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Abstract

We exhibit a class of quartum field theories where particles interact with pair potentials and
for which the time evolution exists in the Heisenberg representation. The essential condition
for existence is the stability in the thermodynamic sense and this is achieved by having the
interacticn fall off with the relative momenta of the particles. This can be done in a Galilei-
ipvariant manner. We show that these systems have some mixing behaviour which one postulates
in ergodic theory but difficult to prove for classical systems.
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1 Introduction

The quantum dynamics of N particles interacting via 2-body potentials is by now well un-

derstood. Even if the potentials have 1/r singularities (or slightly worse) the time evolution

determined by
N

By =Y g+ L ol&- 7) (1.1)
i-l >3]

exists as a 1-parameter group of automorphisims of the otservable algebra. This is in contradis-
tmction to the classical problem where for v ~ 1/r (and N > 4) there are orbits where pa:ticles
go to infinity in a finite time [1]. That quantum mechanics got rid of these pathologies {2, is not
all what people studying bulk matter war.t. There one does not count the number of particles
and one reeds results which hold uniformly for large N. In these theories ¥ should be con-
sidered as a dynamical variable. Frequently even phase relations between states with different
local particle numbers become important. This situation is conveniently described by second
quantization where (1.1) is expressed by creation and annihilation operators a*(z), a(z) as

H= 2—1”- / dzVa*(z)Va(z) + / dzdz'a*(z)a"(z')v(z — 2’)a(z")a(z) (1.2)

and we have to make sense out of that. Now N = [ dza*(z)a(z) is not fixed any more. What one
usually does is to put the system in a volume V to go to the Fock representa.tion to quantxzeathe
&’k

@y
Since in reality V is fictitious and no system is completely isolated but has some interactions
with the outside it seems more reasonable to take (1.2) as it stands in infinite space R3. Thus
one faces the problem whether it determines a time evolution in the Heisenberg representation
by

k-modes, and then in perturbation theory to get rid again of V by replacing — Z by [ —=

a(z,t) = e'Hta(z)e M1, (1.3)

It is usually assumed that this works, at least if v is a sufficiently well-behaved function. In
this review we shall investigate this question and find that even for very smooth v the formal
expression will not determine a tinie evolution unless the potential v is stable, i.e., there is a
constant A such that

Hy > —-AN VN (1.4)

The importance of stability for time evolution was first emphasized in [3]. Lest the reader might
think that this is a question of ¢-tics we hasten to say that it is just a question of realizing the far
reaching physical implications of (1.3). If it determines a time evolution then the latter would
be independent of the sti.te of the system. Though from a philosophical viewpoint one wants
a time evolution of the observables irrespective of the state of the system the equation (1.3)
actually requires a lot. Since N is determined bv the state and will be oo for a finite density of
particles we need some limit for the velocities of the particles as N — o0o. This is guaranteed
by (1.4) and what happens for potentials where (1.4) fails is that a hot cluster develops and
the mean kinetic energy per particle goes with N to infinity. This has been shown for classical
mechanics by recent computer solutions of the equations of motion for v(z) = —e* (4,5). To
the extent that (1.3) also has to contain the classical limit, these investigations chow that such
a phenomenon will also occur in the quantum case and prevents time evolution to exist on the
algebraic lovel.



The success of an optimistic treatment of (1.3) is due tothe fa:t that the Coulomb interaction
which is the relevant poteatiai for condensed matter physics is stable for fermionic electrons
(6,7]. Generally the question whether a potential is stable is rather delicate. Clearly, if v is all
attractive (v < 0), then 3, ~ ~N 2 and Hy is not stable. But even Coulomb-type potential

energies
Z e.e,-v(a:; o I,‘), € = d:e, Ee.- = 0,
>3 .
may or may not be stable. One finds:
if 9(£) = 1/|z|, Hy is stavle for fermions but not for bosons [6,7],
1 —_ e"“'z'
||

if v(£) = |£le”1*!, Hy is not stable, neither for fermions nor for bosons [8}.

ifv(%) =

, Hy is stable for fermiors and bosons (8],

There is no local potential v # 0 known such that both v and —v are stable. This shows
that any expansion of (1.3) in a power series in v is doomed to divergence. If this series were
to converge for any sign of v it would determine a time evolution for v and —v and this is not
possible. However, the preceding intuitive argument points to the correct cure for the instability.
Taking a potential which becomes ineffecti-e for high (relative) velocities of the particles the
velocities should remain bounded for N — oo and there is a chance that (1.3) gives a time
devzlopment on the level of the algebra of observables. In this paper we shall exhibit conditions
when it actually does.

The reader might wonder why the Hamiltonian (1.2) with a smooth v, which looks so nice and
selfadjoint can fail to determine a time evolution. (1.2) contains two dangers. It is unbounded
since p(z) = a*(z)a(z) is an unbounded operator and because [ d®zd®z’ goes over R? x R?,
The latter, though preventing H from becoming an element of the observable algebra, does not
make any difficulty in a time derivative for alocal operator a(z) = i|H,a(z)]. As p(z’) and a(z)
commute for z # z’ for a v with finite range the integrals go effectively only over a finite region.
The real trouble maker is p(z) which in some representation like the Fock representation is well
defined but in others, like the one based on the tracial state, is truly infinite. Though there is no
doubt that for a smooth v H from (1.2) determines a time evolution in the Fock representation,
an automorphism of the algebra of observables, which would be valid in any state, cannot be
expected in general. For our potentials with momentum cut-off H will still not be a bounded
operator but in any representation with a time invariant state it can be renormalized in such
a way that it becomes selfadjoint. Then the unitaries e''* exist but they do not belong to the
observable algebra but depend on the state. Nevertheless, the time evolution a — e‘H!ge~iH!
will be state independent.

2 The Classical Many-Body System

The problem of existence of the time evolution in quantum field theory is not primarily a matter
of mathematical sophistication but of understanding the physics of the many body problem.
For this purpose we shall first consider the motion of N classical particles as determined by
(1.1). We are not interested in difficulties arising from a singularity of the potential or of its
long range and hence we shall take v to be smooth and short range. The question is whether
some typical feature arise in the limit N — 0o. Recent computer studies [4,5] have shown that



there is a dramatic difference between potentials which ar: stable or unstable in the sense of
(1.4). Typically N = 400 particles were studied on a tcrus 7' with a density such that mean
particle distance = 10X range of the potential. For stable potentials, " e;e;e~15i-%51, T¢; = 0
[9], what happened was exactly what one learns in statistical physics: spatial inhomogeneities
diffused away and the momenturm distribution tended to a Maxwell-Boltzmann distribution. For
unstable potentials and low total energy E the opposite happened, a hot cluster developed out of
a homogeneous distribution. The lower the energy the greater the fraction of all particles which
the cluster contained and the bigg'r the temperature difference which was building up. This
means that the system has a negative (microcanonical) specific heat and thermodynamics works
differently than usual. Nevertheless, the standard ergodic arguments to justify thermodynamics
apply since these systems are presumably K-systems [10] and thus certainly ergodic. This means
that one particular macroscopic feature dcminates the energy shell and almost any orbit will
end up in these regions of phase space and the typical feature will appear. Though an analytic
solution of the Hamilton equation is beyond the reach of present day mathematics the dominant
features in phase space can be easily singied out and will be done first.

Classically the microcanonical state is given by the probability measure §( Hy — E)e~S(F)
in phase space. It becomes more suggestive when projected down to configuration space VV.
If we denote a point in configuration space (z;,Z2,...,2y) by X and the potential energy
Yis; ¥(Fi ~— Z;) by ®(X) then (in two dimensions, and m = 1)

AL

_ oo 2 ’ ~-S{E)
p(X)= [ dpy...dpns(HN - E)eSE) = T

(E-®X)M 1. (21)
Those X have the highest probability where |{$(X )| » |E| and, if the system is unstable and
E ~ N, there are always X where this holds. For instance, if v(z) = ~e~*" then infy d(X)=
—N(N —1)/2 and those X where all particles sit on top of each other have the highest weight.
Of course, these X fill only a small volume and we shall now estimate the probability of one big
cluster compared with, say, two somewhat smaller clusters. If Vo C V is a volume of the size of
the range of v then to have N, particles in one cluster small enough that all particles interact
with each other costs volumewise (Vo/V)N"l. On the other hand we hav. seen that there the
probatility density p(z) has for |E| € N2 a value (N?)V-! so that to have one cluster with N,
particies has a probability

177 N.-1
P~ () (22)

where N2V-2 is the value of p(X) and (Vp/V)Ve~1 arises since the center of mass of the cluster
~ VIR and thus the fraction 2/In(V/V)

of all particles likes to be in one cluster. To have 2 clusters with N./2 particles each has by the
same argument a probability

ne () G ()

and for large N we see P, = P; - ;2‘” and thus it becomes much more likely to have one

may be anywhere. P; attainsits maximum for N,

0
big cluster. These rough arguments can be substantiated by exact calculation by discretized
versions of (1.1) {1,11]. In the computer simulation of the dynamics V/V; is about 104 and thus



one expects about 1/3 of all particles in the cluster. In fact, one found in the computer solutions
that N, fluctuates around 140 + 10.
Next we turn to the question of the local temperature and define amap 7: VN — Rt by
(m=1) . #
(> ] q
TX)= [ dpi...d'pn 7 8(E ~ Hn)e ™ = ()x (24)
such that the local temperature is just the expectation value of the kinetic energy of a single
particle at a given point X in configuration space.

Remarks (2.5)

1. At a given point X € VN the distribution is the same for all #; (we could have integrated
1/N ¥ p? instead of 73). This means that in equilibrium the particles outside the cluster
are just as hot as the ones inside.

2. The microcanonical state differs from the canonical state by the X-dependence of T. Ii we
replace §( Ay — E)e~5E) by e-AHn=F(B)) then T = 1/£ irvespective of X . F is the free
energy. Of course, since the cluster cin sit anywhere T depends only on the correlations
between the particles and VN-! [ &z, ...d%z;T(X ) becomes independent of X and in
the limit N — oo equals the microcanonical temperature (3S(E)/8E)".

3. It has to be remembered that T(X) is the temperature for the configuration X in the
equilibrium state. In the dynamical studies the following transient features appear. If a
cluster with N, particles is formed then locally the gain both in potential and in kinetic
energy is ~ N2. Thus in the cluster the system heats up to a temperature ~ N.. However,
the cluster is not thermally insulated, and eventually its temperature is distributed over
all particles to give a commor equilibrium temperature ~ N?/N.

With the Hamiltonian (1.1) we calculate (m = 1)
1
T(X)= YV_(E - ¥(X)). (2.6)

Remarks (2.7)

1. Since —~® ~ N? we get T ~ N2?/N as soon as E & N2, for instance, if we start with
E~ Nand N.~ N/3.

2. The definition (2.4) gives an X-dependent temperature even for thermodynamically stable
systems. However, if #(X) > -cN and E ~ N there will be only Auctuations aronnd
T=#E-VN[dz;.. .Lzyd(X)).

Since we have seen N./N ~ 2/In(V/V,) we see T ~ N}/N ~ N/(InV/V,)? and thus for
N — oo T increases indefinitely, irrespective of whethor ¥ or V/N remains constant in this
limit. Thus if we start with the same particle density and mean velocity but increase N we end
up with a motion which gets faster and faster. Actually, the derivation of the Vlasov equation
[12] can be carried over to unstable situations. There the limit N — oo of the time evolution
from

7, 1 .
H .‘:2—21--}- N—Z‘v(fi -—Ij)

i=1 i>f



was considered. We do not have 1/N in front of ® but we can produce ¥ in front of the
kinetic energy by rescaling the time t —  := ¢/V/N. Also for quantum systems with attractive
regularized 1/r-potentials one can show that the limit N — oo of the time evolution exists only
after some rescaling of ¢ [13]. In these cases the result is that the time evolution is governed
by a mean field theory provided we rescale the time to resolve the speeded up motion. This
obviously excludes the possibility of a limiting dynamics without scaling of the time and thus
a time evolution in quantum field theory without reference to the state which determines the
number of particles involved. Such a dynamics is possible only for Hamiltonians satisfying the
stability condition and in section 4 we shall demonstrate that it is actually true for a reasonably
large class of potentials.

3 Quantum Observables and Their Time Development

Taking the thermodynamic limit ¥,V — oo mearns that we concentrate our interest on prop-
erties that are independent of the exact number of particles, i.e. we concentrate on quantities
like density, the speed of particles and ccrrelations between finite parts of the system. These
properties which we can measure we call the observables. We can think of an observable A
independently of a particular physical situation. Such a physical realization corresponds to a
state w, where w(A) € R is the average of the results of measurements of A in the state w. As
mathematical quantities we can add and multiply observables, so they form an algebra. Apart
from the algebraic structure we can consider a topological structure: First we assume that re-
sults of measurements are bounded, so the observables are bounded. Next we call observables
close to one another, if measurements give essentially the same results independently of the
physical realization. So we can Gefire a norm as ||A - B|| = sup, |w(A) -- w(B)|. In fact we
could deal with a Jordan algebra, where the product is symmetric but not assnciative. But it
is mathematically by far more convenient to pass to a C*-algebra A with associative product
that is not commutative. This requires the introduction of another mathematical operation, the
adjunction A — A®.In standard quantum mechanics this corresponds to going to the hermitian
conjugate and the following rule relates this process to the norm

4l = l47)l = 144" /? = ||aa%|/? (3.1)

For a deeper insight into this algebraic approach to quantum statistics we refer to [14,15,16}.
According to the previous arguments it seems clear that an observable has to remain an observ-
able in the course of time. Thus it appears as a minimal requirement that the time evolution
corresponds to an automorphism group of .A. For bulk matter this time evolution should be the
limit of the time evolution of an increasing number of particles. For finitely many particles we
have a Hamiltonian time evolution (Heisenberg representation)

TtN(A) - eiHNlAe-iHNt

so the question is whether
Jim N(A)=1A (3.2)
~00

exists and is independent of a particular limiting procedure chosen.
Of course, such a time automorphism group 7, : A — A of the observable algebra also
defines a time evolution of the set of states E (Schrodinger representation):

wi(A) = w(nA) =: (Ffw)(A). (3.3)
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For N — oo we can also consider

lim wor,N =T ow,

~=+00
but the existence of such a 77 on a convenient subset of E does not yet guarantee that there
is an automorphism 7 with 7w = w o 7¢. To see the various problems more clearly we shall
first look at some elementary examples. Some difficulties occur even before the thermodynamic
limit.

Examples (3.4)

1. The Observable Algebra of One Particle.
Usually one considers the Weyl algebra as the relevant algebra, i.e., the algebra built by
W (u, v) = exp[i(pu + vz)}, u,v € R, For this algebra the free time evolution is given by
the automorphisms group

W (u,v) = W(u + vt,v) = o'W (u,v)e~Hot,
Also for the harmoric oscillator the algebra is stable,
W (u,v) = W(ucost 4 vsint, vcost — usint),

but for complete'y harmless potentials V with H = Ho + 1 the time translate W (z) =
€W (z)e—*H! does not belong to the norm closure of Wy = ¥, ¢; f(2)W(z), and I finite
[17). Taking instead as C*-algebra the algebra of compact operators every e'* would
implement an automorphism. Since density matrices are compact operators all states of
W; defined by density matrices have a well defined time evolution. Of course enlarging
W to its strong closure in the unique continuous representation ensures the existence of
the time evolution as an automorphism group in this case.

2. For bosons one considers the CCR algebra [18] as relevant C*-algebra, namely the zigebra
created by
e+ = w(y),

W(HWig)=W(f+9)e’!)  with o(f,9) = (flg) - {fla},
IWHIl=1 and |W(f)-W(g)ll=2if f #g,
where a(f), a’(f) are annihilation and creation operators for bosons with wave function
f (a(f) = [ dzf(z)a(z)).

Here we have two choices:

(a) f € L?(R?) and has compact support. Then the observables are called strictly local,
which has structural advantages. But free time evolution imiuediately takes one out
of this algebra.

(b) f € L?(R®) without restriction. Free time evolution is now an autoinorphism. But
the thermodynamic limit of states becomes more problematic, because strictly local
observables are no more dense in the algebra.




3. For fermions we take the CAR-algebra [18]. Here the creation and annihilation operators
satisfy [a(f),a"(9)}+ = (flg) and are bounded

la(HI = I fl2-

Now the algebra built by functions with compact support is dense in the algebra of L2-
functions. The CAR-algebra is separable, since L?(R?) is separable. Free time evolution
ria(f) = a(e*h* f) with ho = p?/2 is an automorphism.

4. A favorite test algebra for structural consicerations is the CAR-algebra on a fermi lat-
tice. Here f € L2(R3) is replaced by f € L?(Z*). Quasifree time automorphisms are
defined by 7,a(f) = a(e™ f). Furthermore reasonable interactions lead to a well-defined
automorphism as long as the interactions are sufficiently decreasing for long distances
(18,19].

5. As last example consider a system of particles with hard-cores and with short range
potentials. From a physical point of view the time evolution does not seem to rise any
problem, the system is stable and only finitely many particles can influence another par-
ticle at a given time. But we are not allowed to take the algebra of free or interacting
particles (i.e. the algebra built by creation and annihilation operators) any more, because
the possible states differ: For hard-cores every state reduced to a bounded region A corre-
sponds to a Fock state representation H, , where the wave functions ¥(z;, ..., Z,) vanish
if |z; — 2] < a [20], where n < Npax(A). Instead we can consider the C*-algebra 3s the
inductive limit of B(}, ;). But this algebra is not separabie any more nor can *- express
its observables in such an explicit way that we could handle the questions of how to extend
the time evolution of M, , to the limiting algebra. In which sense time evciution exists
for hard-core particles in the thermodynamic limit is an open problem.

In the following we shall always think about electrons and thus take as observable algebra the
CAR-algebra A over R3. Therefore we shall use the terminology that A € A is a local observable.
Global observables will arise by the weak closure 7(.A)” in a particular representation 7 and
will be state dependent. For the ronvenience of the reader who is not so familiar with this
terminology we shall summarize it in the Appendix.

Once we will have shown the existence of a time automorphism of an infinite system this
will enable us to find relations between the thermodynamic behaviour and properties of the
time evolution. A first requirement for au equilibrium state w is its time invariance w o 1, = w,
Whereas there is no general result about the approach to equilibrium the conditions for return
to equilibrium can be spelt out easily in quantum mechanics. Let

UA(B) = (J(A.BA)/(J(A.A), A,Be A, (J(A.A) #0,
be a local perturbation of the state w. We say that w is stable under local perturbations if

t_li:rtnwwA(‘r,B) =w(B) VYBE€A

This property is related to notions of mixing [21]

(w is mixing <= limL4xw(An(B)C) = w(AC)w(B))VA,B,C € A) and asymptotic
abelianness [18,22,23,24] (w is weakly asymptotic abelian if limj_i0 w(A[7(B),C]D) =
0V A,B,C,D € A). In fact, in the purely quantal context where the center Z, is trivial these
notions coincide. (The center are those elements of the weak closure of A in the representation
given by w which commute with all elements of A.)



Lemma (3.5): If w is an invariant state with Z, = {1}z € C} then the following are
equivalent:

(i) w is stable under local perturbations,
(ii) w is mixing,
(i) e(B) = w(B),
(iv) (A,r,w) ic weakly asymptotically abelian.

Proof:

(i) = (ii) by polarization,

(i) = (i) is trivial,

(ii) & (iii) is trivial,

(ii) = (iv) w(A[n(B),C]lD) — w(ACDW(B)- w(ACP)(B)=0,

(iv) = (ii) Any weak limit point of 7( B)|t € R has to be in the center and therefore a multiple
of unity, c1. Since w is T-invariant 7, (B) — el implies ¢ = w(B) and thus all weak limit
points are ¢ and r,(B) — w(B). This implies (ii) resp. (iii).

Remarks (3.6)

1. The operator topology in which the limits are attained is essential for us. In (iii) and
(iv) only weak convergence is possible. (iii) means that for any vector | 1 ) in X,
perpendicular to |Q2) the limit of €'A*| 1) is zero. As strong limit this would contradict
the unitarity of /¢, Similarly, ni(a) — w(a)Va € / would imply 7,{a*a) — w(a®a) and
T¢(a*a) — w(a")w(a) since strong limits respect products. This would mean

0 = w(a"a) - w(a"Ww(e) = w((a" ~ w(a"))(a - w(4)))
or that w is dispersionfree for all a € .A. For non-commutative systems this is impossible.

2. Bounded regions are weak* compact in von Neumann algebras but not norm compact in
C*-algebras. Thus any infinite bounded sequence in 7(A) has weak accumulation points
but they may not belong 1o 7(.A) but only to n(.A)". Only norm limits are surely in x(.A)
but norm convergence is in many cases impossible.

3. The conditions (3.5) imply that w is extremal invariant, i.e. not of the form w = Awy +
(1 - Awz with w; invariant, w; # w; and 0 < A < 1. If this were the case then 7, =
Tuy ® Mo, and (iii) required 7, (7:a) — w(a). Taking the expectation value with w; gives
(1 - Awi(a) ~ wa(a)) = 0 implying wy = ws.

4. The essential message of (3.5) is the following. The opposite requirements of the system to
be completely quantal (Z, = ¢1) and to be classical for large times (asymptotic abelian-
negs) constrains it to the extent that all observables have to approach their equilibrium
value (or equivalently all states tend to equilibrium). This is a special bonus of quantum
theory, classically the construction of mixing systems is nontrivial.

Deeper are the results concerning the existence and the properties of those states which are
the generalization of the canonical Gibbs states.



Definition (3.7): A state is calle! an equilibrium or KMS state {25,26,27,28) if it has the
KMS property, i.e. (AT B) = g4p(t) is a continuous function in the strip {t = to+ i7; o € R,
0 < 7 £ }, analytic in the interior and it satisfies g45(t + i) = w(nB- A)V A,B € A.

For finite systems with Hamiltonian H the KMS states are given by

w(A) =Tr e ?HA/Tx e PH

and the question arises how such states can be constructed for the infinite system. For a quasifree
time evolution ;a{ f) = a(e™ f) the KMS state for given temperature 8 and chemical pot-utial
p over the CAR is given by

#0(6"()ala)) = (o} ——551)

and vanishing truncated n # 2 point functions. A special state is the tracial state

®o(a"(als)) = 3lol)).

The following lemma shows that once we have solved the problem for the time development it
is easy to find a limiting KMS state.

Lemma (3.8): Assume w, is a KMS state for an automorphism group 7'. Assume that
VAe A

. n _
Jim I A - eAll = 0.

Let w be a weak* limit point of w,. Then w is 7-KMS.

Proof:
ﬂli.rgxoc..v,.(A'r'{‘B) = "ILILI‘ wn(ATeB) = w(AnB)

fo1 t € R resp. t € R + i, 80 wy,, converges on a set of uniqueness. Furthermore these functions
are equicontinuous in compact regions in the strip. Therefore they converge in the strip and the
limit is again an analytic function [29] with the KMS-property.

The lemma can be used in two ways: eitLer we consider an increasing set of finite subsystems
An, n € N, such that 4 = A, ® A5Vn € N and lim, /o, An = A and a time evolution
" : A, — A, with corresponding KMS states w,,, i.e.

™A = ciHntAe-ian’ A’ Hﬂ € An and w"A =Tr pnA ®“’|Ac-,a

where p,, = € #Hn |Tr -PHn ig trace class. wiag, can be chosen at will and disappears in the
weak* limit. Because of the weak* compactness of the state space Tr p, ® w4 always has some
weak” cluster points &. According to the lemma & are 7-KMS if 7® — 7. Uniqueness does not
follow beccuse the limit can depend on the chosen subsequence.

An alternative to find KMS staces is to choose 7° to be an automorphism group of A with
KMS state wp. Let 7 be a local perturbation of the dynamics, i.e.

drpd = ilVa, P AL+ bor A
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where V,; € A and §pA = a‘;r{’lho so that

o0 t ta ty
A=A+ Y ) /0 dt, /0 dty_y... /o dto[Vin, . .72 (Viey 72 [Vier 72 Al
k=1

Then a corresponding 7,-KMS-state [8,18] is defined by
wolexp 42 exp — Hut¥a 4 exp — Haf¥a exp Bo)

wn(A) = wo(exp %‘1 exp—(Ho + V) exp %l)

(3.9)

where exp 1 Hot implements 70 and

1 - B/2 —
exp%exp———ozv .—.T[) e ?7V"d7

belongs to mp(.4)”".

Again weak® limit points of w, must exist and are 7-KMS-states if lim 7' A = 7, A. So the
existence of a time automorphism constructed as limit of 7™ with known KMS states already
guarantees the existence of equilibrium states. The converse is not true. w, — w does not yet
guarantee that limit points of 7, represent an automorphism group of A. A counterexample is
constructed in [30]. Alternatives, where there exists a time evolution corresponding to the limit
state, though not on the C* ievel but only for the weak closure, are discussed in {31,32.33] and
occur in the framework of mear. field theory [34).

If in addition we were to know that the time automorphism is asymptotically abelian, we
could also motivate why we consider exactly the extremal KMS states as equilibrium states:

Lemma (3.10): Let (A,7) be a C*-dynamic system VA,B,C,P € .A. Assume that
f lw([P, 7 A])|dt 3 and further that

W(AT,(B)1,(C)) = w(A)(B)w(C).

m
jts |00, |ta]~00,]t; - 42| =00

Then w is an extremal KMS state for some 3 € R U {£oo} iff
/ w([P,nA)dt =0 VPAcEA. (3.11)

The proof can be found in (8,18,35). There are two equivalent physical interpretations of this
condition. One is dynamical stability: Let P correspond to a local perturbation of the dynamics.
Then we demand that in the neighbourhood of w {more precisely in its local folium) there
exists exactly one 7P invariant state, This state can be obtained as limy_.10 w(7¥ A4) = wFP(A).
First order perturbation theory in P gives as condition for the equality of the two limits the
above equation (3.11) [35]. The other interpretation is the time honoured condition of adiabatic
invariance in the setting of infinite quantum systems [36]. Let w be an 7, invariant state. Let
the time dependent perturbation P(t) be adiabatically switched on and off. Then the time
dependent state returns to w iff (3.11) holds.

We have seen that asymptotic abelianness is the key feature which makes quantum ergodic
theory work. This property does not occur for finite systems where the Hamiltonian has a
point spectrum and quasiperiodic observables. The latter may also appear in infinite systems
where some finite parts are completely isolated. Therefore asymptotic abelianness has always
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been one of the questionable unproven assumptions. Intuitively it is plausible that Galilei or
Poincaré invariance will exclude that socme finite parts are somewhere completely locked in and
might - ren the way for asymptotic abel’anness. Lattice systems do not have this invariance and
actualily there we do not have any proof of asymptotic abelianness apart from quasifree systems
[37]. In section 5 we will show that Galilei invariance gnarantees some asymptotic abelianness
provided the time evolation exists at all on the algebraic level. In section 6 we will discuss which
further mixing properties follow. Though from the fundamental point of view the Poincaré group
{38,39] would be cven better we will not use it since for these systems tke existence of the time
evolution on the algebraic level has been demonstrated only for free fields.

4 Field Theory of Particles with Pair Potentials

Usually in many body theory with particles interacting via pair potentials one uses the formal
Hamiitonian

H= /dazﬁa‘(z)e'a(:) + /dszdaz'a'(z)a'(z')u(z - 2')a(z")a(z). (4.1)

As we have explained in section 3 one cannot hope in general that this Hamiltonian satisfies
the stability condition (1.4) and there is no chance that it defines a time evolution of A. To
stabilize (4.1) for fermions we will cut off the high momenta in v. This will reduce the potential
energy of a cluster of fermions since by their concentration in configuration space they have
to get high momenta. We realize the cut off by letting v also depend on the momentum. To
exploit this we shall use instead of creation and annihilation operators in configuration space,
u*(z) and a(z), such operators in phase space. In this way we shall be able to retain Galilei
invariance {40} which is lost in other cut-off procedures {41,42,43].
The operators localized in phase space are defined by

tp = 77N [ e T/ ), (42)

They have the virtue of being bounded operators, in fact we have normalized them such that
flagpll = 1. Since the coherent states are total in Hilbert space, any a(f) can be written as
limits of linear combinations of a,, and so the a, , generate the whole algebra. Accordingly we
replace the potential energy by

V=(2x)® / dPqdlpd’d s} a5 v(g - ', p - P)ag pag (4.3)

Remarks (4.4)
1. If v is momentum independent, v(z,p) = v(z), then V equals the second term in (4.1).

2. The kinetic energy Hp and particle number N become expressed in phase space
(23 / dqd®pa; a,,(p* - 3/2) resp. (27)7 / d*qd®pa; ,a, .

3. Though a,; is bounded all these operators are unbounded since we integrate over un-
bounded regions. Thus we will have to inspect whether the time derivative dA/dt = i[H, A]
also belongs to A.
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Proposition (4.5)

d3zd®
V2Nl vl = [ G

Proof: To ease the notation we shall henceforth denote a point in phase space (g,p) by z € R®
and dz = qd®p/(2x)°. Because of the general inequality

llajaza,a.]| < aza.lla%ay || = aje,
we have

V- / dzd?a%a%a a.l0(z - )| > — / dzdZa%a,|v(z — )| = —N|vl)s. o

Remarks (4.8)

1. Since Hy > 0 we have H > —N||v||, and thus we have proved stability for fermions if
fIvlli € co. In the local limit v(z, p) = v(z) we bave |jvfl; = o0 and in this case stability
requires special features of v [6,7,8].

2. For botons ay , is unbounded and our argument dees not work. In fact, in this case even
for nice: v, f.i., v(z,p) = ~e=="=P" there is no s.ability. This can be seen by taking as trial
function 1

'N) = "/_ﬁaa{ow)a

|0) the Fock vacuum. In this case {N|Ho|N) ~ N but (N|JV|N)~ —N2.

To construct the time evolution 7, generated by H = Hqg + V we use the standard pertur-
bation expansion

a4+ Y " Vi, IVe _,,[ . Vay,a). .. 4,7
i(a) = a4 ”2_;1’ [)5&.5...915![ (S L A 79 LR | (4.7)

with a, = etHotqe~iHot, A priori this is detived for V bounded. Our V is not bounded but can
be considered as the limit of V) = f, dz; [, dz;a3 a3, v(21 — 23)a,,a;, where A is a region of
finite volume in R®. In the following we see that in (4.7) /. | RS exists as norm limit and thus
we shall work with V without dwelling on this point. We shall now show for any a, that

(i) each term in }_, is a bounded operator,
(ii) $%2.1 converges in norm for |t] < o where io(1 + £3)%/% = 1/32||v]|;.

Since the series is norm convergent the usual formal rearrangements to show r(¢b) = 7,(a)7(b)
are legitimate and 7, can for t < tp be extended to an automorphism of A. Furthermore (4.7)
guarantees Ty 41, = Ty, 0 Ty, if |t1], Jt2l, Jt1 + ¢3] are < #. Then we can for |t] < 2ty define
consistently 7y = 7, o1y, for any [t1],]t2| < to, ¢; 4+ t2 = t. By iteration we get a one parameter
groug 7, t € R of automorphisms.
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Proof of (i): Since

Vi = / dzdZ'a3 a5 ;v(z — 2')ay g0

the n-th order term in (4.7) can be written i" [y, ¢ <1 <, Gt1dlz. . .dtn1,.

L] L] -
In= / dzydzy .. .d2oav(21 ~ 22)...v(22n-1 — zg,.)[a,m,nam_I7,"0,.‘”_1',,,0,,,“,”, [a,h_m”_‘ ...

b [a;a,ll a:; W1 az,4 a'?r‘? ’ a*-‘] i ']]'
From the fre: time evolution of Gaussian wave packets we know
[al.h a;’,t']+ = S(Zv 4 2", t’)

with

- ANy
1S(z,4; 7,t) = (1+(z—t’)‘)“‘"exp[—%(p-p')’— %(q q’f ,fp(: f;),gﬁ 0,

Thus the innermost commutator is
(a;; 2 S(z,t; 22,t1) ~ a3, 0, 5(2,421,11))82 4, G2y 1, -
In the next commutator eack term produces a sum of 2(2 + 1) similar terms and finally we end

2n)!
up with2:2-3.2.5...2-(2n-1) = 2"%"—";)'- terms. Since |ja; || = 1 we can majorize ||I.|| by

replacing v and § by |v| and | S| resp. and dropping the n factors a* and n + 1 factors a. Thus
[ Za]i is bounded by (2n)!/n! terms of the form

n n
/dzl . dzg H |v(225 — 22j-1)| H 15(2a;s 55 28,5 tr, )| - |S( 21, a5 2, 2)].
i=1 j=2

To each term corresponds a distribution of a;, 8; € (1,2,...,2n),r; € (1,2,...,5—1) which
is best illustrated in a graph where the v’s are dashed lines and the $’s solid lines. Typically

tn ta t; .
2n-1 25 23 )

\ z,t
2n % 24 7N

By construction one sees that the graphs are troes: They are connected because 2, and z5;._;
are connectea by v and one of them is connected by an § with z;, i < 2k—1. They do not contain
closed loops since each commutator brings in an § with new 2’s. To carry out the z-integrations
we note that

/dzals(za,tﬁzﬂa‘r)l = (14 (t, — 7)Y <2314 24

independent of zp. As a consequence we may keep integrating the end points of the graph until
it is reduced to ||v||}87(1 + t?)*"/4, Since in I, we have a finite number of graphs and the
t;-integrals go over finite regions we have established the existence of the n-th time derivative
of a,.
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Proof of (ii): To prove real analyti-ity we recall that I, has (2n)!/n! graphs contributing.
Thus with [o., ¢ <¢,<¢dt1dl3...dt, = 1"/ni the sum in (4.7) is bounded by

Iz 3 Z 2 g a1 + ey

n=1 " n!

Since (2n)!/(n!)? ~ 4™ we have established convergence for |t| < tp with

1

tO(l + to)aﬂ 32"vlll

Remarks (4.8)

1. The time unit which enters in the 1 + #2-factor has the physical significance of (spread in
z-space)/(spread in velocity space) in 6, ,. However this is chosen, the resulting ¢y goes
to zero in the limit of the local interaction (4.3). For them v(z,p) becomes independent
of pin which case |jv|}, = oo.

2. In previous proofs of the divergence of the perturbation expansion in bosonic field theories
[44,45,46) the same combinatoric situation arose. There one calculated a matrix element of
the remaining operators 15, a;_[1j-; a:, and an additional factor n: from the rumber of
possible combinations of the a’s with the a*’s appear. For bosons this gives a permanent
where each contribution has the same sign. Then the extra n! reduces #; to zero. For
fer: “_us we get a determinant and the alternating signs give a lot of cancellations. In
fact, our norm estimate proves that in absolute value it has to be less than one.

3. Computer studies of N = 132 to 1600 particles interacting with v = i potentials
show [9] that though clus‘ers are formed by increasing N they do not heat up beyond a
temperature determined by v. Thus it is possible that 7; also exist: for bosons but our
method of proof is not adequate for this case.

4. That we need a velocity cut-off in v may seem artificial for local interactions which are
stable. However, since we are free to cut-off at arbitrarily high velocities we can argue
that for stable interactions where these high velocities do nect arise the cut-off should not
change the dynamics essentially.

5. Since the a, are complex analytic operators in ¢ we could even prove complex analyticity
but this will not be needed for our purpose.

Summarizing our results we can state

Theorem (4.9): If ||v}l; < 0o, then Hg+ V defines the time development as a one parameter
grcup 7 of automorphisms of A. It is continuous in the sense that

lim f|r,A-7,4||=0 VA€ A
(3 —ty

Corollary (4.10): For all 0 < 3 < oo there are KMS states for 7.
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Proof: Consider
Vo= / dz1dz;0} a3, v(2z) — 27)az,a,, .
I 2l<n,lp1,2l<n

This is a local perturbation and Hg+ V;, generates an automorphism 7*. It has the KMS states
wp given by (3.9). Since we have seen that in the construction of 7; all phase space integrals
converge in norm we infer

Jim. || A - e A)| = 0.

Thus by (3.8) the weak* limit points of {w,} are 7-KMS states.

Remark (4.11): There is no norm convergence limp—.o0 SUPj4jj=) [|77*(A4) — 7e(a)]| = 0. Cor-
sequently also the representations given by the KMS states w and wyg corresponding to 7 and r°
will not be quasiequivalent, which means that there will be no weakly continuous isomorphism
between the corresponding von Neumann algebras. This is not possible by general theorems. wp
is space translation invariant and the extremal translation invariant components of w will not
admit another normal translation invariant state.

5 Consequences of Galilei Invariance

Having shown that our mollified pair potentials do define a time evolution 7, for the infinite
system we want to inspect to what extent it poscesses the properties we need for the fourdations
of statistical mechanics. The hope is that they are not a special feature of some interactions
but hold if the time evolution exists at all. We will show in this section that this hope is born
ont to some exiont and discuss in the next section how these results fit into the general ergodic
hierarchy.

We have seen in (3.8) that the existence of the time automorphism as limit of inner per-
turbations already guarantees the existence of equilibrium states. In this sense our continuous
systems ave neither better nor worse than the known examples of quantum lattice systems [18].
But for quantum lattice systems a proof under which circumstances time evolution is asymp-
totically abelian is missing. The existence of the time evolution — as in section 4 - is shown by
expansion in ¢, and this makes us lose the control over laige time behaviour. But in our situ-
ation the boost relates space translation and time translation. For the shift the large distance
behaviour is well under control {47] and, as will be shown, the time translation inherite some of
its properties.

Let us first collect general results:

Lemma (5.1): Let A be the C*-algebra built by fermionic creation and annihilation operators
a(f), a*(f) with f € L%(R?%)(L?*(Z?%)). Let v, be the gauge groups v,a( f) = e**a(f). Consider
an automorphism group a, that satisfies a, o v, = v, 0 a, and

lim [l{a(f), ana®(9)}+1i = 0.

Then
Jlim ([A,a,B)-]|=0  Aor Beven € x(A). (5.2)

Let w be a gauge invariant a-invariant faithful state. Then

w-lim{A,0,B] =0 VA,B e r(A). (5.3)
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Proof: (5.2)follows simply by algebraic calculation, writing then even B as product of creation
and annihilation operators. Now take w to be an invariant state. Since it is faithful there exists
a modular automorphism group m such that (see Appendix (A.4,2))

w(AB) = w(m;B - A).

More precisely, vectoss of the form D|), D analytic with respect to m, are dense in H, so
that (5.3) is equivalent to limy, ., w(Cla, A4, B]) = 0V A, B € x(A)”, C analytic. Furthermore,
Kaplansky’s density theorem tells us that for every A € 7(.A)" with ||A|| = 1 there exists a
sequence {Ag, Ax € 7(A)} such that [|JAgl| = 1 and st-limy_, oo (A — Ax)Q = 0 (2 the GNS vector
of w).

Therefore, for A or B even elements € 7(A)"”

limp—, o0 w(Clan A, B}) =
limg o0 limp— o0 [w(C - @nA - By) — w(C - B-a,Ap)] =
(5.4)
limk—.oo limﬂ_.oo[w(a,‘AkBk . m_,-C) - w(Bka,, .41, . m_;C) =
limg— o0 limy—oo w(Clan Ag, B]) = 0.
Now take A and B odd. Then again it suffices to study
,}L’&W(C[“"A’ B]), A,Ben(A)’, C analytic

1t converges to zero if limw(Ca,A) = 0V A odd, C arbitrary. If C is even, Ca,A is odd and
w(Ca,A) = 0V n. So we can concentrate on C odd. We know from the CAR that

Jim w(anAB + BanA) = limw((B + m;B)a,A)=0 VA€ n(A),Be 7(A)” and analytic.

Now (B + m;B)|) = (1 + e™*)B|9) is dense in the odd subspace, i.e., there exists to every
C € 7(.A)" some B with ||(C - (1 + e7*)B)|R)]| < ¢. Therefore

limw(CanA) = 0. o

Corollary (5.5): Let a, be a quasifree automorphism, i.e., aza(f) = a(e™ f) with h some
operator acting in the one particle space. Then a, satisfies the condition of (5.1) if h has purely
absolutely continuous spectrum. Special examples are the boost and space translation

osa(f) = a(fz), ()= flz+ 1),
va(f) = a(e®*f),

which means for a,, of (4.2)
Oz8pq = € Prap g4z,

Yo8p,q = Gpib,q-
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Proof: . .
[a(f), a(e™g)ls = (gle™"*1/).

For h an operator with purely absolutely continuous spectrum the right hand side goes to zero
according to Riemann-Lebesgue and so does the norm of the anticommutator. o

Lemma (5.6): Though in this article we deal mainly with fermions, we refer to the corre-
sponding result for bosons: For h as above with purely absolu!_ ly continuous spectrum define
anW(f) = W(e™ f). Then

lim [[{(W(f), . W (g)}ll = O.

Proof: With o of (3.4,2) (the difference of two scalar products)
[W(1),eaW (9)] = W(f + ang)isina(f, ™). o
Corollary (5.7): The free time evolution is weakly asymptotically abelian.

Proof: % = p?/2m has absolutely continuous spectrum. u}

It seems plausible that our interactions should not make mixing pioperties worse. Clusters
of particles that might be formed by the interaction should keep some kinetic energy which
makes their effect on the commutator for local operators disappear in the course of time. This
feeling can be substantiated by using Galilei invariance.

Lemma (5.8): Consider the shift 0., the boost 4, (defined in (5.5) and the gauge transfor-
mation v, (defined in 5.1). They are continuous in the sense that

lim JjosA ~ Al = lim |lva A - Al = lim |4 - A]| = 0.
They satisfy
Or0Vla = Vo OO0y, Y50 Va = Vo O7p, Y600y = OrYpV-bz-

Proof: The commutation relations between the automorphisms are determined on the level
of an annihilation operator and car be seen by direct calculation, and the continuity properties
follow from [la(f) ~ a(9)l| = ||f - gl}. B

Definition (5.8): A time evolution is called gauge and Galilei invariant, if

Tt OVgq = VaOTy,y TtOO, = 0z0Ty, TtOT =7 OTgoa_MOV_bi‘/z.

Remark: If we turn to finite - .tems (with finitely many particies in an infinite space) we
consider potentials of the form -, ¢, .. cn V(zi-z;), and these potentials are invariant under o,
v and v (which acts trivially when we fix the particle numbers). Added to the kinetic energy they
generate a time evolution satisfying (5.9). We refer to [48] for the study of the structure of the
Galilei group in this context (v acts trivially) and its representations. (The correct commutation

rel: onsin the second quantized theory can be checked by the action of the free time evolution
on one annihilation operator.)
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Lemma (5.10): The time evoluticn of (4.9) is Galiler-invariant.

Proof: The free time evolution 7° is Galilei-invariant. Therefore (with the usual region for
the time integration)

o:ma = o;Tia+ ) i, / dty...dt[rdV,.. [0V, 10d). ]
= 1Pa+ z i / dt, .. .dt,.[rg‘V, .. .[rg V,rl0.4).. )= r10za,
where we used ¢,V = V or more carefully in the sense of section 4
Jim ozVa, A} = }Hr&[VH,A] for A local.

Similarly

T8 = 1700 + E ij dty .. .dt,.[r&V, .. .[1'2 V,pa)..] = TeYo0beVe2e /2

since again
,!L"go[‘nvm /] = “]L'&[Vn’ A]

and thus 7,,1',‘: V= rg‘nauiup,i ;v = rgV. To s.udy the consequences of Galilei invariance we
have to distinguish between two cases: first we concentrate on states which are invariant under all
automorphisms o, 7, v and 7. Among the states ¢ from (3.7) this holds only for the Fock state
¢ and the tracial state ¢y, the latter corresponds to § = 0 and satisfies ¢o(AB) = ¢do(BA).
For the CAR algebra this state is uniquely determined by this commutativity behaviour. In
¢ and ¢y all automorphisms are unitarily implemented and we could use the representation
theory of the Galilei group (47,48] to study the mixing behaviour. We prefer to extrart the
mixing behaviour directly from (5.9) because this method enables us to make some statement
also for other space- and time-invariant states.

Lemma (5.11): Let A € A. Then to every = > 0 there exists some a > 0 such that

A== j dadbe™= a5, 3, 4|l < .

Proof: This follows from the continuity of o, and 4; (5.8) and the fact that f,(a) =
Valae 2’/ tends to é(a) for a — 0.

Theorem (6.12): Take B with ¢o(B) = 0. Then

lim go(Ar,B) = 0.
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Proof: According to (5.11) and the fact that r, is an 2utomorphism and therefore norm
preserving we may replace

Jlim |¢o(A7:B)] Lim lim | / dadadbdb fa(a)fa(b)fa(@) fa(b)bo(0amATe057; B)|

= lim lim | / dadbdadbf,(G) fu(b) fu() fa(b)Po(T—t AY-405_a—teV_s2/273 B)|

a—0

A

a—Q0t—

lim lim [|A[} / dadb ...dbde . ..ddf,(a). .. fulc). .. fo(d)
¢0(7—baﬁ—a—ti-571/27EB ‘7-4%-5—411'_42:/2‘7.{3)]1/ =

Now we have to see wha nappens for ¢ — 00. For B a monomial in creation and annihi-
lation operator vy;2_g3)/2 gives an oscillating factor (= 1 for gauge invariant elements) and
Oc_z+a-a+(b-d) M2kes the expectation value go to zero for b # d according to (5.1) and (5.5).
Thus we have a bounded integrand which goes for fixed b — d for t — oo to zero almost every-
where. By Lebesgue’s lemma the integral then goes to zero.

We can immediately generalize this result to the

Corollary (5.13):
lim ¢o(A7eB) = lim [$o(Ari(B - ¢o(B); + ¢u(A)éu(B)] = do(A)¢o(B).

Again by nsing the same estimates as in (5.4) this holds for all A, B € 7o(A)".

The Fock representation 7, is not faithful. Here the automorphisms are inner for x,,(A)”
and there exist noncoramuting time-invariaat elements in 7o, (A)”. Thus (7. (A)",7) ic not
an asymptotically abelian system. Nevertheless, we have some kinds of clustering. We first
concentrate on the properties of space translation.

Lemma (5.14):

st- lim 7oo(050(f)) = 0, w- lim 70 [[a*(£:)) = 0.

By Wick-ordering a general element of .A can be written as
A=¢(A)+ 2 a*(f1)...a*(fa)a(g1) .. .a(gm). Then
st- zl_x_'rgo Too(0zA) = Poo(A) for m # 0,

w- zl_:_'r& Too(0zA) = doo(A) form=0.

Proof: This can be seen by direct calculation using the relations (5.5). (See [47).) o
The analogous results for 7, warrant a more detailed investigation.

Theorem (5.15):
a) st-limy. Too(Te0(f)) = 0,

b) w-lim; o0 ﬂw(Tga.(f)) =0,
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€) st-limeoo %oo([a%(9), 7a*(f))) = 0.

For the above general 4 of (5.14)
d) 8t-limoo Too(TeA) = @o(A) for m # oo,
€) W-limy_,oq X0 (Tt A) = Poo(A) for m = 0,

f) st-lim_oo({A, ¢ B]+) = O where + deperds on the grading of the elements.
Proof: The proof needs two distinct facts which we collect in separate lemmas.
Lemma (5.18): T(x.(a(f))) converges strongly to zeso for t — +oo.

Proof: In H,, the N = 0 sector consists only of the vacuum and since a(f)|0) = 0 we can
turn to the N > 0 sector. We may separate the motion of the N particles in a center of mass
and an internal motion such that

HM =H. @H;, UM = PV g i,

Since the total momentum P has an absolutely continuous spectrum e~*F 12N _. (. We shall
now show that a( f) acts like a compact operator and converts this weak convergence into strong
convergence. To see this we note that a*( f)a(f) acts in the momentum representation of HV
as the integral kernel

N -
a*(f)a(f) = K(pr-..oniFh-..BN) = 3 8(p1 = P1) - - f(25 ) (P}) . - -6(Pn — Pl).

J=1

The partial trace over H. corresponds to the integral kernel

trna"(Nalf) = [dgK(p1+,.-pat it 44, B +9) =

N-1
=N 1 o(oi ~ #)) [ dalf(@)P = 1- MIAE
j=t v
in the space H; with ¥, ps =Y p. = 0.
Since the a(f) are bounded operators it suffices to demonstrate strong convergence on a
total set of vectors. For these we take vectors of the form ¥ = v.® v, v. € H,, vy ¢ H; and we
know

U.‘”’w = e"tP /Ny @ e-itHiy, and u,(t) = e PNy, 0.

In finite dimensions weak and strong convergence coincide and thus for any projection ¢ € B(H,)
with try_q < oo and any ¢ > 0 3T such that |jqu,(t)|| < £ V¢ > T. Furthermore, ¥ A € B(H(M))
with |Jiry, A* A]| < oo exists a projection ¢ € B(H,) with try g < D and J|(1 - Q)A*A(1 - Q)]| <
2 & |JA(1 - Q)lle for @ = ¢ ® 1. For such an A we have AUMY = 0 since

NAUN 0. @ yl) = I(AQL ~Q +Q)u(t) ®vr(D))] < || A(L=Q))) + [ Allllgue(D)lf}for(t)l} € (1+ ]I 4l})e

assuming ||v¢|| = ||v7]| = 1. Now a(f) qualifies in H(™ for A if ||f|| < o and thus Lemma (5.16)
is proved.
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Corollary (5.17): A of the form (5.14) converges weakly to ¢o(A) if m = 0, otherwise
strongly. '

Proof: A; — 0implies A; — 0 and B;A; — 0if || By|| < ¢ Vt. Furthermore .49;2) — 0 implies
AP A® 0.

Lemma (5.18): [a*(g), 7:a*(f)}+ converges strongly to zero for t — oo.

Proof: A general vector in the N-particle sector can be written Ay[0) with A} =
fdzy...dzyyY(2;...2N8)a*(21)...a°(zy). From the identity

(a*(9)7(f) + (rea®(f))a"(9)) A =
(ra’(N)a"(9) Ak +(=)"a"(8) Aimed’(f) + a"(@)l(ma (N4 + (=)¥ " Aymea’ (]

we infer that (5.18) is satisfied if ((r:a*(f))AN + (=)N Ay 7a*(£))|0) goes strongly to zero. The
vector

(na*(f)A; + (-)" Asr:a”(N)]i0)

corresponds to the wave function

. n+1 o ntl .
e Mty f(;)(-Y et yn(zr. . 5, .. .2n43) = YA~V Si(23)¥n(21, - B Za1)s
j=1 =1

Z; means that this argument is deleted. This vector converges strongly iff

ei”]le—i”n+; ‘eiHn‘ - 1.

We call this property

Definition (5.19): Asymptotic triviality of the Méller operators holds if
st-lim eiﬂlte-iﬂnleiﬂn__ll =1
or, equivalently,
st- lim e*fite—iHnt g =iHit i(Hna +Hi)t _ o4 Jim e~ i (Hn—14H14Vi(0))t i (Haa +Hi)E -
with Vj(2) = e'Fity -1,
Lemma (5.20): For our Hamiltonian (4.1,4.3) in three (or more) dimensions the Moller
operators are asymptotically trivial.
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Remark: The Lemma (5.20) is proven in [49]. It is plausib.e because st-lim V;(2) = 0, since by
H, only particle 1 is carried away to infirity and so it will rot interact with the other particles
anymore. On the other hand, it should be noted that this argument is not sufficient. In one
dimension one particle can overrun the other so that nevertheless interaction occurs and in fact
in the proof of {49] the spreading of the wave functione in three and more dimensions becomes
an important ingredient in the estimates.

The results (5.16 - (5.20) prove Theorem (5.15). Its intuitive content is the following.
For t — +oo m(a®(f)) converges weakly to zero since it creates a particle far away and such
vectors become orthogonal to the other vectors in H,, which live mainly in finite regions. But
norms of vectors where particles are far away do not go to zero and thus 7(a*(f)) does not
converge strongly to zero. On the other hand, r(a( f)) wants to annihilate particles which are
far away. Since far away there are no particles it converges strongly to zero. Norm convergence
is impossible for automorphisms. Finally [a*(g), #a*(f)]4+ should go to zero since creations of
particles at vastly different points should not influence each other. Here it is possible that our
results are not optimal and []; converges even in norm.

Though the asymptotic abelian properties deduced so far will allow us to draw quite strong
conclusions in § 6 we have been falling short of norm asymptotic abelianness. Therefcre we
have no proof of weak asymptotic abelianness for the KMS states and the mixing properties
guaranteed by (3.5). This is the case for space translations and (3.5) assures as that all extremal
space translation invariant states are spatially clustering.

Passing from space clustering to time clustering is asking for too mucn, because clustering
can only occur in an extremal invariant state and we must keep in mind the possibility of a
crystal where the space translation invariant state is the average over a crystal cell. Therefore
it is not extremal time invariant and cannot cluster in time. Examining the proof of Lemma
(5.12) we notice that the states are clustering in the average in the following strong sense:

Lemma (5.21): Suppose w is an gauge and time invaz:ant and extremal space invariant state.
Then

lim lim [ wo 7,(A7B)fa(b)db = w(A(B).

a—0

Proof:

lin}) ‘lirgo / (U A17iB|RN) fa(b)db lin}) ,li‘g, (UveA17105 BIQ f5 () fa(a)dadd

= lim tim [(@Anicuss_sa/2BIR fo(b)fola)dads
where we used the fact that limp_o ||y, A — A|| = 0 and therefore we returned to the previous
estimates (5.12).

Remarks (5.22)

1. With w also w04, is gauge and time invariart and extremai space translation invari-
ant. The convex combination w, = [dbfs(d)w o 7, tends for @ — 0 to w and the
lemma shows lim,_.olim¢_.o wa( A7 B) factors whereas clustering of w means the same
for limy_.c0 limg. cowa (AT B).
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2. Whereas the property w(AnB) — w(A)w(B) is lost by taking convex combinatione of
states the property w(C[A,B]D) — 0 is preserved. Thus our method to deduce the
latter from the former is not optimal and it may be that in the example of a crystal
qnoted above asymptotic abelianness holds whereas clustering fails.

6 The Ergodic Hierarchy

Boltzmann’s ideas about the behaviour of large dynamical systems have developed into two
mathematical disciplines, topological dynamics and measuretheoretic ergodic theory [10,50). In
our present setting they can be described as the study of the asymptotic behaviour of a one
parameter automorphism group 7, of a C*-algebra A and the properties of invariant states w
and their associated W*-algebras x,(A)". The latter also contain extrapolations depending on
the observer described by w whereas (A, 7) should be looked at as the objective reality. Thus
we wiil be mainly concerned with the topological dynamical system (A, 7) but the most useful
information will come from the existence of faithfu! extremal invariant states. We start with
discussing a list of ergodic properties for a dynamical C*-system (A, 7).

Proposition (6.1) [21]: Between the conditions

(i) The only invariant elements of A are multiples of 1.

(ii) The only quasiperiodic elements of A are multiples of 1. (Quasiperiodic elements A are
those for which there exists Ve > 0,t a t' > t with |jr(4) - A]| < €.)

(iii) A does not contain proper invariant subalgebras.

there are the implications (iii) = (i) <« (ii).

Proof:
(ii) = (i): invariant elements are quasiperiodic.

(iii) = (i). {a € A|ra = a} is an invariant subalgebra which cannot be all of A since we have
the standing assumption 7 # id.

Remarks (6.2)

ad (i) Traditionally ergodicity is defined by (i). Unfortunately the strength of this condition
depends very much on how large .A has been chosen. Consider for instance the motion
on the £ = ( energy shell on T*(R) which is determined by the double well potential
~22% 4 z*%. There are three orbits whose projections on R are (—1,0), {0}, (0,1). If A are
the continuous functions there is no other invariant function then constants since they have
to be constant on the orbits. There are two linearly independent L functions 6(z) and
6(—z). If one considers all bounded functions then the cardinality of linearly independent
invariant functions equals the cardinality of the orbits. Taking the latter algebra (i) could
be never satisfied if there is more than oune orbit which classically is always the case if
the energy shell has more than one dimension. In any case (i) is strong enough to exclude
inner automorphisms and thus the usual finite quantum systen.. If 7(A) were U1 AU,
U € A, then U would be a constant # c1. (For a finite quantum system where r is not
inner, see [51].)



24

ad (it) By a famous theorem of Poincaré almost all classic:] orbits on a compact energy shall
have quasiperiodic properties. Nevertheless, for such classical systems the ccntinuous func-
tions may satisfy (ii) and never come close to their original forms. This does not contradict
Poincaré's theorem since neighbouring orbits will return close to their starting point at
quite different times. What (ii) excludes is a time evolution 7(A) = UAU~? where U
has a pure point spectrum. In particular finite quantum systems and systems with finite
dimensional invariant subalgebras do not qualify for (ii). (We did not use the absence of
invariant finite dimensional subalgebras as ergodic criterion because the usual algebras of
continuous functions do not have finite dimensional subalgebras to start with.)

ad (iii) Tke trouble with (iii) is that on the one hand it is too weak to imply (ii) as is shown
by the trivial example:

A={zn + A4z, €C,A’=1}, 71A=-A

A does not have proper subalgebras but A s quasiperiodic. On the other hand, for our
purposes (iii) is far too strong and will never be satisfied for the CAR algebra if 7 respects
the particle number. There the subalgebras of elements of the form

2+ Y a*(h)a’(fa)...d"(fa)a(g1)a(g2) - . .a(gn)

n2n,

are for np > 1 proper and invariant. (iii) would exclude the splitability,i.e. A = A; ® A,,
T = 71 ® 73, but systems with the best mixing properties, namely K-systems can be
splitable (as Bernoulli shift) and in any case have sub-K-systems. Iu fact the tensor
product of two K-systems is in an obvious way again a K-system.

In (3.5) we introduced mixing of state and one might wonder how this property can be
expressed in topological dynamics. There the convergence of observables to their equilibrium
values is impossible since the structure of (.A,7) only contains norm convergence. Classically
the weak convergence of any function f(z) to its equilibrium value 1 - [ f means that every
part of f becomes dispersed over all of phase space such that [gf; — [¢ [ f for all functions
g. Thus also sup, |g(z) fi(z)| should approach sup, |g(z)| sup, | fr(z)| which motivates the

Definition (8.3): (A, r)is called mixing if
tl_‘Lq‘LUATgBll = J|A|jj|Bl} VA,B€ A.
(47,52,53,54]

Remarks (6.4)

1. If A is abelian then it is the algebra of continuous functions of a compact Hausdorff space
X and 7 is induced by a homeomorphism 7* : X — X such that (rf)(z) = f(r*2)
Vf € A. In this case (6.3) agrees with the classical notion of topologically mixing. It is
equivalent to the existence of a dense orbit or that every open invariant set of X is empty
or dense in X .
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2. If |JA]l = ||B]| = 1 then (6.3) means for operators in a Hilbert space H that Ve > 0
3T € R and ¢ € H such that |(Ay|B¥)] > 1 —€e Y1 > T.If A and B are propositions
(A2 = A = A*, B? = B = B*), ard we call propositions compatible if they have some
commeon eigenvectors then (6.3) means that eventually all propositions become compatible
within ¢. Thus the system is chaotic in the sense that n- definite predictions about the
future can be r:ade.

(6.3) clearly excludes the ;:2ssibility of quasiperiodic observables.
Proposition (8.5): (6.3) = (6.1,(ii)).

Proof: Suppose A € A is quasiperiodic. Then also A + A® and A/||Al| are quasiperiodic so
that we might assume A = A* and {|A[] = 1. If A # 1 then it must in addition to 1 have another
spectral value a with |a] < 1. Now pick a continuous function f € C(R) such that f(a) =1
and sup,cp |2f(z)| = \a]. Then f(A) € A, ||f(A)l| = 1 and ||Af(A)]] = la} < 1. Now consider
If(A)r Al Ve > 0,7 3¢ with [|f(A)r(A)] < [1F(A)All+ IS (ANA~ 7o Al < la] + €. Since
we may choose € < 1 — |a| this contradicts (6.3).

Next we will show that our Galilei-invariant quantum field theories are indeed mixing.

Theorem (6.8): Let 4 be the C*-algebra generated by the creation and annihilation op-

erators a*(f), a(f), f € L*(R?) and 7 the time evolution coastructed in § 4. Then (A,7) is
mixing.

Proof: Since A is simple x,.A) is faithful. Furthermore we know that the Fock vacuum is
mixing for (A, 7) and (7 (A),7) is asymptotically abelian (or antiabclian) {49] which means
st-limy—400[A, By]+ = 0 with B; = 7y(B) and  depending on the grading of the elements. Now
use the general operator inequality

CD;AB,B;A*D;C" < ||AB,|*CD,D;C", A B,C,De A.
Taking the expectation value with the Fock state ¢,, we deduce

¢0o(CD.AB,B; A" D;C")
$e(CD:DIC*)

Now let ¢ go to 0o. Irrespective of the grading of the elements the left hand side converges to

$o(CAA'C*)¢oe(D BB* D*)
$o(CC*)po(DD?)

Now use faithfulness of 7., which implies

Poo(CAAC?) 2
SUp ——— e = [ A

88 " om(cen = M
and similarly take supp, in the second factor. Then we arrive at

HAIPIBIP < Jim [|ABP.

< [|ABif*.

But generally || AB|| < ||A}|||B:ll = [|A]}|| B} and thus we have verified the condition of (6.3).
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Our results so far have shown Galilei-invariant QFT = :opologically mixing = absence of
quasiperiodic observables # z1 = absence of constant observables # z1. Thus we have climbed
up the ergodic ladder a few steps but we have not yet reached the top. The most satisfactory
foundation of quantum statistical mechanics is provided by the so-called K (olmogorov) systems
[55,56,57,58].

K-systems have the maximal possible uniformity in A and B in the convergence w(AnB) —
w(A)w(B) and this entails [56,57] the desired behaviour of relative and dynamical entropies. It
is tc be hoped that all the systems for which we have shown the existence of r, are actually
K -systems but so far there is no proof for this conjecture.

Appendix

For details we refer to [15,18,59].

A.1 The GNS Construction

A C*-algebrais an algebra with a norm which satisfies (3.1) and is complete in this norm.
Positive operators are those which can be written A*A, A € A, and staies are linear
functionals w with w(4*4) > 0, w(1) = 1. f A # 0 =3 W(A*A) > 0 we cail w faithful.
Since A is a Banach space any A € A is represented as a bounded linear operator on
this Banach space by B — AB, B € A. lf w is faiti:ful it endowes A with che structure
of a pre-Hilbert space by (A|B) = w(A*B) and thus any A is represented by a linear
operator 7./ A) in a Hilbert space H,, the completion of A in the {-) norm. (If w is not
faithful one has first to divide by the null space {4 : w(A*A) = 0}.) In H,, the vector |§)
corresponding to the unit element is cyclic which means that AjQQ) spans all of M. If w
is faithful |Q) is also separating which means 7,(A)|?) = 0 & A = 0. In this case 7,(.A)
is also faithful. (7,(A4)#0if A#£0.)

A2 C* and W* Dynamical Systems
A C*-dynamical system consists of a C*-algebra A and an automorphism 7 # id of A.
A state w is called invariant if w o 7 = w. The r can be represented unitarily in H,,
m.(7(A4)) = Un,(A)U2, by defining Ur,(A)|R) = 7,7(A)|R). If r in addition can be
imbedded in a one parameter group 7, with lim¢_o||7:(A) - A|| = OVA € A then by
Stone’s theorem Uy can be written e~*H* with the Hamiltonian H a selfadjoint operator
in H,, though neither U; nor H may belong to A. In this case 7; can be extended to an
automorphism of a larger algebra, the weak closure of 7,(A). We shall denote this by
7.(.A)" since by von Neumana’s famous theorem it coincides with the double commutant
of x,(.A) (the commutant is defined by 7, (A) = {B € B(H.), [B, A]= 0V A € 7, (A)}).
#.(A)" is not only a C*-algebra but a W* (or von Neumann) algebra which enjoys the
following additional properties:

(a) For every increasing bounded sequence in #(.A)"” the supremuin is also contained in
x(A)".

(b) As Banach space x(.A)” is the dual space of another space, the predual. Thus by a
general theorem the closed bounded sets in 7(.A4)” are compact in the weak* topology
given by the predual. The positive normalized elements of the predual are called the
normalstates. Any state over A can be extended to a state over 7(.A)’ by the theorem
of Hahn-Banach but not all extensions will be normal.
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We shall call (r(A)", 7¢) a W*-dynamical system and it nas the virtue that it contains many
limiting elements not contained in .A. ‘Lypically time limits or time averages exist in ‘t(.4)" but
not in A. On the other hand, the additional elements in x(.A)” may destroy some >f the nice
features of A and we always have to worry what extends to x(A)” and what not.

A.3 Examples

1. The CAR algebra is simple and therefore has trivial center. However, Z, = 7 (A)' N
7.(A)” may be nontrivial as is the case if w is a convex combination of two states leacing
to inequivalent representations.

2. The CAR algebra is weakly asymptotically abelian for the free time evoiution in the Fock
representation 7. However, 7,,(.A)" is not asymptotically abelian since x,(.A)" contains
the generators of rotations and translaticns which are constant but do not all commute.

3. f wor # w then in general 7 cannot be extended to 7,(.4)". Furthermore, ifwor =w
then 7 can be extended to 7(A)” but if lim;_o||7:(A4) — A}| = OVA € 4, VA € r(A)" we
can only conclude that the strong limit of r,(A) goes to A.

If the state is faithful, even when extended to 7(.A)”, then the tie between the C*-algebra
and its weak closure becomes stronger due to the existerce of a modular automorphism group.

A .4 The modular automorphism

1. If A € n(A)" and A|Q) = 0 implies A = 0 then Q i¢ not only cyclic but also separating
for n(A)’ and therefore also separating and cyclic for A'.

2. There exists a modular automorphism group m; that can be extended to the strip 0 <
Im t < 1 such that

w(AB) =w(m;B - A).

m; itself is only defined on a dense set of analytic operators. Analytic operators are easily
constructed, for instance,

-~ o0 1A
Aalt) = ;71'3 [ dtett=tProm, 4

is analytic in t. Because m; is strongly continuous on 7(A)" we see that for a — 0 A,(2)
converges strongly to m;A. Thus analytic operators are strongly dense in x(.4)". For the
expectation value the analytic extension is possible for all A, B € 7(A)’.

3. If the representation has a nontrivial center the modular automorphism leaves the center
pointwise invariant.

4. If w is invariant under the automorphism r then rom =mor.

5. If v is weukly asymptotically abelian on A then it is weakly asymptotically abelian on
w(A)’ (see 5.4).
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A.5 Decomposition of states: In section 5 we referred to the decomposition theory of
states. The basic facts are the following:

1. Consider two states uwy and w3 such that w;(A4) > Awz(A). Then there exists some T’ €
71(A)’ with 0 < T < A such that

wa(A) = (|Tm(A)|).

Thus if w can be written as linear sum of other states we can find corresponding positive
operators in the commutant that add up to 1.

2. If w is invariant under an automorphism group and is decomposed into other invariant
states then the corresponding operators € 7,,(A) are also invariant.

3. If we know that the invariant operators from x,(A) belong to the center — as is the case
if the antomorphism group is asymptotically abelian — they form an abelian algebra and
we can use the isomorphism of an abelian algebra to L*(dp) for some measure du to find
a decomposition into extremal invariant states: the decomposition of 1 in L*°(du) into a
finite sum of projectors defines a corresponding decomposition of the state. Refinement of
this decomposition has a unique upper limit {22] and this gives the (unique) decomposition
into extremal invariant states. Since the invariant operators are contained in the center,
the decomposition into extremal invariant states is coarser than the one determined by
the center, which is the factor decomposition (and for KMS states corresponds to the
decomposition into extremal KMS states).



29

References

f1] R. McGehee, J.N. Mather, in: Lecture Notes in Physics 23, J. Moser ed., New York (1575)

[2) J.M. Lévy-Leblond, J. Math. Phys. 10, 806 (1969)
T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, Heidelberg, New
York (1966)

{3] F.J. Dyson, Phys. Rev. 85, 631 (1952)

{4] A. Campagner, C. Bruin, A. Roelse, Phys. Rev. A 39, 5989 (1989)

{5] H.A. Posch, H. Narnhofer, W. Thirring, Phys. Rev. A (1990)

{6] F.J. Dyson, A. Lenard, J. Math. Phys. 8 423 (1967); J. Math. Phys. 9, 698 (1968)

[7] E.H. Lieb, W. Thirring, Phys. Rev. Lett. 35, 687 (1975), Errata ibid. 95, 1116 (1975)
{8] W. Thirring, Quantum Mechanics of Large Systems, Springer, New York, Wien (1980)
[9] H.A. Posch, private communication

[10] P. Walters, An Introduction to Ergodic Theory, Springer, New York, Heidelberg, Berlin
(1982)

[11] W. Thirring, Z. {. Physik 295, 339 (1970)
P. Hertel, W. Thirring, Ann. of Phys. 63, 520 (1971)

[12] W. Braun, K. Hepp, Commun. Math. Phys. 56, 101 (1977)
[13] H. Naruhofer, G.L. Sewell, Commun. Math. Phys. 79, 9 (1981)
(14] R. Haag, D. Kastler, J. Math. Phys. 5, 846 (1964)

[15] O. Bratteli, D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics I,
Springer, New York, Heidelberg, Berlin (1979)

[16] G.L. Sewell, Quantum Theory of Collective Phenomena, Clarenion Press, Oxford (198€)
[17) M. Fanres, A. Verbeure, Commun. Math. Phys. 95, 257 (1974)

(18] O. Bratteli, D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics II,
Springer, New York, Heidelberg, Berlin (1981)

(19] D.W. Robinson, Commun. Math. Phys. 7, 337 (1968)

(20] J. Ginibre, J. Math. Phys, 6, 1432 (1965)
D.W. Robinson, Commun. Math. Phys. 16, 290 (1970)
S. Miracle Sole, D.W. Robinson, Commun. Math. Phys. 19, 204 (1970)

[21] H. Narnhofer, W. Thirring, H. Wiklicky, Journ. of Stat. Phys. 52, 1097 (1988)
[22] D. Ruelle, Statistical Mechanics, Benjamin, Amseterdam (1969)
(23] D. Kastler, M. Mebkhout, G. Loupias, L. Michél, Commun. Math. Phys. 27, 195 (1972)


http://Fanr.es

30

[24] S. Doplicher, D. Kastler, E. Stgrmer, J. Fanct. Anal. 3, 419 (1969)

[25] R. Haag, N.M. Hugenholtz, M. Winnink, Commun. Math. Phys. 5, 215 (1967)
[26] R. Kube, J. Phys. Soc. Jap. 12, 570 (1957)

[27] D.C. Martin, J. Schwinger, Phys. Rev. 115, 1342 (1959)

(28] L.P. Kadanoff, G. Baym, Quantum Statistical Mechanics, Benjamin, New York, Amster-
dam (1962)

[29] J. Dieudonné, Elément d’analyse I, Gauthier-Villars. Paris (1969)

{30] H. Narnhofer, Acta Phys. Austr. 49, 207 (1978)

[31] G. Morchio, F. Strocchi, J. Math. Phys. 28, 622 and 1912 (1987)

[32] P. Bona, J. Math. Phys. 29, 2223 (1988)

(33] T. Unnerstall, J. Stat. Phys. 54, 979 (1989)

[34] W. Thirring, A. Wehrl, Commun. Math. Phys. 4, 303 (1967); ibid. 7, 181 (1968)
[35] R. Haag, D. Kastler, E.B. Trych-Pohlmeyer, Commun. Math. Phys. 38, 173 (1974)
[36] H. Narnhofer, W. Thirring, Phys. Rev. 4 26/6, 3646 (1982)

[37) H. Narnhofer, Acta Phys. Austr. 31, 349 (1970)

(38] B. Simon, The P(¢)2 Euclidean Quantum Field Theory, Princeton University Press, Prince-
ton (1974)

[39] J. Glimm, A. Jaffe, Quantum Physics, Springer, New York (1981)
[40] H. Narnhofer, W. Thirring, Phys. Rev. Lett. 6{/16, 1863 (1990)
{41] F. Streater, Commun. Math. Phys. 7, 93 (1968)

[42] F. Streater, 1.F. Wilde, Commun. Math. Phys. 17, 21 (1970)

[43] S. Sakai, in: Operator Algebras in Mathematical Physics, P. Jorgensen, P. Muhly, ed.,
Contemporary Physics 62, 443 (1987)

{44] C. Hurst, Proc. Cambridge Soc. 48, 625 (1952)

[45]) W. Thirring, Helv. Phys. Acta 26, 33 (1953)

[46] A. Petermann, Arch. Sci. (Geneva) 6, 5 (1953)

[47) H. Narnhofer, W. Thirring, Journ. of Stat. Phys. 57, 811 (1989)
(48] J.M. Lévy-Leblond, J. Math. Phys. 4, 776 (1963)

[49] Ch. Jaekel, Univ. of Vienna preprint, in preparation



31

[50] V.I. Arnold, A. Avez, Ergodic Properties of Classica! Mechanics, Benjamin, New York
(1968)

[51] F. Beaatti, H. Narnhofer, G.L. Sewell, to be published in Lett. Math. Phys.
[52) R. Longo, C. Peligrad, Journ. of Funct. Anal. 58, 157 (1984)

[53] A. Kishimoto, D.W. Robinson, J. Oper. Theory 13, 237 (1985)

[54] O. Bratteli, G.A. Elliott, D.W. Robinson, J. Math. Soc. Jap. 37, 115 (1985)
[55) G.G. Emch, Commun. Math. Phys. 49, 191 (1976)

{56] H. Narnhofer, W. Thirring, Coramun. Math. Phys. 125 565 (1989)

[57] H. Narnhofer, W. Thirring, to be published in Lett. Math. Phys. (1990)

[58] H. Narnhofer, in: Nonlinear Dynamics and Quantum Dynamical Systems, G.A. Leonov, V.
Reitmann, W. Timmermann, ed., Akademie Verlag, Berlin (1990), p. 86

[59) R.V. Kadison, J.R. Ringrose, Fundamentals of the Theory of Operator Algebras I, II,
Academic Press, New York, London (1983)



