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ABSTRACT

The string model in terms of the two-dimensional differential forms of arbitrary rank
is formulated. The local sypersymmetric siring action with local conformal and Lorentz symme-
tries is constructed. The connection with topological quantum field theory is discussed. Covariant
quantization of the mudel is investigaled. The critical space—time dimension is found to be o = 4,
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l. Intreduction.

decent twpe about the unifying of the frundimental internciions is
connecled with the string theory. In the low enerpy 1lmit this theory
gives pood description of the gravity and the ,siuge fiel:ds, The cancel-
lation condition of gauge anomalies determines the pnuge -roup to be
gitier SD(.ﬂQ) or [y ®Eg {I). On the otlher hand one determines
the dimenosien of the space~time, in which the string is cmbedded, From
a condition of cancellation of the conformal anomalien [']. For known
models this dimension ia equal to d=I0 or d=26, lence conpactificntion
of the additional dimensions 18 necessary. But the mechuniam of such
a compactification is too arbitrary {I) for the theory tu he fundamental.
Thus the problem of construction of a string model Jdicectly in
the Tour—dimensional apace-time is &ctual, Thia npproach attract the
raining atteation in .literature (3.

The standnrd string models are formulated in termy of two-dimensional
scalar and apinor fields [2], We develop here the stiing model on
the bneis of our programme (4] to use only two-dimenmional differentisi
forms of arbitrary rank, It is known that entisymmetric tensor fields
(or differential forms) play an important role in various aspects of
siring theory [57. On the other hand connection of external forms with
topolopy mukes such congideration eapecinlly atiractive. We widely
explait the possibility of description of fermicna in toems of differ-
ential forms uaing the equatien firstly supgested by D,Tvanenko and

L.landnu [6) and intensively discuseed in the liternknre [71.

2. Bosonic sector of the model,
It stondaed string models [1,2,10) the striwg is described by the
aclicon

J { 3 i (1Y~ \ T : ,
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is the retric on the world-sheet of a moving string

where "b/.

and ascalar functions X (ﬁ) s lal,,..,d realise the embedding of
this world-ghect into the Jd-dimenslonal space-time,

It is eusy to see thut the action (I) might be tranuformed into:
d 4 Ged oA d X
o ] :;

Natural senernlization of this expression is to substitute zero-forms

e

(r+)

by the full inhomogenous exterior forma on the world-sheet:

P i widers { Y d2/nd 2

Thus one can suggest tho following generalization of (I'):
i 1 L
<4 g* (d-S)PA (d-S)P™ (2)

where d and % are correspondingly external differential and
co~-differential operators (8],

In the string theory conformal aymmetry plays special role (I}, It
ie easy to see that (2) 1s not conformal ‘invariant in pgeneral, However
it is invarinnt under gleobal tranaformetions:

I ey,

Y s L [{Mu—” 8469/0-% (3)

Localizing these we {ind that under conformal transformation
(@-8) b L(dS) Pl ypa + €7 V060 + )
+ 0.6 % dzind e,
whoro [ (d-2) P Iatd.

6/=conat.

is expression, which remains in (4)if

In order to compenqnte ndditional terms in (4), let us consider the
extended operator 'D sy which acts on the apace of the one~forms ‘TJ_

(hereafter Cibi means odd form and 4) - even form):
:Dch_ (df‘%)h+(ov“f (5]
where (1)‘ x4 ﬁ) 6_
1 o.’. ad

is the dual Lorentz connection one~form, If

q n

K is n two- climensional orthonornul bnais then 0,. f\ (F? /. :}\Ev) .
ad

like the Lorentz conncction form ()

Let us note that (A) cor-

responding to the localiging of the two-dimensional lorentz group,
plays important role in the structure of the confornnl and Lorentz

unomalies in the two-dimensions [9].

~
For (0 we have the following transformation law under the locul
o~ Vad
transfornations {3): . —» (O _ 0.6,
7 T

It 19 interesting to note the followins expresasion for ascalar curvature
[9}:

_ o (6)
R a‘ip, .

Thus we come to the action
N A
a { )«15' ( b 1 Ao (7)
ﬁ) - S;4§,<61_$ ;_/\ CJJg) .L'fﬁ:*:174i/\.b fl,
which is conformal invariant generalizatlon of the slandard satring
nction (1),
The co-differential cperator % ig conjugnted to the operator

(‘#’, 4‘) = &*‘PA‘J'

d under natural gscalar product;:

A

+ )
The cperator j) , conjugated to D acts on the space cof even forms,
mid reads

A

* % 0o .

D =~ (,;!S;) b IOV Ty {8)

where V is the Clifford multiplication, delfined for the one-

forma basia as follows [7]):

dzrvde’=z desnde+ g

The action (7) ia invariant also under the Local lorentz Totntions

of the two-dimensional orthonormal basis:

a
ﬁ.,vfu,«é-_g’ﬂ’fﬂ : (9)
(l}.. —= (\j F favﬁ ’
if one ‘etermines the uction of the loronte Totations on the form "f’

g duilization:
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gi&¥ ;L“"P] (15)

M r 0 o0 (1)
: 4 a Y‘vﬁ’ is invarinnt under the local conformal transformations (I3) and also
where ﬂ is the parametor of the transformation, under the loenl Lorentz rotation (9) if we msunme thut

Y {} €.y ‘}/f‘-’ﬂ

3. Ferndonic sector of the model,

z‘ V,!; (16)
In order to receive the fermionie excitmtions of the string one Wi 4{",,4— 6'7‘ v‘ﬁ
should include the fermionic sector, In the standard string model {[I,2) \I/-’,\v._; t/MV — e/,w 4’)@, .
fermions are described by the two-dimensional Weyl spinors. In our On the other hand the sction (II) i1a invariant under the local con-
/\/
model, following to the pro;:ramme to use only differential forms, we formul transformetions (I3) witheut addition of v , if we assume
will describe ermicn fields on the world-sheet by inhomogencus differ- k=0,p=0,n=2 in (I3},
ential Forms
A v 4. Locnl supersymmetry.
v /’ /“ A, ™M
+i } -+ ‘//" de’ + & f"v d2’adz". Thus let us conaider the set of the boson formo
The action is as follown [7}: <B1 , 1=4,.., d
B
d.1 g*%\ (o!—%)LF (11) S R
A ! and also the aet of the fermion forms
where "I" components are real and anticommutating. ,F d
ey,
Cne can rewrite (II) in the form L}..Pf A
* I
S = &JJE \@7 (4’/. 27 L}’—f— ‘/’/w'a/. ‘Pv) (12) For theas fields action
This action is invariant under the glebal scaling: d = R ¥ (d—%)(ﬁl A (d - (P 1—‘{ ¥:D‘hﬂ,\j)cf‘“ (1)
ag ps
v = £ v l// - 2 ¥ i
3/" g’ Ve 4//" (13) + ¥ ”}1/\(0{—%-)4}1 + ¥ ”{'.1. /\—.I)"h_
k6 3
\l/-—-? . ‘7l/ \-// 8"6’\;’ is iovariant under the globml supersymmetric transformations:
bJ /w' -7 . L. ~A BA A E ~
ek ! W _ . 141
AJ I: ey pL ‘“L ' AOQLP —"ol D Ch_ ;A,_l {_L ) (18)
where k,p,n are real numbers, such that
o~ . .. . K
kip=0 , n4p~2=0 . {14) ‘ 1 :] hE } & +’ DR T 20 1}\ L
' ‘ f",x,('l’-‘ﬁ( 'y ) By L:'UL (er,L‘}A{* 1=0,

Let us wosume & = 6§ (2) and p=1,kn(-1)},n=1. Then for compensation of 1) RE
whare | A w[ } i3 the set of anticommutating variahles,
’,3 g depending terms under the variation of (12}, one should apain ’ '

conﬁder the opersator D F.D i" (d ct;) JL+ESV ‘lJi, o
In this cure tne nction H ‘:\( Rx d l’JU"‘ /\((1 {;’)4 + )Er{nlh‘ﬁ tli \j i

localizing these transformations we find thot

1n order to compensate uew terms it ig necessary to introduce the sot

.,.lr. P . . .,T__ , T .’ Coea e - '
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of anticommututing one-forms (the analogue of the tari ta=Schwingeer field)

with the transformation law:
iy i AR pE
Ay flamda, ba "=~ dd (i9)

and add to the action the followlng term:
Su= VRIvdia (d-o) g xfy A S P
Then we have ) )
By (S ¢ )= Vg ”v+.{’/\o(““(o{-$)+“+
S N +*]¥"’v‘7l’,1/\d4 e+
Y UM ONP Flaa o8

For compennutlon of two last terms one should sdd to the wsction:

hd etk |k Be IB . ohc LT
o=\ I A S Lt B2 A 1
and for compenmation of two first terms in (20) one should assume:

A =- 29 (d-8)ehd - o vy
Aolqj T LE 4;1!: LA fCBV:PLB

Thus we come to the complete local supersymmetric action:

(20)

g‘l‘,o‘t: gu"" .gl_‘l_-!'gli ) (71)

which [8 the unnlogue of the complete standard string action [10].
However conlrary to the standard model the supersymmetry (I8),(19)

doea not touch the gravitationalvariables {metric).

5. Quantization end connection with topolepical guantum

field theory.

The gquantizotion uf our model ja devr o by the Pmetionad inteprnl:

2\ DR L LF IR IIN G exp (- S0,

-7-
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Lot ua start with. calculation of the integral:
) /\'
2= (a1 0941 1o R 10 R T exp (- Seae)

which is the partition function for the action (2I) il we consider fhe

pravitational ( Lj.. ) nnd supergauge ( f ) fivlds as external.
Since gt..t ia quadratic over fields the calculation of the

funetional integral gives the expression of ZI in terms of super-

determinants [TI]:
p r _ilﬁ.
25 (gdet R gdetR) 7, (22)

where tho operutor R ( R ) has the followlng structure:
B\ o~ /%§
- (23 R«S ! R= (r\ﬂ’-, R
with
Re= (- (d53,59) 5 %= (0
) ) (ol )w%
% ( - J:z (d—g)(.z))) Ko (d—ﬁ)(,)% ~TH\/}'H.
Ruz (3D8) (0 )

N o ,ﬁ)%n
e (g

~ 0
,3)\ , Re= (_§)+Bae h]qf-gjr“

The superdeterminant is expressed as [[1]):

Sdel D= det Ry det™(Ry - Ra Wi Ry).

~ ("'“%)cnj(ij )

1

Henee

) LAl
ddet R = [ det A, detag del A, -
i »f/.? ’
ddet R= [detj) B det 530 ] (21)
whore At (d % (l'-) is the Beltrami-Tnplace cperator on the

-R-



k-form:,

Thus we hnve for Z':

2= Lfl(m] [T N)I 2)

T(H [d‘?{ Ny o'etbo de'}:AJ] (26)
T (M)= [ det® 33 c;fe'fl?l)'.b'f]-i/';1 (27)

It 1o intoresting to note that 2' is independent on the superpuuge

whele

field f end ig expressed in terms of T(M), the topologlcal invariunt
of the munifoeld ¥ (the string world-sheet) = the Ray-Zinger torsilon
{12}, Por the two-dimensional manifold T{M)=I, because in this cuse
O(EtA_{: d{d AOC{l’iA‘l. S3imilarly we have afeﬁﬁ): o(C'ff)'j‘f and consaquent Ly
T(M)=1. It ahould be noted that the mutual cancellation of the
boson and fermion determinants as typical property of the 'so-cnlled
topological quantum field theory (I3].

Thua we find that 2', a functional of ﬁ and E\; , turns out
to be the topological invariant, 1.e, it does not change under the
local variations of these fielde, Consequently the suggested model is
example of the topological quantum field theory of Witten [I31, (It is
interesting to note that in the work [I3] the action (II) is also used

for the description of the fermionic sector).

6, Cancellntion of conformal anomalies,
Let us return to the calculation of the functionnal inte;ral Z, and
choose the cunformul Torentz gauge, in which
6’( q o .
= + hol
= 51 e e L fnd)
dxf=0
where } (T” TRB> + The latter equation means that ?: *-(;{}& v
AE
7y
wheref)..(ﬁ ?f?:) .
For the funcitienal meanure over ‘K/ we hnve the standard cxpren-

sion [2,14]):

. ”‘1/‘
mg‘}]: (Dl v 1D Tdet "L (28)
wher: ?/" is vector field, the gencrator of the Jdiffeomerphism pro

-V
CV v+ [VWDT
Let us note that g[-b?fl

phism group.

gives the volume of the diffeomor

For the integration measura gver wa oblnin:

[DFI- [T (det A) (hH)
is number of .{,{H] and P,, is number of {o(hs}

"(.Pﬁht) p
Z= S[M‘]tbﬁ][ms] Aei/L. (det,f\) Z (29)

where Z' is independent on &, f8 and ol .

where PI

Thus we have:

Thz doterminants are well kown,

_A
‘Q‘hdetAﬂon ﬁrloisl
QM O{P{ L::_g.%.rIo[G]:
where Iv[,G-_[:—i- Sdzz 9/6”3/‘6‘ .

The forentz and supergaure anomalies, as it is seen from (29}, ar
absont, so the integral over I_'I)d] nnd [.—‘D/"l gives volurz2 o

the corresponding groups.

Hence we get

S l:-_bs:! %PC%_T 10[6] 3

where CaI]—(PI + P2)°
For the conformal anomalies cancellation it is necessary to hnve
[ “%
C=0 or Py + P, =13, Up to this point &‘L”} nnd {cl } were
arbitrary matrices, lLet us asgume now thut
. - S B
cJ\—'")““ t J
Ae-d? Ag S ik,

-10-
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In this case the inlinitesimal sSupersymmetry parameters take values

in the algebra of the group O{4)@0(4) ®@ 0O(I) and consequently

P + Py =I3. Thus we finaly have %hat N=zd=4,
In our model the zero~forms P realise the embedding of the

atring world-sheet inte the d-dimensional space-time, so the sugrested

here model is consistent (ihe enomamlies are absent) directly in the

four-dimensionn]l spnce-time,

7. Conclusion.

We have considered the atring model using dif{ferential forms on the
gtring world-shect, This madel allowa for the locnl supersymmetry,
which like the supersymmetry in [I3], leads to the 'topological
quantum field theory'. i

Sealar  compunents of the boson form Cpt realise the embedding
cf string into d-dimensional space-time, and have the direct geome:tric
genge, 1t wns shown that Lhe conformal anomalies nre nhgent if d=4.

Wa will not discuss the geometric interpretntion of the olher
components of the boson form cbé . Bvidently one cnn consider
them simply as the terms of the supermultiplet.

The cranonical quantization and the no-ghost thesren wWill be con-

sidered elsewhere,

-1§- -12-
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