISHEY
_11 KQ‘*? )\1 - ‘ﬂ?iﬂ:‘;‘.
X i‘i""f—; Lol *Z‘ii Krw-u\/@w
Ty | Cn
> Now we shell discuss,how a transformation Zrom one cias—

racteristic to another may be performed ($o * a8 & speci-

al cage), We use the same trick - a2 change ol variables:

s W &, -
Yo ) -~ { 5 rc T
bis {7"}?,\/‘:2.1‘(%) Cizi=C3Y S s ) 15.2.24
. . . Ly
wnRere o,et 1S defired by the condition,that = %/ nas
»
charactieristic e2'(e), Explicit formulas is:
{ ; ) = (€25 3-I% - :
Yo erts) s LEBOO 7o 3@ &5 By (susa2s)
; E(%.9,)
i Chenging varlables in accordance with (5.4.24),we obtain the
i 9011owﬁng relation: oo . L
i "'*\* rku D) o <Y e Y i o ‘v\‘»
i S 238 ?;," YO, T '\Jt}va‘(\:‘ N
EY ﬂm mm W T AT
ot « SRS AN S R R R
: N ~ - (5.4.2%
: - - -~ N . Q-
: ! ;Lflﬁﬂ,tﬁgﬁuw&»h WAL P
4 = g_‘;_,__.__gﬁt— _____ e 1S e L Lee L \-ru-.\* ] - c3-1 T
: e e i R v .[ \Ll’ ‘J\P( VD
: o . AR R TR ‘ A
: [V R G LTS A e P L,
| {the formuls
- i ~, e TS 4"*\ 5.5[‘,"‘.
DAYy LY £~ (8 = 3 e 0a LIRS o A 2 g a4 27
g Z ?—,'7‘2—"+k ‘; k‘?/)—éx?k 7\ AV J)je)._-.»j z)(5.4.27

T ST T

Y

was used). Twe last fsciors in {5.4.2%) are compensated 5y
Quillents snomely 1101, associated with the tremsfermaticn

{5.4.24). Thus we come t0 the Iollowing angwer:

S Y TNE I
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X Ly A [ L T N A VI 2

Let us comment mlsc on the cace of Jjel. When W=C and

theta-funciion in (5.4.238) venishes. This just indice~

J=1
tes,thet when Jj=1, there is an additionel zero mode of the
field b{z) and that of c¢{(z,. In this case the least pos-

sible N is n1+1 = p, and instead cf (5.4.28) one may use:

/.:*\4. o N (3. \4‘ X ‘v“ "j l\
/ V\%'&a\ﬂ(m‘;& MER2 et " T80 QT2 T Abs. e g
* ARy 1G] (kY2

5.4.3. Consider now egs, (5.4.44), (5.4.23) from the

point of view of bosonizatlon (5.4.3):
. ey ¢

) Cd (544.30}
-1 —\¢g\ ,
C - y;’,ﬁ 56. 3
We mav obtain these formulae directly from (5, +.3) by the
following shift of the field F(%2)in (5.4.3):
. . i A X 2
By = Py - L (2-1) log IVale)) (5.4.31)

After this shift in the functional integral over ?S we get:

\<“e>9c 3“C(<5r)>\ &j# S $RY o " \4’\: 20)

ﬂe R vq,) (5.4.32)
where shifted action

R = SA{N\ L2-1)5 B 33(*(2 - RIOK R . (5.4.33)
Keeping in mind, that integretion is over fields,which teake
values in a circle, we obtain the following answer:

m?‘ —2-0)P )
%mﬂc\ >
K“ 3’»\ fabe ,.-\ EYNCR

4 (5.4.34)
-.—k \‘5 14
- ubL%J mﬁ)n T Sl w - (0= )

ﬂ

W2 5\’

?" Yyiﬁﬁfn

——

TR e o

A1t
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where g,_ D\L\"l stands for lLiouville action, and the coef-.
ficient 2(Q‘;’—Q3« {'\ (the central charge for j-differenti-

als) is composed of two pieces:

Qi1 2 o 26f-6i+4) 2Cq (5.4.35)
Jexi 2 A Lw,  At®iC

The second term on the l.h.s, comes from the general formula

; in the case of j=0.
Taking (5.4.36) into account one sees,that (5.4.34) is in

agreement with (5.4.7%).

In conclusion it is usefull to stress,that bosonization

preseription,discussed in a3s.5.4.3 works well with eny metric

g on Riemann surface (not obligatory singular).
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5¢5. ?{;-—]S' ~SYSTEMS WITH ARBITRARY SPINS Jj€ % Z

$~Y-systems are the analogues of b-c-systems, but with
opposite statisticas. The;.r are bosonic fields. Up to now
p~¥-systems arised as superghosis in the theory of NSR su-
perstring {11\ (in that case j=3/2). We believe,however,
that free } -T—systems are important in the study of gene-
ral conformal theories, and above we demonstrated that they
really arise in bosonization of W2WM (in this case j=1).
The theory of these objects in the case of arbitrary spin
is discussed in Y4,43,14\ 3 in what follows we present a brief

extraction of these results.

5.5.1, To begin with let us discuss the general properties
of g."(-systems and their conformal blocks. Because the only
difference as compared to b,c-systems is opposite statis-
tics, determinants of Sﬂf ~gystems are inverse of those for

byc~ayatems. To be more precise,the following quantity is

unity: NYlgi s
(Dsaralnce. SRaNSERY.- Siba WDOGRY) (=tidey,

Additional insertions arise because of zerc-modes of the
fields Db end § - which are holomorphic j-differentials.
Meking use of the simple observation,that

by,
AR -dee €= a0
we obtain the following answer foxr determinant or_g. Y¥-system:

S¢Rer A
Wpave " Sead... S¢ad)- A.Lh“,%ag ek (5-541)

where {Q; . k‘;)k stands for s basis of holomorphic j~diffe-
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rentials, and MQ&- for determinant of b,c-system.

From (5.5.1) we see, that central charge of &.‘( ~gystem is
opposite to that of b,c-system.

Note,that occurrence of zero modes of bosonic fields makes
functional integral infinite in contrast with fermionic case,
vhere it became vanishing. Generically, when all zj in
(5.5.1) are different points on Riemann surfece, determinent
of zero-modes, arising in denominator, is non-venishing.

But if it vanishes,the ﬁmcfiona.l integral diverges. This
may be in fact interpreted as appearance of appropriate mero-
morphic (1-~j)-differential, whick is a zero-mode of (%) .
Sometimes these poles are reffered to as ™unphysical” (a:i.ncer)~
they ere not implied by locsl 0.P.E.,which accounts only

for singularities at coincident points). It ahould be easy
to expresa all funciional integrals and correslators of 3-,“5
~fields in terms of b,c-ones, but unfortunately we have
nothing in b,c-system,what can be interpreted as 3, Y fields
themselves, In what follows we present a diresct ocomputation
of correlators in $,¥ -system in the simplest case of Juke
Then by changing variables (as we have already done in the

case of b,c~systems), we derive the answers for arbitrary j.

5.5.2. Let us .compute correlators in the case of jwl.
We shall use the notation g.‘—r‘?, B¥=% in this case. The basic
fields of the theory are: e i‘??
o~ ap Y L ¢
vo¥; = &éa PSR \g‘we— .
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One easily verifies the rollowing 0.P,E,:
T SN @I (Tt -

(5.5.2)

STEY)- Skt G;\ﬂ' Laes (5.5.3)
~o

H{FQ@y): tiw) ~ Gx_‘.“wyg(“’m’* (5.5.4)

where additional field, builta with the help of Heavys:l.de-
step function, is introduced:

\'\L‘\'GD\ _&_ & _2 tf‘\’&%\
.(in the case of superghosts 2ields of this kind enter the
picture chemging operator). Combining (5.5.3) and (5.5.2)
one obtaime: Tay=",WE@) Svay).
Thua to 2ind 8ll correlators we need only to know those of

oo
HFR), S4@d, W(R).  Let us celeulate the oorrelstor

) W WAt
LMyiygd Tl Sty T Y @(xg))}: . (5.5.5)
A 3= €=y

It is easlly expressed in terms of Green function for

N
fields ‘¥ ,“Y , which :I.s absolutely the some aas that in

the case of fermions % €.’F.£E_.}_._)_. One should
R Ge( "s ey ¢

only use integral representation of SQ\»“) and HL‘%—)
< ﬁ '% 1 QL"\{‘& )‘(lz Si\g‘ ‘H“'J)?s “ Séﬂ‘ L+(M)%>
2O, »e

Ve «\0
(%) (5.5.6)

'&Qx*tg T‘QGQ l‘ig,xu')) R‘&TqKG’E (\N\” X!D A"\"}V’__

3=t
Lot us integrate out all Sy besides q,+The engwer is:

(Glm ‘(.D 2 c“‘?a Q[G( zx,‘ )‘3 ‘Ge’)(w o »
i 1 1(;0&} w ﬂ ‘GZ’}%‘@\(‘L‘J‘qﬂc‘ﬁ“sﬂﬂ) LAy,

%=y At

(5.5.7)

Y
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Jow the Zollowing equati on (C*aner rule) may oe usea
; X ‘/ N -:'.'.-.,"._'V;‘ G Ll 3 . a\ Y, 'u\:l t. tu
T{L@fa}l"“a,\‘k‘\?_\. e 2 e J)—Jn}'cla :” “ i rt‘“\“}\\ 5.5.8)
f - \\GTLX\\J‘J _(* '\‘““’“’;\(XL—"X \ {(5.5.8

Together with the familiar Fey's identity (5.4.9),

»
¥o) oIRe w; \u'\ e
dok hla f=GRL - Ak \N\“ B NG SANEN '{“‘ww.s.e)
e k%,,wd\ QQ o)

this leads to the following result:

w“, “ F'y . N E v \o - LY i
/ e r, v B \\ G‘(.'x.o‘_ {\(\%L‘N‘--'w“} i e - X
{ W)l S ) T @ i " " iam., 5e5100
AN ;___-‘ 19 k,o ﬂ bl\{ - ~, . w \ h ‘O‘YZ

I+ is usgefull to exl“eqa this result in a siighily different
form, making use of the relation between determinants,

<)

QS (k)= Del

The finzl answer ig:

{5.5.11)

) Vﬂ RA) A
/ o “ Qb) U\\C .(_‘.,‘“;)‘..C "
\\l mﬂikﬂw O ﬂHM\q\w‘ T B0 e » (5.5.12)
1 (h‘m o’&) %m) ) - J‘M}

It is natural fo 1ntraduce new fle_Lds.
) 3
T@-W&Ee) 5 950w [ Fw-Oxe
+€R) (5.5.13)

W -0, ¢ P Slren Y= e
One readilly verifies,that new fields(Y%,%) and ¢ 2Zrom

e(z)

the point of view of O.P.E. are identicel %o grassmanian
b,c~system with spin j=1 and to a free scalar field respec-
tively. Central charge of J@.\Y -gystem may be confidered
as & sum of central charges of (&@) system and of scalar P

provided,that its Lagrangian looks like

Prrm— b2
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.4 N t oY 1 2
ij».’s : 2-1-\"\&§QT =g U3+ S1081), (5.5.14)
Relation between %Q{ ~-systems and those of fields N, %. &
is known under the name of "bosonization" of besonic R.% -~
~systems. In terms of these new fields eg.(5.5.12) has the

rollovring form:

SIS ﬂ NEBY Yerglact il =

o Iy 5oq (5-5015)
ﬂ@u % *‘z - Toe+ T ) .‘],Eu\,m‘si Bl BUAAY
MR $ 4 1\\ a / %
7 é;e (‘)‘ * L\"Q. I\ﬂ\ Tq\c-k\, —t C\XH“\,;nb%\c }é‘l
L6 5.5.3. Now we proceed to formulae Ffor arbitrary spin j.

~

Ag in the cese sf b,c~3ystems we snell use the change of

variables in functicnel integration:

a@Y - TEYLvy) o TR ‘*G‘)/—ch-m‘*\) (5.5.16)

where holomorphic (J~¥)=-differential Q =% posses~
ses zeroes at points Qy...Q > ns= (2j=1)(p=1). The integ-
J
ration measure looks as follows:
™~ (¢ Y ! Is .1-—-} o o407
Ve dy = TFDr TOHAN gy QI E (5.5.17)
Thus we obbtain the following expression for correlator For
:’3 X ~-gystem with arbitrary  (we va.a.eq -5 :g) 33
in the case of ©,c-gystem):
“ W~ (1\4\)“1—\) " w ‘f“\‘ﬁ.\\) ; N
HT{‘H 1%&’5\.\.‘)\‘} HL&(@% ‘;g o / Q- x
i’,*\“.\‘)
i3 =1 m
f': 5.18)
w={25-Xp-) - Q) Qa U
2 0y \— 8- N\ ~ T
T'\ &Q’ b V) )130‘1)?1“\{@ -l 9«) 1_‘) R\
:Q a

A=A
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Note, that 3,¥ ~systems may be "bosonized" in terms of

free Grassmanian fields (Y, %) with apins (1,0) and free
scalar field with the Lagrangien

A Se 4 A U N
e i}(&(wi AL ‘7&,(?\‘03751\0 (5.5.19)
in the case of arbitrary j. (In variance with b,c~aystems

the coefficient before curvature in (5.5.19) is imaginary.)

Bosonization rulee are:
$ln =% e - ‘ze o™ (5.5.20%
$
or iD= H[Fg_m o= Va2 S(g.m\

Y@ = ¥R e I E, Sy, 522D
It ia straightforward to recover (5.5.18),starting from
(5o5¢19) and (5.5.20).

oy

b S T .
,w:},,’;'?;;:',’:f!.{;‘m, LA T ST



cmm SR Y S W B S, B TR R T s

112
6., MULTILOCP CORRELATORS 1IN WzW THEORY

6.1. GENERAL FORM OF CONFORMAL BLOCKS

In this section we shell discuss the implicaetions of
bosonigaetion prescription for WZWM in the case of arbitrary
cloged Riemann surfeces., Note,that bosonized version of &
theory conteins mere irreducible representations of XM algeb-
ra,than the WZWM ifself. Thus to obtain conformal blocks
of YW2W theory one should design some linesr combinations of
conformal blocks of 1ts bosonized version in such a way,
that additional fields are projected oui. On the sphere {(ge-
nus 0) these linear combinstions are contour integrals of
certeln dimension one operators,erising after bosonization.
In the case of higher genera besides these contour integrel
insertions one should take linear cowmbinations of conformel
blocks,corresponding toc different "boundary conditions®
{ thete-charecteristics),

" Halve caleulation of multiloop correlators of WZWM, rely-

ing upon bosonization nreacription gives the answer like

Z‘GLD Hﬂ \T(‘W &3 \\( \.E(ﬁ’&%;,uj)ﬁcﬁi (6.1.1)

&Chk
4
where E,C(I'LWJ.'!&&,?.L,\A:\) are conformal blocks of & ¥ -sys-
tems W, Y, with spin je1, end ?Q(I\‘\f’ntﬁ,%\',“s) are con-—
formal blocks of a multiplet of scalar fields taking values
in Cart n %orug of the group {ii is proportional %o
chonacleishic o
thetd‘? ctiojassoclated with this torus). Additional ope-
rators of dimension one mre locoted at pointe {usk and the
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surface has punctures at points Jz:} . 411 these oconfor-

mal blocks,entering r.h.s. of (6.1.1) we-re already discussed
in Section 5, .
Note,that through ?(w;,'x.\) R ® -functions naturally arise
in denominator of formulae for multiloop characters in WZWM.
In the apirit of usual relation betwaen chirasl snd non-~chi-
ral versions of the theory,we conjecture the following form
of chiral conformel blocks in WZW theory: ]

) > n
T B ...%O=(§"' SC,Z“«J}Z(“‘%; u) n.r;m“*«x*kﬁl/“;\&““e (6.4.2)

wheve k; are some character:!.st:.c:-;epmdent coefficients,
and C:,...,C: are some non-contractable cycles on punctured
Riemann surface. (Note,that W.\.'K,L are periodic because they
are related to single-valued KM currents.) Actually conformal
blocks of WZWM arise only for some special choices of \(Ae
- el |

In what followa we are going to illustrate this general
suggestion in the case of genus 1 (torus). In this case,we
have an alternative way to obtain some correlators (including
partition functions), using well known charscters of Kac-Moo-
dy algebras |45\ . We chall £ind a complete agresment with

(6.1.2)

PR T TS, VL U NS U



I ERT A L R

T " O oy e 3 ez 1 A Loy R
B Ttk A S Sl L C R

s v B " Y A Y, T AT v S e, e
- e TUTTACYE PRMATeT Y ayryy Y )

114
6.2. CHARACTERS OF KAC-MOODY ALGEBRAS (15}

Let us consider wvacuum conformal block on a torus,which

is associated with irreducible representation of Kil-algebra
with the highest weight A :

(;>=T1“ Q/*zxi't (Lo~ %)
A

where (C-

(€.2.1)
is modular parameter of the torus,

H, is irreducible representation of KM algebra,

c is central charge of associated Virasoro algebra,
cx RAwG (6.2.2)
x + Cy

#e shall show, thet (6.2.1) is a value of charecter on the
special olementQV*dOof KM grcup.

To begin with, let us present & brief review of Kl slgebras

and their characters [{5] . Let us start with current slgeb~

ra LCE . Elements of ng are Laurent seria with coeffici-
ents iu Oz « There i3 & bilinear symmetric form on them:

(xaYy= 7 X9 “&' X=ixg{k)‘gzi‘5w{m (6.2.3)
"GZ he_z \ngz

In order to get cenirsl extension of current algebra, one

should edd centrel element ¢ &and modify commutation relati-~
one:

- Wk )
HTXA AT 2T s s € Rou 74D (6.0.00
11 we 2dd cne more element - derivative 4 :4&&&*
CRYARERIIEDAY Y
+ s - ~

we agbtain KN algebre 0}

(6.2.5)

with non-degenerate bilinear sym-
metric form

e dewpd, ydeondds e X (6ee6)
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Cartan sub-algebrs of 8'3 is

- R=he€cocd (6.2.7)

whers \r\ stands for Cartan sub-algebra of Os .
po .
Let us introduce the dual space T{ »

K- Ve Ch® ¢S (6.2.8)
80,that the following rslations hold:
Aold = SUdd= 4
Aed) = S@=0 ' (6.2.9)
i Ael¥ = Mo= M= o.

Root decomposition for the slgebra O looks like

~ . ‘\‘-‘“ L)
aaz’ts 2:,,:} \“‘ez;z e (6.2.10)
weZ a4 *0 :

where root subspaces are defined by the conditions:
h %1 alh)oga \ie® aek™ (6.2.11)

Elements ae’k* are reffered to as roots, and dimdf a®
- muli:a are their multiplicities. For algebra ?)& we have
the following root system:
A={@+ws) (meZ,ded) wal), (=] k
S. MS)  (woneZ) wll go=n

where ' 1is rank of G and A - the root system of O .
(6.2.12) is a direct consequense of (6.2.10) and the fact,
that for finite Of all mult, = 1. -

For a system of simple roots in 'k* foxr basis in the
root space) we choose the following roots:

(6.2.12)

0;=dy t=4.X Qo= S oo (6.2.13)
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where ol{ are simple roots of 04 and de = Z d;

ie\

is long root. Thus all positive roots are:
Af’fik;ﬂ;} = w0843 hs-.\;\nqb,\j.le A.,} (6.2.18)
L 7

P .
Discuss now the Weyl group of algebra 04 . Affine Weyl
group is generated by reflections e 't .. *L.,_ :

N ¥
o= X= (2,4, )d; (di= & &Q (6.2.15)
with respect to simple roots ol € A - Because of the
relation (S,A;\‘ )=0 we have'Z/{§)-§ . Therefore W acis on
& factor-space 7\*/{% . It 18 easy to prove,that on the hyper-
plane | = 1’_)\(\ D= \)\} e’u q-_g]} the action is affine.
Shifts slong duel roots J. s are generated by elements
)C.t: = ‘ZJ:.'LF-\';- (6.2.16)
On the whole space ﬁ* these generators look like
T~ ¥
Loy 0= 2,0 0)- Druhotndl ok PIEBGE) S (6.21D)
where ) is projection from ké'k on W' ana wm={(AL)o
,k*
Let % I be s shift operator acting on

10 A As g s 2 WU Y8 (6210

where ueH 1..2@1. +» For gimply-laced algebras X coincides

with thc root lattice. Operators -{ have the following pro-
pertioes:

' a_ . S
J(,"'{.’"* = -t;"t‘}"l. / N-L/hM = 4...(}"‘) (602.19)

L It 18 R B
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where WAé-gb and \;. ia the Weyl group of finite-dimensi-
onel glgebra 0% . Thus T'JL{!‘?S is & free esbelian group,
which is a o2wadl subgroup in W . It is not difficuli %o
reslize,that W 1is a semidirect product WaWRT In
tact \:i NY= A becsuse \'; i3 a finite group, and \ is
a free abelian one. GQ is generated by ¥, ...7Z,

(3.5.1), and "W contains an additional gemerator %, , which
is tvpre ssed through the shift +y) :

Tao= taY¥ Ya,
Using the properties of Weyl group it is easy to obtain

generalized formula for charscters of Kac-Moody slgebra:

wW_ e ) A e
i Q TV Ve =2e (n..\(e m{i- e_‘l‘\) & (6.2.20)
“ W dCA &

where )‘ is the highest weight of irreducible representation
H N and L\ is some element of Cartan subalgebra. 9 stands
for the generalized half-sum of pogitive roots and is defi-
ned by the conditions

(gad)= 4 (B¢igk) 5 (hd=o0. (6.2.21)
Let us use the fact,that Weyl group is helf-direct pro-
duct of finite Weyl group and the group of translations,

and rewrite the numerator in the following form:

ZM(M) Mo‘*f) 7_"&4(«‘.) ie ‘*LM(MD‘)S

wew MEM
{n""lﬂ (6.2.22)
IM (w) @ AR QN(;+.§)) s
where theta~functions are introduced through
A N
ed\w.=z C“\’(‘-Si(_y.)ﬂiewr rwm A ) (Q\'Z.Z'b)

MO M d
A

Tip P
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{these ore in fact lattice thete~funciions,corresronding +
Carten torus, of the level,proporiional +to U%;y{} }e

In (6.2.22} the following notation is used:

,\ Qic\— %; ani § are projections of N end ¢ on L .

¥ iEe tne central charge 07 associated central exiension of
current slgebra, and g is dugl Coxeter number, which coin-
cides with C_, Cvn £. Tor simply-~laced glgebras cual Coxe-

. . 5 i
ter number colincides with Coxeter number w end we mey slso

use the Tormule

Cozeter numbers are listed in TPable.,
Let us choose the following perametrization o2 Cerian ele-~

mentes:

"
) - N

W~ %y (_Q\rt Aue » L 3:.;\\; ), (6.2.25)
f. =
Then s I
~'2I1(A\,'\\A\,+ 7_1‘_‘,\\‘) " - l)*f\’z N
N Tl.e i=1 = @KP (:' tx T 2(3 ey } >
;v’ {a N -( -~ - oL ...,.26)

M “’\C"'\.. \sb\o ‘% T)/ u(f)"‘ = tk) . E.'n uqb& hay 'r_\i‘

\l&\ll
-

™ § . - ' -3
* i ’1_ + exp (Zul(\\;\,a‘.lﬁ‘a‘)) ‘. ﬂ ’('\ + exp Qe Z?;J(k;\, e 93\«('[) .

. ala
« 24 .
¥n =\ are tended %o zero,the numerator and dencminator

v -
.
aldl;

of (6.2.26) possess zeroes of order “’H\' Resolving the

uncertaintity, one obtains:
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. T~ -~
~2%itd Pleey S aEegd
. e exp b ~TRT {—— - 3= i} T 3}
L = £ . : LA~ -, ~
¢ < P g~y 25 1 St
- q ~- >
™
" 3 5 2
x r\ll * - ; A b £.2.44)

ig Dedekindg functicn.
Let us remind that we would like %o celiculaete the fo5llo-

wing quaniity:

WTLA )  ~ BT (6.2.29)
\-:_Q
Conformel dimension snd centrsl charge are given by
I .
&i= LA 2p N o - A & e (6.2.30)
B wad e el
’ PACEAS L Oy

Taking intc account the Freudental’®s"strange"formulia,
R A &
2a T 24
we obtain the fina.l answexr:
wwetlL >
T‘LQ_ v ° 7-"“) IA@L—U\N\(P};) ‘gmatp)&\c(pﬁ L)

Alw o~

{6.2.31)

6.2.32)
hL'C‘i

It is also easy to calculate conformal vlocks of the

form of

(exp 2 SH) TRy = Teenp 48Tl )*Z“ %“l\ (6.2.33)

a=y
Using eq.(6.2.7¢) with +the element

4= exp - o (T4 - TLa*} ‘ {6.2.34)

aw\

we obtain the following relation:

A L TR ATIET b emg e e, R

R e N
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/ I Ty
<€7~?2&§H(§)2¢1§> YA‘)‘(“”\)QMLMF)G“ET‘) € x
o=
v Thi Tonl znz.x.(h.)% \-\
V\J-«U-Q y o HN @H U-e e / (6.2.35)
u?\

Tg&.l—( \)6‘\-\-\5??3"'&( L-'Za. \T-)ﬂ XM\”“\ i
TdUAN)
ael 1(17 Ca L k.
In this derivation the product formula for theta~function,

e UL \ tur 1
e,p;ﬂx (SW\TQ)C H(‘\"n 5(\" et hi)( ™ ;)(6 2.36)

Wz
is appliied.

KNow let us comment, how these formulae arise in WZW theo-

ry. Cartan currenis look like (4.3. ),

Hiey = -7 200wy + g 0% (6.2.37)
So the 1.h.s.‘of‘*(6 2.23) has the form:
[ enp LAV bwxd Lonp TS (6.2.39)
ACA+ &

These correlators are eesy o calculate (see a2.5),and the

result is:

w R0 U
{ upi #Hmz«h} i 9*(7:4(\.)2‘% Lﬁ';ﬁ;ﬁ"‘ (6.2.39)

in complete &ccordnnce with (6.2.35) and the generml expec~
tations ebout ithe relmtion beiween WiV conformal blocks

and their bosonized prototypes (6.1.2).
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7s__Conclusion

We presented here a rath r detailed discussion of "bosoniza-
tion" /1/ of Wess-Zumino-Witten modei, which represents it in terms
of free fields. In variance with other proposals (like /16/) this
scheme geems realy self-consistent description of WZWl, since Su-
gawara's stress tensor and WZVW action appear quadratic in these
fields.

We demonstrated, that this type of bosonization is applicable
for all simple KM algebras with arbitrary central charges K (Seét4)
The number of free fields is equal to dimension D of the group, and
this is very natural from the point of view of lLagrangian spproach,
if one wants to have a unified description for all X, since as
K= oo WZWM turns into a theory of D free fields. For some low
values of K in the strong coupling domain other congistent bosoni-
zations may arise with fewer free fields (as it happens for X=1 or
K=2 /1%/), but they hardly can be naturally generalized for all K.

We demonstrate, that the bosonization prescriptidn reproduces
all known answers for correlators at genus O, which may be expressed
in terms of generalized hypergeometric functions (sects. 2.3, 4.4).
Integrals, relating these hypergeometric functions to elementary
ones like _}:73_ (%; —-gé) acaé naturally apﬁea:: as integrals
over insertionséof dimension -~ 1 operators /6/, required to pro-
Jject out the extra degrees of freedom, which arise in the theory
of free bosona, = that is 1o project on irreducible representation
of chiral algebra. In the case of WZWM, which possesses explicit 3
Lagrangian formulation, one can interpret new insertions as a re-
sult of change of variableg, needed to meke Lagrangian quadratic,
and this allows one to find out the form of relevant dimension-1

operators from the first principles. This should be a proper way
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to derive an analogue of Felder's prescription.[ﬁﬂ]from Lagrangien
approach. Note that since all non~trivial rational conformal theo-
ries are believed@ to be coset models, related to WZWM [19], these
results suggested thet all correlators at genus O in all RCFT are
expressed through generalized hyper§eometric functions. We believe,
that this suggestion mey be verified from the study of monodromy
properties on the lines of refs.[20].

Important advantage of free field representation of any confor-
mal theory (leaving aside its more ™philosophical®™ implications)
is. that it provides one with & constructive technique for calcula-
tion of conformal blocks on arbitrary Riemann surfeces with handles
and punctures. We have demonstrated this technigue in calculmtions
at genus O (sect.2.4). We have showed also how one-loop characters
of Kac-Moocdy elgebra and WZWM are reproduced and how the multiloop
conformei blocks loock like (seect.5,6). Of course & more detailed
study of Felder's reasoning B&]is necessary in multiloop case.

A new important news in the crucial role of j%b’ system
of free bogonic fields [ﬁi] in bosonization of WZWH. Thus far JSZI
pyatems arised only in the Neveu-~Schwarz-Ramond apprcéch to super-
strings, but now it geems thet they may play e much more importeant
reie,

The mest itrivial explenation of the bosconizution prescription
{1] comea from the comdjoint orbit epproach. The WZW gction is no-
thing but i~ of the Kirillov form on a condjoint orbdit of Kace
Moony gruup[jﬁj. The Gauaa product expansion of group elemenis dia-
conzlizes the Kirillov form (sect.4.3, 4.5) and a simple chonge of
verishles s reguired to mnke it gumdratice. This choice of the co-
ordinnstea {Gausa expunsion)‘brcuks explicitly G-invarinnce of Ki-
rillovts form {(Anvarient form is 2 (WiZW nction) itself, and it is

nan~-quadretic), but dynamics 1s of course G-invarient, and thig
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guarantees that the currents have proper Kac-Moody commmutational

relations. Reduction of'Kac-Hbody algebra on generic orbits, natu-
rally leads to bosonization of arbitrary coset models. Note that
an immediate application of the comstruction /1/ is description
of parafermiong, since WZWM is decomposed in free scalar and para-
fermionic fields /1%/.

We are going to return to all these questions in another pub-
lication,

We are deeply indebted-to A.Alekseev, Vli.Dotsenko, L,Faddeev,
V.¥ateev, B.Peigin, V.Fock, E.Frenkel, A.Gorsky, D.Lebedev, A.losev,
A.Mironov, G.Moore, A.Rosly for enlightening discussions. ‘
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Table
Coxeter numbers h and dual Coxeter numbers g of Lie algebras

W @) w 4} (4\‘ @ m' ~1) . {4
GlA | B CY| DY |ECHES | ERE" |G

W Bes [ 20 [ 22 (202142 (4R |30 {42 | @

q C+q 190-110+4 {20-2142 148 |30 | 9 | 4

“ T e T
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The cut of the Riemann surface Sp (p=2)

T e S SO NS SR S

el

b B D e o

e Y

ey

~ )



e I e AT AL 4 A e e S g ML T T e gy oy &

126

q

Fig.2.

Deformation of the cut in tlie case p=2
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