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ABSTRACT

The vacuum energy of QED» as a function of the coupling

constant «» is shown to have an absolute nininun at the critical

coupling Í"C * n/3. The »ffect of chiral sanmetry breaking

diminishes as the coupiir is increased. Ue argue that these

aspects of the vacuum en ;r -j shall remain unaltered beyond the

ladder a»>proMimation.
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Based on analysis of the Schwinger-Dyson equation for the

fermion propagator( it has been conjectured that quantum

electrodynamics (QED) has an ultraviolet-stable fined point at

strong coupling . This hypothesis is also supported by numerical

simulations . These results are quite important» because they «ay

change the old argument based on perturbation theory» that

renoratalized OED is a trivial theory f providing to us an entirely

new view of this theory at short distances. In another hand the

existence of such behavior», shall allow us to build models of

dynamical mass generation with U(l> technicolor theories .

If the theory has one fixed point» or a phenomenon of

collapse of the wave function'» one should be able to verify that

this point corresponds to an extremum of energy. To look for an

absolute minimum of the vacuum energy as a function of the

coupling constant is another way to find a fined point. This idea

goes back to the seminal work of Uilson on renormaiization

group » where the existence of a critical point is directly
0

r e l a t e d t o the e x t r e m a of a p o t e n t i a l . O n e s h o u l d n o t e that t h e

H i r a n s k y ' s h y p o t h e s i s about t h e e x i s t e n c e of a n o n - t r i v i a l fixed

p o i n t in Q E D » is a n e c e s s a r y c o n d i t i o n for the e x i s t e n c e of a

n o n - t r i v i a l s o l u t i o n of t h e S c h w i n g e r - D y s o n e q u a t i o n for the

f e r m i o n i c p r o p a g a t o r » and a v e r i f i c a t i o n that t h i s point is a l s o

e n e r g e t i c a l l y p r e f e r e d is c o m p l e m e n t a r y t o h i ? w o r k . A c t u a l l y »

t h e t h e o r y m a k e s s e n s e o n l y at t h e c r i t i c a l point a * a Q s n/3,

w h e r e t h e d y n a m i c a l m a s s r e m a i n s finite in th#» limit w e set an

u l t r a v i o l e t c u t o f f ^ to i n f i n i t y ' - F u r t h e r m o r e ! at t h i s point



the fernionic self-energy has not in oscilatcry character* but

behaves asymptotically as (n /p ) in. ( p / a ) , v,!uch gives raaxiaal

suppression of flavor-cKanging neutral currents in U<1> techni-

color theories. In this tetter, starting with the solution of the

Schuinger-Dyson equation, we will compute the effective potential

of Cornwall» Jackiw and Tcmbuulis at stationary points a» a

function of the coupling constanti and show that the vacuum tntrox

has an absolute minimum when the coupling is equal to the critical

value o>c. what corroborates the hypothesis of existence of this

fixed point.

It has been shown that the Schwinger-D^son equation of the

fermionic self-energy ir, massless QED, in the ladder approximation

i f
J

UP) - =*-* i f dS T^-T— en
J J 2 [ 2 2(p-k)2[k2-E2(k)]

has only the trivial solution when a ( a^ • n/j 7>", For o 2»

the self-energy has also a non-trivial solution, given by a

hipergeometric function whose asymptotic behavior it large

momenta is

- «ctg *,) 9 C8)

where m is the dynamical mass, and

rti/2*



UHtn r • • t or a . o { ) instead of equation (S) we obtain

(4)

At low aoacnta £(p> behaves as a constant» and docs not depend on

a at leading order •

To coapute the vacuua energy we start with the effective

action for composite operators as obtained b* Cornwall• Jacbiw and

Toaboulis

r(S) • - Tr (In S"1) • Tr [(S*1- })s\ - (2PI diagrams) <5>

where S<P> is the full feraion propagator

s"X(p) - S^ip) - IÍP) (6)

S <p) the bare one» and the 2PI (in iq. (5)) aeans all the

two-particle irreducible diagrams . It is important to reaeaber

that the stationary condition for H s ) , i.e.- *r<s>/£S(p) - Ô,

leads enact]» to the Schwinger-D*son equation (eq.(D).

Considering translation invariant propagator configurations!

equation (S) is reduced to the effective' potential (V(S))« froa

which we dtfine the vacuua energj density as

0 • VIS) - VIS ) (7)
a

where we are subtracting froa the tsyaaetric potential the

«?aattric one» denoted by V(S >. Uith one given expression for

£<P> we are read» to coapute O. However» as pointed out by

Castorina and Pi . a such better approximation to study the vacuua

energy results wl.en we plug the stationary condition (given by

tMuition (1)) into O, obtaining an expression for the values of n

at its m m « u «



r d*,
íi

(2n)*

One? MS attune O satisfying tKe conplete Schwinger-Dyson

and reduce it to the "one-loop" expression (O>5 we expect it to b*

•uch less sensible to possible deviations of our approximations to

E(p) fro* the enact solution of equation (1).

As our sain intention is to determine <O) as a function of «•»

we see that only the ultraviolet part of equation (8) is

important. Tl»e infrared parti at least in this approxiiaatiortifiives

the saae contribution to <n> for an» value of *». If we also

consider that £(p) naturally daaps the integrals in (8)»we coae to

the conclusion that we «ay expand the ultraviolet part of <O> in

powers of £(p)/p. Introducing the variable x • P 'm and defining

£ • £/•• we obtain the leading tera of <O>

8n2 r m t * ff6-l
_ . <n >- -4-1 dK - r ^ o M <9)

Notice that we are taking into account only the contribution of

Zip) for p 2 B. The substitution of equation (2) into (9) yields

where

6 • £(Y) - arctg(2Y)

In table i we give the value of <n> for a serif» of values of



O / A . equation (!•> it peaked at r • •• and the nuabers of tabl*

I «Ho* that we approach the deeper uniiui at <* + «c. lie should

not expect ans qualitative aodification in the overall behavior of

<O), if we had used a «ore complete approximation to £(p) as# for

enaaple« the hypergeoeetnc function . The vacuua energy» as a

function of the coupling constant» it better teen in Fig. 1»

where the ainiaua up to « • <*€ it zero and we do not have

danaaical sybaetry breaking. At a « o^ the tyaaetry it broken and

the deeper annie.ua of energy happent at that point. When a ()a )

it increased the effect of condensation it diainithedf therefore

ana change of the coupling constant towards the critical point

will be energetically preferred. Our result it valid in the ladder

approximation, however at it relies on the fora of £(p) (with the

abtolut* ainisMa occurring when £(p) it reduced to eq. 14)), and

since this fora hat been shown to hold at higSer order** , Me also

expect the rctult to reaain unaltered beyond the ladder

approxiuation.

In conclusion! we have shown that the vfacuua energy of QED

hat an absolute ainiaua at the critical coupling <• • n/3, this

it in agreeaent with Hiranska't conjecture* that this is an

ultraviolet stable fixed point. For <* < <»c» since we do not

have ans non-trivial self-energy solution * the vacuua energy it

tero and the chiral ssaaetry it unbroken. For a ) a^ the chiral

tyaaetry it allwayt broken • but its effect is diainished as wr

increase the coupling constant.
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Tablo 1. Values of the varuun energy as a function of «/<•

Fig. 1 Behavior of <O> as a function of


