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A new type of hybrid distribution proposed by Uppuluri in 1986 was 
reviewed and studied on some features of the distribution and applied to 
actual data for the purpose of health risk assessment to low-level 
ionizing radiation. This hybrid distribution F(w) was derived from the 
exponential distribution Z~Ex(X) by the transformation of variate 
Z=-lnW-(l-W), 0<w<l, in analogy with the hybrid lognormal distribution 
distribution Z~N(0, 1) by the transformation of variate Z=(lnpX+pX-u)/n. 
In this memorandum we present the definition of this hybrid distribution, 
its main statistical properties, a mechanism of generating the 
distribution proposed by Uppuluri and Gro'er, maximum likelihood 
estimation of the parameters, figures and tables of features of the 
distribution, and some applications to data of breeding values by 
selection and of latent period of leukemias and bone cancers to ionizing 
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新しいタイプのハイブリッド分命とその応JIJ

[1 -t:附子力研究所東海研究所保他物f!H部

V. R. R. UPPULUR r"・熊1事 務

( 1991 年 2月4日受111!) 

本側告刀は. 1986 W I乙 Uppuluri が提案した新しいタイプのハイブリッド分 ~i を flll 論

的に検討し.この分.(tiの傾々の特徴を調べて詰離放射線に伴う健康リスク評価を目的と

する実際のデータに適J:IJしたものである。このハイブリッド分布 F(w)は.熊浮・沼日

内が 1980~二 lζi正規分布 Z -N (0. 1 )において変鼠 z= (ln ρX+ pXーμ)〆〆。と変検し

て導いた混成対数正規分布と矧似して，指数分布 Z-Ex ( i. )において変ほz=一(InW → 

1 -W) と変検して導かれた。本報では，このハイブリッド分布の定義.その主な統，H・M.
Uppuluri & Gröer がぶした本分布を発生させる機構.本分1ti のパラメータの1iLtmI定 il~

Aえび淘汰による脊船価データ )I~ び lζ'，1.1雌放射線による白 1fI!病・ "'1・がんの満伏IVJIIIJ データへの

適l1J例をぶす。

~ifJj研究?折:〒 319-11 茨城県郎fnJn1l1J!:海村向方字自俄2-4

. オクリッジ倒立研究所
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1. INTRODUCTION 

Risk assessment is one of the focal points of the BEIR-V committee 
Report1'. In the discussion on the methods used in Risk Assessment, the 
Committee urges the need for the development of simpler statistical 
models. So far, the proportional hazard model is heavily used in 
estimating risks in the literature. For dose-response models, we wish to 
propose the distribution that has a well defined upper bound on the dose 
beyond which all persons will have a hundred per cent mortality. Thus, 
it is reasonable to study distributions, which are defined on bounded 
doses. In general, the existing statistical dose distributions, when 
they are fitted to actual data, fit well only at the lower tail or upper 
tail, but rarely at both the tails. The hybrid distributions have the 
feature, that they can be tailored to fit at both the tails. The 
distribution that is introduced and studied in detail in this memorandum 
depends only on one parameter and is simple in nature, which could be 
used as a dose-response model. We would like to propose the following 
form for the incidence rate F(D), for a given dose D: 

F(D) = (-£-) X b ex P[X (b-D)] , 0 < D < b . 

Some of the basic properties of this type of distribution are presented 
in this technical memoramdum, and some graphs showing the basic 
properties of this family of functions are enclosed. 

2. REVIEW 

Let V be a random variable with 0<w<l and Z be a transformation of W 
given by 

z = -foW-(l-W) , 0 < z < oo. 

In analogy with the hybrid lognormal theory2', one can ask the question 
about the probability distribution of W, given that Z has an exponential 
distribution with parameter A,3'. In other wards, given 

- 1 -
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P [ Z g z ] = l - e x p ( - % z) , ?. > 0 , 

what is the distribution of W ? 
The probability density function of Z>0 is given by 

f(z)dz = Xexp(-Xz) dz , 0 < z < oo. 

Therefore the probability density function of W is given by 

f(w)|jf|dw = *exp[-a,<-&,w-(l-0>]|~|di» 

= XvX~l(i-v) exp[^,(l-w)] dw , 0 < w < 1. 

One can also verify, that given the probability density function of W as 
f (w), 0<w<l, then Z will have an exponential distribution with 
A 

parameter X . In a sense, the exponential distribution induces a hybrid 
distribution by the nonlinear transformation 

Z = -foiW-O-ll), 0 < w < 1 , 0 < z < <». 

Next, we shall consider some basic properties of this probability 
density function. First we note that this probability density function 
of this bounded random variable W, has an exponential part and a power 
part in the probability density function. It is unusual to see an 
exponential part in the probability density function of a bounded 
variable. This makes this probability density function a bit intriguing 
and may have the potential for several new applications. The cumulative 
distribution function of this variable 0<w<l is given by 

X F (w) = w exp[A (1-w)] , 0 < w < 1. 
X 

dF (w) 
X 

We note that F (0)=0 and F (1)=1, and = f (w). 
X X dw X 

The median of this distribution is obtained by solving the following 
equation for w: 

- 2 -
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equation for w: 
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&iw+(l-w) = -

The node of this distribution is given by 

-1/2 
l - X for A > 1 , 

1 0 for X g l . 

The Mean value of this distribution is given by 

1 1 
E[W] = / w f (w) dw = / [ 1 - F (w) ] dw 

0 0 
1 

= X f w (1-w) exp[2, (1-w)] dw 
0 

1 

0 

The variance of this distribution, denoted by Var[W] is given by 

Var[W] = E[W 2] - {E[W]} Z. 

An alternate fori for Var[W] in terms of E[W] is given by the following 
proposition. 

Proposition: 

2A.+1 , r , JL+1 ,. Var[W] = — - - { E[V] - — — } z 

Proof: We will use the following relationship between f (w) and F (w) 
in deriving this result. 

or = 1 -f w exp[A (1-w)] dw. 

- 3 -
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The variance of this distribution， denoted by Var[W] is given by 

Var[W] = E[W2] -{E[W]}2. 

An alternate form for Var[W] in ter.s of E[W] is given by the following 

proposition. 

Proposition: 

2λ+1λ+1  
varIW]=-Z7-{E[W1--7}E 

Proof: We wiII use the foIIowing reIationship between fλ(副)and Fλ(w) 

in deriving this result. 

n
d
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f (w) = A — P , ( v ) , 
A W A 

Consider 

d d 
— { v z f ( w ) } = — { v w f ( w ) } 
dw A dw A 

w f (w) + w — ( w f ( w ) } 
X dv X 

w f (w) + w — { 3, ( l - w ) F ( w ) } 
A. dw X 

w f (w) + A w { - F (w) + ( l - w ) f (w)> 
X X X 

w f ( » ) - h F (w) + Aw f (w) - A w z f (w) 
A/ At At Ad 

w f (w) + {w f (v) - A F (W)} + AW f (w) - h 8 f ( 
Ar A A At At 

Rewriting this equation, we obtain 

» 2 f («) = - 7 - w f , < w > " F , <«) ' •; T ^ f , <"»• 
A XX X A dw A 

Integrating both sides between the limits 0 and 1, and observing that 
last term on the right side integrates to zero, we obtain 

1 2+A 1 1 
E[W 2] = / w z f (w) dw = / w f (w) dw - / F (W) dw 

At At A» At 

0 0 0 

= — E[W] - 1 + / { 1 - F (w) } dw 
A A 

2+A ( — + 1) E[W] - 1 A 
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2 ( 1 + A. ) r , 
K[W] - I 

Using the variance formula, we obtain 

Var[W] = EtW*] - {E[W]P 

_ 2 U + 1) K [ w ] _ ] _ { E [ w ] p 

Adding and subtracting ( ) on the right side, wc obtain 
X 

2 A, +1 X +1 
Var[W] = -=-— - { E[W] - — } \ 

In the special case X =1, the probability density function is given 
by 

f (w) = (l-w)'exp(l-w), 0 < w < 1. 

In this case, the moments are given by 

E[W] = 3 - e , E[W Z] = 11 - 4e , and Var[W] = 3 - (e-1) 2. 

3. A MECHANISM THAT GENERATES THIS HYBRIO DISTRIBUTION 

The following mechanism that genrates this hybrid distribution with 
a siaple parameter X >0, was recently proposed by V.R.R. Uppuluri and 
Peter Grber 4'. Since this was notivated by seisamic phenomena, it would 
be formulated in that framework. Let f(x) denote the probability density 
function of earthquakes of magnitude x, which is assumed to be a bounded 
variable such that 0<x<b, and 

/ f(x) dx = 1 . 
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Var[W] = E[ド]・ {E[W]P 

2(λ+1) 
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λ+ 1 
Adding and subtracting (一一一戸 onthe right sidc， wc obtain 

λ 

Var[W] 
2λ+1 

λ2 

λ+1 
{ E[W] -τ一}l!.ーー一ー

In the special case 九=1，the probability density function is given 

by 

f
1
(w) = (1-w)・exp(1-w)， 。<w < 1. 

In this case， the moments are given by 

E[W] = 3 -e ， E[W2] = 11 -4e， and Var[W] = 3 - (e-I)2. 

3. A MECHANISM THAT GENERATES THIS HVBRIη i"，. IS TR I BUT ION 

The fol1o町inglIechanis踊 thatgenrates this hybrid distribution with 

a simple para.eterλ>0， was recently proposed by V.R.R. UppuJuri and 
Peter Gröer 41

• Since this was notivated by seisa・icpheno・ena. it would 

be for・ulatedin that fra・ework. Let f(x) denote the probability density 
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Lot F(x) denote the cumulative distribution function of x given by 

l'(x) = / * f(t) dt , 0<x<b . 

Definition: We define the average density function, f(x) by 

x 
f( x) = ^ = — f f(t) dt , 0<x<b . 

x o 

In the context of earthquakes, one has lots of information about 
oarthquat.es of small magnitude given by small values of x, along with 
their frequancies. Thus for any value of x, one can get good estimates 
of the average density function. Generally, we would like to know the 
probability of an earthquake of magnitude larger than a given value x 
like 6.5 or 7.0 etc. It seems to be reasonable to assume that the 
probability density function at x 0, as proportional to the average 
density function at xo. If we further assume that this probability 
density function at x 0, namely f(xo), is also proportional to (b-x 0), (or 
the distance away from the worst possible earthquake), then it 
characterizes the frequency distribution of earthquakes. We shall state 
this result as a theorem. 

Theorem(UppuIuri and Groer) 4 1: 
Let 0<X<b, be a bounded random variable with probability density 

function f(x), cumulative distribution function F(x) and the average 
density function f(x) = *• '. 

If the probability density function f(x) is proportional to f(x) and 
(b-x), then 

X b-1 
f (x) = X (—) — - exp{ X (b-x)} , 0 < x < b . 

b b 

- 6 -
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。arthquatcsof small magnitudc glven by small values of x， along with 
their frcquancies. Thus for any vaJue of x， one can get good estimates 

of the average denslty function. Generally， we would like to know lhe 
probability of an earthquake of magnitude larger than a given value x 

like 6.5 or 7.0 etc. It seems to be reasonable to assume that lhe 

probability densily function at Xo. as proportional to the averagc 

density function at Xo. If we further assu.e that this probabilily 
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Proof: 

f (x) = X f (x) (b-x) , 0 < x < b 

l ^ ( b - x ) 

f ( x ) b 
or ——- =X X 

F(x) x 

—{foF(x)} = a,b — {llmx} -X 
dx dx 

•*. foF(x) = 2. b &JX - >L x + c o n s t . 

For x=b, F(b) = l . Then c o n s t . = Xb - Xb fob or 

&F(x) = Xb &n(—) + a (b-x) , 
b 

... p ( x ) s ( J L ) l b

e x p [ 1 ( b . x ) ] , 0 < x < b . 
b 

thus, we have a mechanism which characterized the hybrid distribution 
discussed earlier. 

4. MAXIMUM LIKELIHOOD ESTIMATION OF THE PARAMETERS 

First we shall discuss the maximum likelihood estimate (MLE) of the 
single parameter X of Uppuluri's model when the range of the variable V 
is between 0 and 1. In the case we have data «i, «2, ••• , w„ which are 
independent identically distributed with probability density function 

f ( w ) = l w (1-w) e x p U (1-w)] , 0 < w < l . 
X 

The likelihood function is given by 

- 7 -
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Proof: 

f(x) =λf (x) (b-x) o < x < b 
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f (x) b 
-一一 =λ一一ー λF(x) x 

仁{0nF(x)}=λb1{hx} ーλ
αx ax 

.・.品F(瓦)=λb必nx-λx + const. 

For x=b， F(b)=I. Then const. =λb -λb 0n b or 

x 
0nF(x) =λb bz(17)+ 九(b-x).

λb 
九 F(且)= (τ一)---exp [λ(b-x)] ， 0 < 見 < b • 

thus， we have a mechanism which characterized the hybrid distribution 

discussed earlier. 

4. MAXIMUM LIKELIHOOD ESTIMATION OF THE PARAMETERS 

First we shall discuss the maximum likelihood estimate (MLE) of the 

single para・eter 九 ofUppuluri's ・odelwhen the range of the variable W 

is between 0 and 1. In the case we have data WI， W2，…， wn which are 

independent identically distributed with probability density function 

λ-1 
fλ(w) =λw  (1-w) exp[λ (I-w)] 0く wく 1

The likelihood function is given by 

-7-
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n 
L (wi ,wz , - - ,w„) =11 f, ( w i ) 

i = l k 

= Xn n { w . * _ 1 ( l - w . ) } exp[a i ' ( l - w , ) ] 
i= l i = l 

The logarithm of the l ikel ihood function i s given by 

n n n 
Hm L ( w , , w 2 , - , w „ ) = nfo X + ( 1 - 1 ) 2 few 1+ 2 6 i ( l - w . ) + l £ ( 1 - W i ) 

i=l i=l i=l 

Wo obtain the maximum likelihood estimate of X , by differentiating the 
above function with respect to X and equating to it zero 

d f e _ L = f + 2 fow4+ 2 (1 -Wi) = 0 
a x * i = i i = i 

n n 
or y + F fowi+n ( l - w ) = 0 where n w = Z w 1 

K i=l i=l 

1 
or X = — n 

4- ^ fcwi + d-w) 
n i=l 

Now, we shall consider the three-parameter form of Uppuluri's model, 
where the variable X takes the values between the parameters a and b, or 
a < X < b . The probability density function of X is easily obtained from 
the one parameter probability density function of W by the substitution 

x - a , 
W = or X = a + W ( b - a ) 

b — a 
Thus 

X - l f (w) dw= X w (l-w)exp[A.(l-w)]dw , 0<w<l 

u u * • d w _ 1 becomes, by noting j ^ - - b _ a , 

91・025JAE RI駒 M

fλ(w d 
n 

L (WI，W2'…，wn) = 11 

n 
λ-1 

{wt'-'(1-wd} exp[λ ど(1-w.)] • 

n 

n n 
λ ー

logarithm of the likelihood function is given by 

n n n 
仇 L(WI，W2'…，Wn) = n伽 λ+{λ ーl)LOnWI+L伽(1-WI)+λE (1-w d 

i=1 i=1 i=1 

The 

WC oblain the maximum likelihood estimate ofλ ， by differentiating the 
and equating to it zero λ 

nυ 一一w
 

n
z
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w
 

ρm 

n
Z
=
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nTん一一
叫

μ

above function with respect to 

n 

E w‘ 
i=1 

一一n w where 
n 

2十戸l品 W i + n (トわ=0or 

唱 n ー

す 21伽 Wi+(1-W)

1 
λ=ーor 

Now， we shall consider the three-para闘eterfor. of Uppuluri's model， 
where lhe variable X takes the values between the para皿etersa and b， or 

is easily obtained fro. 

by the substitution 

The probability density function of 

the one para田eterprobability density function of vv 
x a< X <b. 

X=a+VV(b-a) 
X-a 

b - a 
VV= or 

λ-1 
f(w)dw=λw- -(1 -w) exp[λ (l-w)]dw 

Thus 

O<wく 1

-8-
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„ . . . x — a , b — x _ b — x _ 1 
f ( x ) d x = X (- ) e x p U - ] dx 
X b — a b — a b — a b — a 

Alternatively, this can also be seen from the cumulative distribution 
function of W and a < X < b as follows: 

F ( x ) = P [ X g x ] = P [ a + ( b - a ) W £ x ] 
X 

= P [ ( b - a ) W g x - a ] 

.̂ x — a , 
P [ W S ] 

b — a 

X 
, x ~ a > - - x — a , , 
( r ) e x p U U - }] 

b — a b — a 

X 
, x — a , _ b — x _ 

= ( - ) e x P U - ] 
b — a b — a 

By differentiating with respect to x, on both sides, we have 

X-\ 
, x — a , 1 _ b — x , 

f (x) = X (- ) e x P U - ] 
X b — a b — a b — a 

x — a X b — x _ - (- ) expC^T ] b — a b — a b — a 

X ~ l 1 h -
= X (- ~) T - 5 — exp[^f -]{!-•£ - } , a < X < b . 

b — a b — a b — a b — a 
Thus we see that these two expressions are the same. 

Let xi, xz, •••, x„ be a set of n independent identically distributed 
data, such that a < X i , x2» •" , x„< b with the probability density 
function 

9 -
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九ーl

f (x) dx =九(手ニム) ヒヱ cxp[λ仁三]?」 dx
ん o-a o-a o-a o-a 

Alternatively， this can also be secn fro四 thecumuJativc distribution 

function of W and a< X < b as fo 1I OWS: 

Fλ(x)=P [X孟 xJ =p  [a+ (b-a)W~x] 

=p  [(b-a)W~x-a] 

= p [w冨手二三]
o - a 

λ 

=手ニヱ)
o - a 

exp[み{1一手二三一}]
0-a 

λ 

= (手二三)
o -a 

exp[λ 手二三]
o -a 

By differentiating with respect to x， on both sides， we have 

九時l
x-a. b-x c (x)= λ{一一一一) 一一一一 exp[九ナ一一一]
b-a- b-a b-a 

λ-1 

λ 

ー(手二土)
0-a 一-Le山仁三]o-a o-a 

=λ (三二三) 一二一一 exp[λ 三一一一] {J一一一一一} . a< Xく b• 一ー x x-
b-a- b-a b-a - - b-a 

Thus we see that these two expressions are the same. 

Let Xt， X2，…， Xn be a set of n independent identically dislributed 

data. such that aく Xt，X2. … Xnく b with the probability density 

function 

-9一



JAERI-M 91-025 

X -1 , x — a v b — x 1 _ b — x , 
f ( x ) = l ( - ) e x p U - ] , a < X < b . 

b — a b — a b — a b — a 

Given this data, the likelihood function is given by 

n X -1 n 
n x j — a b — xi 1 b — xi L (xi.xa,— ,x») = X U { (- ) } exp[ A, L J ._. b — a b — a b — a ._. b — a 

Taking logar i thm, wc obtain 

n 
fcl, = n 0n I - n (31 + 1 ) 0 n ( b - a ) + ( A . - 1 ) 2 M x i - a ) 

i = l 

K — 
+ Z M b - x i ) + a . n — 

. , b — a 
i = l 

where n x = 1' xi, In order to obtain the maximum likelihood estimates i = l 
of A, , a and b , we differentiate the above expression with respect to 
X , a and b , respectively, and equate them to zero and solve for X , a 

A 

and b , r e s p e c t i v e l y 

d & L = - - n f a ( b - a ) + 2 fa<*.-a)+nb X 

d X X i = 1 b - a 

n n x i — a , b — x 
or -+Eht(- ) + n - = 0 

a. ._ . b — a b — a 

1 1 n X i - a , b - x 
or - - = - 2 M - ) + ' 

A. n - = l b — a b — a 

d £ R L 1 + 1 , „ , . * " 1 . , b - x « 
— = n - ( 3 . - 1 ) 2? + A - n 7 T 77 = ° 

da b — a xi — a ( b — a ) z 

i = l 

- 1 0 -

a< X<  b 

。1・025

一 λー1I ・
(←ーム) 工二三」ー e叩 [λ と二三]
b-a" b-a b-a b-a ~ 

JAEHI-M 

f (x ) =λ 

exp[り と と ]
10-a 

n 

the likelihood function is given by 

b -Xi 1 

b-a b-a' 

nλ-}  

II {(苧ニ土}
i=l o-a 

n 
λ 同

情

Given this data， 

L(X"Xl!'…，X n) 

WC obta in 

n 
n伽 λ -n (λ+ 1 )伽 (b-a)+(λ-1 )互:伽 (Xi- a ) 

i=l 

logari thm， 

ー伽 L

Taking 

b-x 
+λnァ一一一一，

0-a 

n 

+ L 0n(b -xd 

In order to obtain the maximua likelihood esti.ates 
n 

n x =之、1x i・where 

we differentiate the above expression with respect to 

'‘'‘ λa  

b ， and a 九，of 

and equate them to zero and solve for respecti vely， b • and 
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・
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U

λ， 

respectively 

n 
d0nL 
一一一一=一一 n0n (b -a ) + L 0n (Xi - a ) + n -::.一一ニー
。九九 i=l b -a 

and 

n 
E+z伽(芋ニヱ)+n手二三 =0
ん o-a o-a 

i= 1 

or 

n 
工島(芋二三)+手二三，
ー o-a o-a 

1
-
n
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一一一一一 +λn = 
x，-a  (b-a)2 
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or (X-l)E { —- — }+ - ^ - + a n b X 

b — a x i — a b — a ( b — a ) ! 

i = l 

b - x X - 1 n b - X i 
or X - + 2 = E 

b — a n :_i xi — a 

and finally, the derivative with respect to b is given by 

d in L X + 1 " 1 x - a ___— = - n + E - + X n — r-7 = 0 
a b b — a . _. b — xi ( b — a ) 

n X , x — a ., „ . 1 1 
or { 1 } + 2 { } = 0 

b — a b — a ._, b — Xi b — a 

b — x 1 _ Xi — a 
X- = — E 

b — a n ._. b — X i 

Thus, the three equations to be solved for X , a and b are: 

1 n ,x,- a , b - x 
E ht{- } = -• n - j b — a b — a X 

1 b — Xi X b — x 2 
— E = + 
n . j Xi— a X — 1 b — a X — 1 

1 n X i - a b - x — 2 = X 
i=l n :_, b —Xi 

PROBLEMS FOR FURTHER CONSIDERATION 

There are several problems of interest that are worth consider 
One can easily think of a two-para«eter version of this hybrid 
distribution, given by the cumulative distribution function: 

- 1 1 -

JAERI-M 91・025

or (λ ー1)2; { 
I 

b - a 
1ー}+之n +λn  b-x__ = 0 

x，-a  b-a (b-a)2 

or 
b-x 

λ一一一一一+2 = 
b - a 

九一 1 n b -Xl  

一一一一-2; 
n i=] x，-a 

and finally， the dcrivative with respect to b is given by 

o fm L λ+1 n x-11 

一一一一 =-n一一一+ E 一一一ー +λn ，_ = 
θb b-a i=lb-xa(b-a  )2 

or 

or 

n 
n :l.. {手二土-1} + E { 

o-a o-a 

b-x 
λ一一一一一ー

b - a 

1;xi-a  

n i=] b -X‘ 

1 

b -Xl  
ア土ー}= 0 
0-a 

Thus， the three equations to be solved forλa and b are: 

n 
.1 1;品{とこと} = 
n ・ー 1 0 - a 

b -x 

b - a 

1 

λ 

1 n b -Xi 九 b-x 2 
- ~ 一一一一=一一一一一一一ー一一+一一一
n i=l x， -a λ-1 b -a λー 1

1 n x， -a b - x 
- 1; 一一一一= λ一一一-n O-XI  o-a i=l ~l 

PROBLEHS FOR FURTHER CONSIDERATION 

There are several probleas of interest that are worth considering. 

One can easily think of a two-paraaeter version of this hybrid 

distribution， given by the cu田ulativedistribution function: 

-11-
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F (w) = w c x p [ > ? ( 1 - w ) ] , 0 < w < 1 , 1 > 0 , >? > 0 . 
X , V 

The theory and applications of this model vill be very challenging. Of 
course, the multivariate generalizations of our discussion are nontrivial 
and need powerful techniques. 

Since 1- F . (w) does not have a simple analytic function, one need 

to consider the study of computer calculation of hazard rates or force of 
mortality and mean residual life and other parameters of interest. If 
one can find some practical applications, such a study nay be worth the 
effort. 

The statistical behavior of this distribution, and the moments 
should be analytically considered for small and large value of X. The 
understanding of the role of the parameter X, may be helpful in this 
cons iderat ion. 

The hybrid distribution of X, when X ranges from a to b, is useful 
in practical problems. The maximum likelihood estimates of X , a and b 
were obtained as solutions of three equations. One has to develop 
computer algorithms to obtain these solutions. 

5. SOME EXAMPLES OF FEATURES OF UPPULUR1 DISTRIBUTION 

Graphes and Tables will be given to describe the typical features of 
the one parameter form of Uppuluri distribution. 

5.1 Probability Density Function 

Figure 1 gives curves of probability density function of Uppuluri's 
model for 1=0.02, 1, 4 and 50. The smaller the value of X is below 1, 
the more the L-shaped nature of the probability density function and it 
approaches the vertical line w=0. The curve is exponential for 1=1, and 
is unimodal for X >1. The curve has the mode at w=0.5 for X =4 and at w 
greater than 0.8 for 1=50. The larger the value of X, the more the 
curve approaches the vertical line w=l. 

The characteristics of the curve of probability density function of 
Uppuluri's model is somewhat similar to that of Weibull distribution. 
The Uppuluri distribution, however, is defined in the interval between 0 

-12-
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F (w) = wλcxp[η (J-w)] ， 0 < 制 < 1 ，九>0 ， η>  0 • 
λ，可

Thc lhcory and appJicalions of this model will be very challenging. Of 

coursc， lhe mullivariate generalizations of our discussion are nontrivial 
and nced powerful lechniques. 

Sincc 1白 Fλ(刷)does nol have a simple analytic function， one necd 

lo considor lho sludy of computcr calculation of hazard rates or force of 

morlality and mean rcsidual lifc and other parameters of intcrest. If 

onc can find somc praclical applicalions， such a study田aybe worth lhe 

effort.. 

The slatislical behavior of this distribution， and the田ollcnts

should bc analyticalJy considcred for small and large value of λThc  

unacrslanding of lhe rolc of the para皿eter 九， may be helpful in this 

considoralion. 

The hybrid distribution of X， when X ranges from a to b， is useful 
in practical problems. The maximum likelihood estimates of λ， a and b 

were obtaincd as solutions of three equations. One has to dcveJop 

computcr algorith皿sto obtain thesc solutions. 

5. SOHE EXAHPLES 0ドドEATUREJ0ド UPPULURI DISTRIsUTION 

Graphes and Tables wiJJ be given to dcscribe the typical features of 

the one paramcler form of Uppuluri distribution. 

5.1 Probability Density Function 

ドigure gives curves of probability density function of Uppuluri's 

Ilodel for λ=0.02， 1， 4 and 50. The smaller the value of λis below 1， 

the .orc the L-shaped nature of the probability density function and it 

approaches the vertical linc w=O. The curve is exponential for λ= 1， and 

is unimodal for λ> 1. The curve has the ・odeat w=0.5 for λ=4 and at w 

greater than 0.8 for λ=50. The larger the vaJue ofλ ， the岡orethe 

curvc approaches thc vertical linc w=l. 

The characteristics of the curve of probability density function of 

UppuJurI's model is so.ewhat si圃ilarto that of Weibull distribution. 

The Uppuluri distribulion， howcver， is defined in the interval between 0 
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and 1, more generally defined between parameters a and b (a<b) in the 
three parameter form, although the Weibull distribution is defined 
between zero and positive infinity. 

Table 1 is the probability density function for X =0.02, 1, A and 50. 

5.2 Cumulative Distribution Function 

Figure 2 gives curves of cumulative distribution (unction of 
Uppuluri's model for /I =0.02, 1, 4 and 50. The smaller the value of X 
far below 1, the more the V -shaped nature of the cumulative distribution 
function and it approaches the vortical line at w=0. The larger the 
value of X far greater than 50 is, the more the 1,-shaped curve 
approaches the vertical line at w=l. 

Table 2 is the cumulative distribution function for 3, =0.02, 1, 4 
and 50. 

5.3 Median 

Figure 3 gives the curve of median of IJppului I distribution for X 
from 0.01 to 1000. For X < 1, the median approximates cxp{-(//« 2/ X } which 
approaches zero for X close to zero. For a largo X approaching the 
positive infinity, the median is almost 1. 

Define a function of co-hybrid as v=coh(w)=w-few and its inverse 
function as w=coh '(v), the median is expressed as coh ' (l + i'm 2/ X ) . The 
function c o h ' ( v ) , (v2gl), has two values of w for a given value of v 
above 1. Thus the smaller one is a valid solution in this case. The 
function subprogram INC0H2(v) written in FORTRAN is to calculate the 
smaller solution of coh '(v). which is given in appendix. The FORTRAN 
function subprogram can be used as a SAS function, whose example is also 
given in the appendix. 

5.4 Mode 

Figure 4 gives the curve of the mode of Uppuluri distribution 
according to X from 1 to 1000. The mode is zero for A. sS 1. For X > 1, 
the lode is \- X 1 / 2 . Thus the mode increases to approach 1 as a 
function of X. The mode is smaller or greater than the median, 
respectively, for X smaller or greater than about 6.1. 

The maximum of the probability density function, which occurrs at 
the mode, is shown in Figure 5 in a function of X from 1 to 1000. The 
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and 1， more gcncra)ly dcfincd bcLwccn paramctors 泊(lndb (a<b) in thc 

thrce paramctcr form， although lho Woibull distribuLion is dcfincd 

between zcro and positivc infinity. 

Tablc J Is the probability dcnsity funcLion forλ=0.02， 1， t1 and 50. 

5.2 Cumulativc DistribuLion Function 

Figurc 2 gives curvcs of cumulaLivo dislribuLion funcLion of 

Uppuluri's modcl forλ=0.02，1， t1 and 50. 'fhc sm，lIlor' Lhc villllC 01' λ 

far below 1， Lhc morc thc J、-shapcdnaLurc of tho cumulalive distribution 

funcLion and it appro品chcsLhc vcrt ica 1 1 i ne at w=(). The 1 arv;er Lhc 

value ofλfar認rcatcrthan 50 is， thc morc thc l.-shaped curve 

approaches thc vcrLical linc aL w=l. 

Tablc 2 is thc cumulativc distributlon function forλ=0.02， 1， ，. 

and 50. 

5.3 Median 

Figurc 3 gives the curve of median of Uppulul disLribution for λ 

from 0.01 to 1000. For 九<{1，U.c mcdian approximaLes cxp{-f':n2/λ} which 

approaches zero for λclose to zoro. ドora 1ぉrgcλapproaching thc 

positive infinity， the mcdian is almost 1. 

Dcfinc a function of co四 hybridas v=coh(w)=w-fmw and i ts invcrsc 

function as w=coh I(V)， thc mcdian is e且prcsscdas coh 1(1+'令，2/λ). The 

function coh-1 (v)， (v逗1)，has two values of w for a広ivcnvaluc of v 

abovc 1. Thus the smaller one is a valid solution in lhis casc. Thc 

function subprogram INCOH2(v) written in FORTRAN is lo calculate lhc 

smaller solution of coh-1(v)， which is givcn in appendix. Thc FORTRAN 

function subprogram can be uscd as a SAS function， whose cxamp]c is also 

given in the appendix. 

5.4 Mode 

Figure 4 gives the curve of the mode of UppuJuri distribution 

according toλfrom 1 to 1000. The mode is zero for λ豆1. Forλ> 1， 

the ・odeis 1-λ-1/2 Thus the mode increases to approach 1 as a 

function of λThe  mode is smaJler 01' grcater than thc median， 

respectivcly， for λsmal1cr 01' grcater than about 6.]. 

The maximum of the probability density function， which occurrs at 

thc Mode， is shown in Figure 5 in a function ofλfrom 1 to ]000. The 
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curve shows that there is a minimum in the maximum of the probability 
density function. Figure 6 shows an enlargement of the curve near the 
minimum which is about 1.7014394307594 at X about 2.138644. Figure 7 is 
the curve of the mode corresponding to Figure 6. 

Table 4 is the mode of (Jppuluri distribution as a function of X 
from 1 to 16 and from I to 1000. 

5.5 Mean 

Figure 8 gives the curve of the mean of Uppuluri distribution as a 
function of X going from 0.01 to 1000. The mean approaches zero for X 
close to zero and unity for X approaching the positive infinity. The 
mean is greater or smaller than the median, respectively, according as X 
is smaller or greater than about 5.2. The mean is smaller than the mode 
for X above 6.1. 

The mean of Uppuluri distribution is numerically calculated by the 
integral formula of Gauss-Legendre method by changing the integral 
interval according to the value of parameter X. The function subprogram 
UPLAV(;i) written in FORTRAN is to calculate the mean, which is given in 
the appendix, including its SAS function. Table 4 is the mean of 
Uppuluri distribution as a function of X from 0.01 to 1000. 

5.6 Variance or Standard Deviation 

Figure 9 gives the curve of the standard deviation of Uppuluri 
distribution as a function of X from 0.01 to 1000. The curve has the 
peak at X about 1.266494 and then the mean and standard deviation are, 
respectively, 0.3217557 and 0.2192925. The more X departs from about 
1.266494 to be smaller or larger, the smaller the standard deviation is. 
Figure 10 gives another presentation of the curve of standard deviation. 

The variance of Uppuluri distribution is numerically calculated like 
the mean. The function subprogram UPLVR(^) written in FORTRAN and its 
SAS function are to calculate the variance as given in appendix. Table 5 
gives the variance and standard deviation for X from 0.01 to 1000. 
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curvc shows Lhat thcrc is a minimu皿 inthc ・axi・u・ofthe probability 

dcnsity function. ドigurc6 sho刷san cnlarge・entof the curve near the 

minimum which is about 1.7014394307594 at λabout 2.138644. Figure 7 is 

thc curve of thc mode corresponding to Figure 6. 

Tablc 4 is thc mode of Uppuluri distribution as a function ofλ 

from 1 Lo 16 and from 1 to 1000. 

5.5阿can

Figurc 8 givcs thc curvc of the mean of Uppuluri distribution as a 

funcl ion ofλgoinκfrom 0.01 to 1000. The ・eanapproaches zero for 九

closc lo zcro and unity for λapproaching the positive infinity. The 

mean isεreater or smaller lhan the median， respectively， according asλ 

is smaller or greater than about 5.2. The mean is smaller than thc mode 

for λabove 6.1. 

The mean of Uppuluri distribution is nu田ericallycalculated by the 

integral formula of Gauss-Legendre圃ethodby changing the integral 

inlerval according to the value of parameter λThe  function subprogra圃

UPLAV(λ) written in FORTRAN is to calculate the mean， which is given in 
lhe appendix， including its SAS function. Table 4 is the mean of 

Uppuluri distribution as a function ofλfrom 0.01 to 1000. 

5.6 Variancc or Standard Deviation 

ドigurc9 givcs the curve of the standard deviation of Uppuluri 

distribution as a function of λfrom 0.01 to 1000. The curve has the 

peak al λabout 1.266494 and then the mean and standard dev1at1on are， 
rcspcctively， 0.3217557 and 0.2192925. Thc more λdeparts from about 

1.266494 to be smaller or larger， the smaller the standard deviation 1s. 
Figure 10 gives another prcsentation of the curve of standard deviation. 

The variancc of Uppuluri distribution is nu.erically calculated like 

the mean. The function subprogram UPLVR(λ) written in FORTRAN and its 

SAS function arc to calculate thc variance as given in appendix. Table 5 

gives the variance and st品ndarddeviation for λfro. 0.01 to 1000. 
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6. APPLICATION OK THK MODEL TO DATA 

6.1 Distribution of breeding value 

Nishida, ef a 1.''' ' ; have boon studying the effects of repeated 
selection on the mean, heritability and distribution of breeding value of 
animal populations. The breeding value G is defined as G=P-K, whore P is 
the phenotypic value and K is the environmental efl'eof. Nishida, et al. 
tried to apply Uppuluri's model to the data of breeding value by 
generation of selection, because of the similarity of (.ho frequency curve 
of breeding value as shown in Figure 11 to the probability density 
function of Uppuluri's model. 

The given data is a set of (gi.Pi), (i=l to n), where gi is the i-th 
breeding value and p s is the cumulative probability at the i-t.h value. 
Putting Ui=exp(pi) and yi=ffcWj+l-Wj where w (= (gj-a)/(b-a) , a<gj<b, after 
selecting appropriate values of both limits of breeding value, we can use 
the form of linear model Ui = 3,yi+tj, where *•:, is an error tern. The SAS 
(Statistcal Analysis System) software8' affords us to the RKG procedure 
which fits least-squares estimates to linear models. However, as values 
of a and b are unknown, wc used (.he NLIN procedure of SAS, which produces 
least-squares estimates of the parameters of a nonlinear model. The 
parameters to be estimated are X , a and b, based on the form of 
non-linear model Vi- X [!•!« { (gi -a)/(b-a)} +1-(gs -a)/(b-a) ]+* t . 

Figure 12 gives the results of fitting the UPL distribution to the 
data of breeding values for the 2nd, 4th, 6th, 8th and 10th generations 
of selection by using the NLIN procedure. In Figure 12, the plotted data 
points (y i,ui) of open square lie well on the straight line u=X y for 
each generation of selection. This means the UPL model is likely to be 
applicable to the data because of the linearity of UPL model, Ui=lyi+(i, 
with the estimated values of a and b. The presentation of Figure 12 is 
conveniently called a UPL probability plot. 

The applicability of the IJPL model to the data was studied more by 
using the two other presentations to show the goodness of fit and by 
comparing with that of two other competent models 9 1, the hybrid lognormal 
(HLN) and the Johnson's S B (JSB) distributions. The IILN model has the 
four- or five-parameter form for the application to the data of breeding 
values: It is defined as fo PX + flX ~ N ( n ,o z ), where X=G-a for the 2nd, 4th 
and 6th generations and X=(G-a)/(b-G) for the 8th and 10th generations. 
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6. APPLICATION 0ド TIlE M() f) I~L TO !lA TA 

6.1 Distribution of brceding value 

Nishida， eL al.6.γhave bcen 日tudyi nl!; Lhc () ffec I.s 0 f repc日tcd

selection on thc mcan， herit.ability and disLribution 01 breoding v;Jluc 01' 

animal populations. The brccding v泊 lueG is defint'd 泊目 G=P-E， whcre l' is 

the phcnotypic valuc and E is t.hc environmenLal effccL. Nishida， ct al. 

tried to apply Uppuluri's modt' I 1.0 I.he daLa of brceding valuc by 

generation of sclcction， bnCilUNC of thc simi I辻riLyof Lhe frcqucncy curvc 

of breeding valuc as shown inドiI!;ure 11 ¥.0 Lhe probab i I i ¥.y dens i ¥.y 

function of Uppuluri's modcl. 

The givcn data is a set. 01' (g;，p;)， (i=1 1.0 n)， where g; is the i-th 

breeding valuc and p; is I.hc cumulaLive probabili¥.y aL Lhe i-t.h valuc. 

Putting u;=exp(p;) and Yi=I"mw;+l-ωi whereωj=(g;-a)/(b-a)， a<gi<b， aflcr 

selecting approprialc vaJues of boLh limits of brcedinl!; value， we can usc 

the form of lincar model Ui=λy;+εi， whcrc f. i s afl error tcrm. Thc SAS 

(Statistcal Analysis Systcm) software8) affords us 1.0 thc HEG procedurc 

which fits least-squares cstimalcs lo lincar models. !lowcver， as va¥ues 

of a and b arc unknown， wc used the NL[N proccdurc of SAS，叶lich produccs 

least-squares cstimatcs of thc paramct.crs of a nonl incar modcl. Thc 

parameters to bc cstimatcdぬrcλ ，泊 andb， bascd on Lhc form of 

non-linear model Ui=λ Um { (g; -a ) / (b-a ) } + )-(g i -a ) I (b -il ) ] + t i • 

Figure 12 givcs the rcsults of fitting thc UI'L disLribution lo thc 

data of breeding values for thc 2nd， 4th， 6th， 8th and 10th gencrations 

。fselect.ion by using the NLIN procedure. Inドigurc 12， thc plottcd data 

points (Yi，UI) of open square 1 ic well on the straight. linc u=λY fOi 

each generation of sclcction. This means the UPL model is likcly to be 

applicable to thc data because of the linearily of IJPL rnodel， Uj=λy ‘+ f i ， 
日ith the estimated va¥ucs of a and b. Thc presentalion of Figurc 12 is 

convenicnLly ca Ilcd a [JPL prob品bi 1 i ly P I 0 t. 

The applicabilily of thc IJPL model to Lhc data was studicd more by 

using the two othcr prcsent.ations 1.0 show I.hc goodncss or fit and by 

comparing ~ilh thal of t~o other competcnt models91， thc hybrid lognormal 

(HLN) and the Johnson's S8 (.JS8) distributions. Thc IILN modcl has the 

four-or five-parameLer form for the application lo thc data of brceding 

values: lt is defined 部品ρ'X+ρX~N(μ ， a 2 ) ， whcrc X=G-a for the 2nd， 4th 

and 6th generations and X=(G-a)/(b-G) for thc 8th and 10th generations. 
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The JSB model is defined as im { (G-a)/ (b-G) }~N( (i ,ffz ) . The best model 
can be selected by Akaike's information criteria (AIC), nlm {2€12/n}+2p, 
where n is the number of data, 2 « i z is an error sum of squares for all 
data, and p is the number of parameters of the given model. 

The other presentations are the normal probability plots shown in 
Figure 13 and the probability density function of the same data shown in 
Figure 14. 

The presentation of Figure 13 shows that the goodness of fit is 
belter than that of Figure 12 in this case. In Figure 12 the data seems 
to deviate slightly from the straight line fitted by using the UPL model, 
close to zero of y for the earlier generation of selection, but in Figure 
13 these deviations are more explicit. However Figure 13 shows clearly 
the excellent goodness of fit of the UPL model to the data for the 10th 
generation of selection. Figure 14 also shows the excellent goodness of 
fit of the UPL model for the 10th generation. 

For all generations of selection the JSB model is best among three 
models, based on the calculation of AIC. The HLN model also gives a good 
fit but we have to change the model from the four parameter to five 
parameter form according to the generation of selection. The UPL model is 
quite applicable for the 10th generation and gives the almost best fit to 
the data among three models by the calculation of AIC. 

6.2 Distribution of appearance times of cancers 

According to the BEIR V report 1 1, following an instantaneous 
exposure to radiation, the rates of leukemia and bone cancer appear to 
follow a wave like pattern, rising within 5 years after exposure and then 
returning to near baseline rates within 30 years. In contract to the 
rates for leukemia and bone cancer, the rates for most other cancers 
appear to have remained in excess for as long as most exposed populations 
have been followed. Therefore we applied the UPL model to the rates of 
leukemia and bone cancer. 

There are several data of the onset of leukemia and bone cancer in 
a function of years after irradiation. We applied the UPL model to the 
data of Hays and Spiess 1 0' whose paper was cited in Figure VD of annex F 
of the 1988 UNSCEAR report 1 1' to show that the distribution of appearance 
times is remarkably similar for leukemias, following prompt radiation, 
and for bone sarcomas, following relatively brief radium-224 irradiation. 
Figure 15 shows it. 

The UPL probability plots of the leukemia and bone sarcoma data are 
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1・hcJSB modcl ls dcfined as伽 {(G-a)/(b-G)}-N(μ ，σ2). Thc best model 

can bc selected by Akaike's information criteria (AIC)， n 伽{~正 1 2 /n}+2p ，

whcrc n is the number of data， ~ ε1
2 is an error sum of squares for all 

daLa， and p is the number of parameters of the given model. 

Thc olher presentations are the normal probability plots shown in 

~igurc 13 and the probability density function of the same data shown in 

Figurc 14. 

The presentation of Figure 13 shows that the goodness of fit is 

bctler than that of Figure 12 in this case. In Figure 12 the data seems 

lo deviatc slightly from the straight line fitted by using the UPL model， 
close to zero of y for the earlier generation of selection， but ln Figure 
13 these dcviations are more explicit. However Figure 13 shows clearly 

lhc c且cellentgoodness of fit of the UPL model to the data for the 10th 

generation of selection. Figure 14 also sho田sthe excellent goodness of 

fit of the UPL model for the 10th generation. 

For all generations of selection the JSB model is best among three 

models， based on the calculation of AIC. The HLN model also gives a good 

fit but we have to change the model from the four parameter to five 

parameter form according to the generation of salection. The UPL model is 

quite applicable for the 10th generation and gives the almost best fit to 

thc data among three models by the calculation of AIC. 

6.2 Distribution of appearance times of cancers 

According to the BEIR V report I " following an instantaneous 

exposure to radiation， the rates of leukemia and bone cancer appear to 
follow a wave like pattern， rising within 5 years after exposure and then 

rcturning to near baseline rates within 30 years. ln contract to the 

rates for leukemia and bone cancer， the rates for ・ostother cancers 

appear to have remained in excess for as long as most exposed populations 

have been followed. Therefore we applied the UPL・odel to the rates of 

leukemia and bone cancer. 

There are several data of the onset of leuke.ia and bone cancer in 

a function of years after irradiation. We applied the UPL .odel to the 

data of Hays and SpiesslOl whose paper was cited in Figure vn of annex F 

of the 1988 UNSCEAR reportlll to show that the distribution of appearance 

times is remarkably si・ilarfor leuke.ias， following pro.pt radiation， 
and for bone sarcomas， following relatively brief radiu.-224 irradiation. 
Figure 15 shows it. 

The UPL probability plots of the leuke・iaand bone sarco.a data are 
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both good straight as shown in Figure 16. Therefore the IJPL model is 
applicable to these data. In addition the DPI- model is as proximately 
equal to the HLN and JSB models to give good fits lor those data. In 
Figure 17 of the normal probability plots, the given data points (open 
square) are well fitted by the UPL model (solid curve) for both leukemia 
and bone sarcoma data, as well as by the lll.N (dotted curve) and the JSB 
(dushed curve). The HLN model is the five-parameter form for the 
leukemia data and four-parameter form for the bone sarcoma data. Figure 
18 gives comparisons of the frequency curves among the given data (open 
square) and the predicted values by the UPL (solid curve), the lll.N 
(dotted curve) and the JSB (dushed curve) models for Icukcmias and bone 
sarcomas. 

According to the calculation of A1C, the JSB is the best for both 
data. The UPL is the second best for leukemia data and the HLN is the 
second for bone sarcoma data. However the UPL model is sufficiently 
applicable to both data. The means (medians) of appearance times for both 
data are, respectively, 8.4 (7.8) and 10.2 (9.5) years estimated by the 
UPL, 8.4 (7.7) and 10.4 (9.2) years by the HLN, and 8.5 (7.9) and 10.5 
(9.3) years by the JSB. All estimates of mean (median) arc very close to 
actual values of 8.4 (7.2) and 10.3 (9.2) for the leukemia and bone 
sarcoma data, respectively. 

The leukemia data of the atomic bomb survivors mentioned above was 
first reported by Bizzozero et a l . i z l and was for the years 1946-1966. 
The data is shorter in latent period than that detected during 1950-1970 
or 1950-1978 and exposed more than one rad reported by Ichimaru, et a l . 1 3 , 

1 4'. The mean of Ichimaru et al. is 11.9 years for survivors detected 
during 1950-1970 and 13.8 years for those detected during 1950-1978. 
These two distributions are considerably different. The recent data 
contain longer periods of the onset of leukemias after irradiation, 
including some shorter periods because of the possibility due to the 
improved techniques of detection of leukemias and the longer follow-up 
period. The UPL model proved to give a good fit to each of these data. 
However, to determine the true distribution of appearance times of 
leukemias, we should wait more to have the forthcoming data of the onset 
of leukemias. 
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both good straight elS shown in IQgurc 16. Thcrcforc the IJPI. mod(d is 

app1icable to thcsc da¥.a. In addit.ion thc ¥JPL modcl is <JS prりximal.oly
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data. The UPL is the second best for leukemia dala and lhe /lLN is the 

second for bone sarcoma data. /lowevcr the UPL modcl is sufficiently 

applicable to both data. The means (medians) of appearancc times for both 

data are， respectively， 8.4 (7.8) and 10.2 (9.5) ycars estimatcd by the 

UPL， 8.4 (7.7) and 10.4 (9.2) ycars by the HLN， and 8.5 (7.9) and 10.5 
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The leukemia data of the atomic bomb survivors mcnLioncd abovc was 

first reported by Bizzozero eL al.I~) and was for lhe years 1946-1966. 

The data is shortcr in latent pcriod than that dclecLcd during 1950-1970 

or 1950-1978 and exposed more than one rad rcportcd by Ichimaru， et aJ. 13・

14) The mean of lchimaru eL al. is 11.9 years for survivors dctectcd 

during 1950-1970 and 13.8 years for those detected during 1950-1978. 

These t日odistributions are considerably different. The rccenl data 

contain longer periods of the onset of leukemias aftcr irradiation， 

including some shorter perioas because of the possibility duc 1.0 thc 

improved techniques of detection of leukemias and thc lon箆cr fo 11 ow-up 

period. The UPL model provcd to give a good fit to cach of thcsc daLa. 

However， to determinc the true distribution of appcarancc timcs of 
leukemias. we should wait more to have the forthcoming data of thc onset 

of leukellias. 
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7. CONCLUSION 

The hybrid distribution derived by Uppuiuri in 1986 was studied for 
the purpose of health risk assessment to low level ionizing radiation. 
This distribution is conveniently called "Uppuluri distribution" because 
of many types of potential hybrid distributions. The Uppuiuri 
distribution was successfully applied to the data of appearance times of 
leukemias and bone cancers after irradiation of ionizing radiation. 
According to the genesis theorem by Uppuiuri and Grber, the Uppuiuri 
distribution has the potentiality of wide application to various data 
sets as well as those analyzed here. 

The review of Uppuiuri distribution stimulated the study of a 
family of hybrid distributions, whose origin is the hybrid lognormal 
distribution proposed by Kumazawa and IVumakunai in 1980 to formulate the 
annual dose distributions indicating the effect of dose limits. The 
common feature of hybrid distributions was proved to be tailored to fit 
to actual data at both the tails and also proved to explore the 
underlying mechanisms of the phenomena. 

The calculations of features of Uppuiuri distribution were almost 
completed for the basic statistics, including their figures and tables. 
However, the technique of estimation of the parameters is in the initial 
stage. In this memorandum we used the SAS procedure of a nonlinear 
models to fit these distributions to data. 
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7. CONCLIJSION 

Thc hybrid distribution derived by Uppuluri in 1986 was studied for 

the purpose of health risk assessment to low level ionizing radiation. 

This distribution is conveniently caJJed “(jppuJuri distribution" because 

of many types of potential hybrid distributions. The UppuJuri 

distribution was successfully applicd to the data of appearance times of 

leukemias and bone cancers after ir・radiationof ionizing radiation. 

According to the genesis theorem by Uppuluri and Grδer， the (jppuluri 
distribution has the potentiaJity of wide appJication to various data 

sels as wcll as those analyzed here. 

The review of (jppuJuri distribution stimuJated the study of a 

family of hybrid distributions， whose origin is the hybrid lognormal 

distribution proposed by Kumazawa and Numakunai in 1980 to formulate the 

annuaJ dose distributions indicating the effect of dose li圃its. The 

common feature of hybrid distributions was proved to be taiJored to fit 

to actual data at both the tails and also proved to explore the 

undcrlying mcchanisms of the phenomena. 

The calculations of features of (jppuluri distribution were almost 

completcd for the basic statistics， incJuding their figures and tabJes. 
Howevcr， the technique of estimation of the parameters is in the initiaJ 

stage. In lhis memorandum we used the SAS procedure of a nonlinear 

modcls to fit these distributions to data. 
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Table 1 P r o b a b i l i t y dens i ty function f(w) of U p p u l u r i ' s model. 

DENSITY FUNCTION OF UPL D ISTRIBUTION 

OBS W X =0.01 X = 1 X =4 X ^5 0 
1 0.004 4.54906 2.69660 0.00001 0.00000 
2 0.005 3.65178 2.69120 0.00003 0.00000 
3 0.006 3.05114 2.68581 0.00005 0.00000 
4 0.007 2.62065 2.68043 0.00007 0.00000 
5 0.008 2.29684 2.67505 0.00011 0.00000 
6 0.009 2.04434 2.66968 0.00015 0.00000 
7 0.010 1.84189 2.66432 0.00021 0.00000 
8 0.011 1.67591 2.65897 0.00028 0.00000 
9 0.012 1.53734 2.65363 0.00036 0.00000 

10 0.013 1.41989 2.64829 0.00045 0.00000 
11 0.014 1.31906 2.64296 0.00056 0.00000 
12 0.015 1.23155 2.63764 0.00068 0.00000 
13 0.020 0.92418 2.61117 0.00158 0.00000 
14 0.030 0.61468 2.55881 0.00507 0.00000 
15 0.040 0.45880 2.50723 0.01143 0.00000 
16 0.050 0.36477 2.45642 0.02123 0.00000 
17 0.060 0.30181 2.40638 0.03488 0.00000 
18 0.070 0.25668 2.35709 0.05265 0.00000 
19 0.080 0.22273 2.30855 0.07470 0.00000 
20 0.090 0.19625 2.26073 0.10108 0.00000 
21 0.100 0.17502 2.21364 0.13175 0.00000 
22 0.200 0.07872 1.78043 0.62803 0.00000 
23 0.300 0.04620 1.40963 1.24322 0.00000 
24 0.400 0.02981 1.09327 1.69316 0.00001 
25 0.500 0.01992 0.82436 1.84726 0.00320 
26 0.600 0.01330 0.59673 1.71177 0.13072 
27 0.620 0.01223 0.55567 1.65633 0.22779 
28 0.640 0.01123 0.51600 1.59326 0.37618 
29 0.660 0.01029 0.47768 1.52339 0.59035 
30 0.680 0.00940 0.44068 1.44755 0.88261 
31 0.700 0.00856 0.40496 1.36656 1.25983 
32 0.720 0.00777 0.37048 1.28122 1.72006 
33 0.740 0.00702 0.33720 1.19233 2.24971 
34 0.760 0.00631 0.30510 1.10061 2.82216 
35 0.780 0.00564 0.27414 1.00681 3.39835 
36 0.800 0.00500 0.24428 0.91158 3.92965 
37 0.820 0.00439 0.21550 0.81558 4.36286 
38 0.840 0.00381 0.18776 0.71939 4.64655 
39 0.860 0.00326 0.16104 0.62357 4.73787 
40 0.880 0.00273 0.13530 0.52863 4.60860 
41 0.900 0.00222 0.11052 0.43502 4.24938 
42 0.920 0.00174 0.08666 0.34315 3.67148 
43 0.940 0.00128 0.06371 0.25341 2.90583 
44 0.960 0.00083 0.04163 0.16612 1.99944 
45 0.980 0.00041 0.02040 0.08157 1.01012 
46 1.000 0.00000 0.00000 0.00000 0.00000 

- 2 1 -

JAER!-M 91 ・・ 025

Table 1 Probability density function f(w) of Uppuluri's model. 

DENSITY FUNCTION OF UPL DlSTRI日UTION

OBS ω λ=0.01 λ=1 λ=<1 λ=50 

1 0.004 4.54906 2.69660 0.00001 0.00000 

2 0.005 3.65178 2.69120 0.00003 0.00000 

3 0.006 3.05114 2.68581 0.00005 0.00000 

4 0.007 2.62065 2.68043 0.00007 0.00000 

5 0.008 2.29684 2.67505 0.00011 0.00000 

6 0.009 2.04434 2.66968 0.00015 0.00000 

7 0.010 1.84189 2.66432 0.00021 0.00000 

8 0.011 1.67591 2.65897 0.00028 0.00000 

9 0.012 1.53734 2.65363 0.00036 0.00000 

10 0.013 1.41989 2.64829 0.00045 0.00000 

11 0.014 1.31906 2.64296 0.00056 0.00000 

12 0.015 1.23155 2.63764 0.00068 0.00000 

13 0.020 0.92418 2.61117 0.00158 0.00000 

14 0.030 0.61468 2.55881 0.00507 0.00000 

15 0.040 0.45880 2.50723 0.01143 0.00000 

16 0.050 0.36477 2.45642 0.02123 0.00000 

17 0.060 0.30181 2.40638 0.03488 0.00000 

18 0.070 0.25668 2.35709 0.05265 0.00000 

19 0.080 0.22273 2.30855 0.07470 0.00000 

20 0.090 0.19625 2.26073 0.10108 0.00000 

21 0.100 0.17502 2.21364 0.13175 0.00000 

22 0.200 0.07872 1.78043 0.62803 0.00000 

23 0.300 0.04620 1.40963 1.24322 0.00000 

24 0.400 0.02981 1.09327 1.69316 0.00001 

25 0.500 0.01992 0.82436 1. 84726 0.00320 

26 0.600 0.01330 0.59673 1. 71177 0.13072 

27 0.620 0.01223 0.55567 1.65633 0.22779 

28 0.640 0.01123 0.51600 1.59326 0.37618 

29 0.660 0.01029 0.47768 1.52339 0.59035 

30 0.680 0.00940 0.44068 1. 44 755 0.88261 

31 0.700 0.00856 0.40496 1.36656 1.25983 

32 0.720 0.00777 0.37048 1.28122 1.72006 

33 0.740 0.00702 0.33720 1.19233 2.24971 

34 0.760 0.00631 0.30510 1.10061 2.82216 

35 0.780 0.00564 0.27414 1.00681 3.39835 

36 0.800 0.00500 0.24428 0.91158 3.92965 

37 0.820 0.00439 0.21550 0.81558 4.36286 

38 0.840 0.00381 0.18776 0.71939 4.64655 

39 0.860 0.00326 0.16104 0.62357 4.73787 

40 0.880 0.00273 0.13530 0.52863 4.60860 

41 0.900 0.00222 0.11052 0.43502 4.24938 

42 0.920 0.00174 0.08666 0.34315 3.67148 

43 0.940 0.00128 0.06371 0.25341 2.90583 

44 0.960 0.00083 0.04163 0.16612 1.99944 

45 0.980 0.00041 0.02040 0.08157 1.01012 

46 1.000 0.00000 0.00000 0.00000 0.00000 
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Table 2 Cumulative d i s tr ibut ion function F(w) of Uppuluri's model. 

UPL PROBABILITY D ISTRIBUT ION FUNCTION 

OBS W X =0.0] X =1 X = 4 X =50 

1 0.00000 0.00000 0.00000 0.00000 0.00000 
2 0.00001 0.81037 0.00003 0.00000 0.00000 
3 0.00010 0.84856 0.00027 0.00000 0.00000 
4 0.00100 0.88854 0.00272 0.00000 0.00000 
5 0.00200 0.90093 0.00543 0.00000 0.00000 
6 0.00300 0.90824 0.00813 0.00000 0.00000 
7 0.00400 0.91347 0.01083 0.00000 0.00000 
8 0.00500 0.91753 0.01352 0.00000 0.00000 
9 0.00600 0.92087 0.01621 0.00000 0.00000 

10 0.00700 0.92369 0.01890 0.00000 0.00000 
11 0.00800 0.92614 0.02157 0.00000 0.00000 
12 0.00900 0.92831 0.02425 0.00000 0.00000 
13 0.01000 0.93025 0.02691 0.00000 0.00000 
14 0.01100 0.93200 0.02957 0.00000 0.00000 
15 0.01200 0.93361 0.03223 0.00000 0.00000 
16 0.02000 0.94305 0.05329 0.00001 0.00000 
17 0.03000 0.95053 0.07914 0.00004 0.00000 
18 0.04000 0.95583 0.10447 0.00012 0.00000 
19 0.05000 0.95991 0.12929 0.00028 0.00000 
20 0.06000 0.96323 0.15360 0.00056 0.00000 
21 0.07000 0.96601 0.17742 0.00099 0.00000 
22 0.08000 0.96840 0.20074 0.00162 0.00000 
23 0.09000 0.97049 0.22359 0.00250 0.00000 
24 0.10000 0.97234 0.24596 0.00366 0.00000 
25 0.20000 0.98394 0.44511 0.03925 0.00000 
26 0.30000 0.98997 0.60413 0.13320 0.00000 
27 0.40000 0.99369 0.72885 0.28219 0.00000 
28 0.50000 0.99614 0.82436 0.46182 0.00006 
29 0.60000 0.99779 0.89509 0.64191 0.00392 
30 0.62000 0.99804 0.90662 0.67561 0.00743 
31 0.64000 0.99828 0.91733 0.70812 0.01338 
32 0.66000 0.99849 0.92727 0.73929 0.02292 
33 0.68000 0.99869 0.93645 0.76901 0.03751 
34 0.70000 0.99887 0.94490 0.79716 0.05879 
35 0.72000 0.99903 0.95265 0.82364 0.08846 
36 0.74000 0.99918 0.95973 0.84839 0.12806 
37 0.76000 0.99931 0.96615 0.87132 0.17874 
38 0.78000 0.99943 0.97194 0.89240 0.24097 
39 0.80000 0.99954 0.97712 0.91158 0.31437 
40 0.82000 0.99963 0.98172 0.92885 0.39751 
41 0.84000 0.99971 0.98575 0.94420 0.48789 
42 0.86000 0.99978 0.98924 0.95763 0.58208 
43 0.88000 0.99984 0.99220 0.96915 0.67593 
44 0.90000 0.99989 0.99465 0.97879 0.76489 
45 0.92000 0.99993 0.99662 0.98656 0.84444 
46 0.94000 0.99996 0.99813 0.99253 0.91049 
47 0.96000 0.99998 0.99918 0.99672 0.95973 
48 0.98000 1.00000 0.99980 0.99919 0.98992 
49 1.00000 1.00000 1.00000 1.00000 1.00000 
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Table 2 Cumulative distribution function F(回)of Uppuluri's model. 

UPL PROBABILITY DISTRIBUTION FUNCTION 

OBS 凶 λ=0.01 λ= I λ=4 λ=!>O 

1 0.00000 0.00000 0.00000 0.00000 0.00000 

2 0.00001 0.81037 0.00003 0.00000 0.00000 

3 0.00010 0.84856 0.00027 0.00000 0.00000 

4 0.00100 0.88854 0.00272 0.00000 0.00000 

5 0.00200 0.90093 0.00543 0.00000 0.00000 

6 0.00300 0.90824 0.00813 0.00000 0.00000 

7 0.00400 0.91347 0.01083 0.00000 0.00000 

8 0.00500 0.91753 0.01352 0.00000 0.00000 

9 0.00600 0.92087 0.01621 0.00000 0.00000 

10 0.00700 0.92369 0.01890 0.00000 0.00000 

11 0.00800 0.92614 0.02157 0.00000 0.00000 

12 0.00900 0.92831 0.02425 0.00000 0.00000 

13 0.01000 0.93025 0.02691 0.00000 0.00000 

14 0.01100 0.93200 0.02957 0.00000 0.00000 

15 0.01200 0.93361 0.03223 0.00000 0.00000 

16 0.02000 0.94305 0.05329 0.00001 0.00000 

17 0.03000 0.95053 0.07914 0.00004 0.00000 

18 0.04000 0.95583 0.10447 0.00012 0.00000 

19 0.05000 0.95991 0.12929 0.00028 0.00000 

20 0.06000 0.96323 0.15360 0.00056 0.00000 

21 0.07000 0.96601 0.17742 0.00099 0.00000 

22 0.08000 0.96840 0.20074 0.00162 0.00000 

23 0.09000 0.97049 0.22359 0.00250 0.00000 

24 0.10000 0.97234 0.24596 0.00366 0.00000 

25 0.20000 0.98394 0.44511 0.03925 0.00000 

26 0.30000 0.98997 0.60413 0.13320 0.00000 

27 0.40000 0.99369 0.72885 0.28219 0.00000 

28 0.50000 0.99614 0.82436 0.46182 0.00006 

29 0.60000 0.99779 0.89509 0.64191 0.00392 

30 0.62000 0.99804 0.90662 0.67561 0.00743 

31 0.64000 0.99828 0.91733 0.70812 0.01338 

32 0.66000 0.99849 0.92727 0.73929 0.02292 

33 0.68000 0.99869 0.93645 0.76901 0.03751 

34 0.70000 0.99887 0.94490 0.79716 0.05879 

35 0.72000 0.99903 0.95265 0.82364 0.08846 

36 0.74000 0.99918 0.95973 0.84839 0.12806 

37 0.76000 0.99931 0.96615 0.87132 0.17874 

38 0.78000 0.99943 0.97194 0.89240 0.24097 

39 0.80000 0.99954 0.97712 0.91158 0.31437 

40 0.82000 0.99963 0.98172 0.92885 0.39751 

41 0.84000 0.99971 0.98575 0.94420 0.48789 

42 0.86000 0.99978 0.98924 0.95763 0.58208 

43 0.88000 0.99984 0.99220 0.96915 0.67593 

44 0.90000 0.99989 0.99465 0.97879 0.76489 

45 0.92000 0.99993 0.99662 0.98656 0.84444 

46 0.94000 0.99996 0.99813 0.99253 0.91049 

47 0.96000 0.99998 0.99918 0.99672 0.95973 

48 0.98000 1.00000 0.99980 0.99919 0.98992 

49 1.00000 1.00000 1.00000 1.00000 1.00000 
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Table 3 Median of Uppuluri d i s t r i b u t i o n . 

MEDIAN OF UPL D ISTRIBUT ION 

OBS X MED 

1 0.01 0.000000 
2 0.10 0.000359 
3 0.20 0.011631 
4 0.30 0.037908 
5 0.40 0.069729 
6 0.50 0.101828 
7 0.60 0.132260 
8 1.00 0.231961 
9 2.00 0.380620 

10 3.00 0.464712 
11 4.00 0.520694 
12 5.00 0.561518 
13 6.00 0.593053 
14 7.00 0.618398 
15 8.00 0.639367 
16 9.00 0.657105 
17 16.00 0.733792 
18 50.00 0.842600 
19 100.00 0.886834 
20 300.00 0.933554 
21 1000.00 0.963228 
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Table 3 Median of Uppu]uri distribution. 

MEDIAN OF UPL OISTRIBUTION 

OBS i.. MEO 

1 0.01 0.000000 
2 0.10 0.000359 

3 0.20 0.011631 
4 0.30 0.037908 
5 0.40 0.069729 

6 0.50 0.101828 
7 0.60 0.132260 
8 1.00 0.231961 
q 2.00 0.380620 

10 3.00 0.464712 

11 4.00 0.520694 

12 5.00 0.561518 
13 6.00 0.593053 
14 7.00 0.618398 

15 8.00 0.639367 

16 9.00 0.657105 

17 16.00 0.733792 

18 50.00 0.842600 

19 100.00 0.886834 

20 300.00 0.933554 

21 1000.00 0.963228 
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Table 4 Hode and f(mode) of Uppuluri distribution. 

MODE OF UPL DISTRIBUTION 

OBS λ MODE f(MODE) 

1 1.0000 0.000000 . 
2 1.0001 0.000050 2.71586 
3 1. 0010 0.000500 2.70039 
4 1. 0100 0.004963 2.60363 
5 1.1000 0.046537 2.20277 
6 1.5000 0.183503 1.78553 
7 2.0000 0.292893 1.70376 
8 3.0000 0.422650 1.74881 
9 4.0000 0.500000 1. 84726 

10 5.0000 0.552786 1.95356 
11 6.0000 0.591752 2.05861 
12 7.0000 0.622036 2.16011 
13 8.0000 0.646447 2.25758 
14 9.0000 0.666667 2.35112 
15 16.0000 0.750000 2.91848 

開ODE OF UPL DlSTRlBUTlON 

OBS L 開ODE f(MOD10 

1 1.00 0.000000 . 
2 1.00 0.000050 2.7159 
3 1.00 0.000500 2.7004 
4 1.01 0.004963 2.6036 
5 1.10 0.046537 2.2028 
6 1. 50 0.183503 1. 7855 
7 2.00 0.292893 1.7038 
8 3.00 0.422650 1.7488 
9 4.00 0.500000 1.8473 

10 5.00 0.552786 1. 9536 
11 6.00 0.591752 2.0586 
12 7.00 0.622036 2.1601 
13 8.00 0.646447 2.2576 
14 9.00 0.666667 2.3511 
15 16.00 0.750000 2.9185 
16 30.00 0.817426 3.7870 
17 50.00 0.858579 4.7384 
18 75.00 0.884530 5.6932 
19 100.00 0.900000 6.5006 
20 150.00 0.918350 7.8577 
21 300.00 0.942265 10.9270 
22 500.00 0.955279 13.9800 
23 750.00 0.963485 17.0256 
24 1000.00 0.968377 19.5938 
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Table 5 Hean， variance and standard deviation of Uppuluri distribution. 

問EAN& STO OF UPL OISTRIBUTION 

OBS λ 阿EAN \'.~ H 1 ANCE STD 

1 0.01 0.004959 0.0016365 0.040454 

2 0.02 0.009837 0.0032145 0.056697 

3 0.10 0.046193 0.0139990 0.118318 

4 0.50 0.178634 0.0398564 0.199641 

5 1.00 0.261716 0.0475076 0.217962 

6 2.00 0.402736 0.0460117 0.21ι503 

7 3.00 0.475145 0.0412913 0.203203 

8 4.00 0.525043 0.0369379 0.192192 

9 5.00 0.562267 0.0332965 0.182473 

10 6.00 0.591490 0.0302826 0.174019 

11 7.00 0.615265 0.0277689 0.166640 

12 8.00 0.635125 0.0256479 0.160149 

13 9.00 0.652056 0.0238367 0.154391 

14 10.00 0.666725 0.0222729 0.149241 

15 15.00 0.718907 0.0168408 0.129772 

16 20.00 0.751840 0.0136006 0.116622 

17 25.00 0.775120 0.0114384 0.106951 

18 30.00 0.792730 0.0098879 0.099438 

19 35.00 0.806670 0.0087188 0.093375 

20 40.00 0.818069 0.0078044 0.088342 

21 45.00 0.827621 0.0070686 0.084075 

22 50.00 0.835780 0.0064632 0.080394 

23 55.00 0.842858 0.0059559 0.077174 

24 60.00 0.849076 0.0055244 0.074327 

25 65.00 0.854595 0.0051528 0.071783 

26 70.00 0.859540 0.0048292 0.069492 

27 75.00 0.864002 0.0045447 0.067415 

28 80.00 0.868058 0.0042927 0.065519 

29 85.00 0.871765 0.0040678 0.063779 

30 90.00 0.875170 0.0038658 0.062176 

31 95.00 0.87831ι 0.0036834 0.060691 

32 100.00 0.881228 0.0035177 0.059310 

33 150.00 0.902054 0.0024339 0.0 ι93:'4 

34 200.00 0.914673 0.0018660 0.043198 

35 250.00 0.923373 0.0015153 0.038927 

36 300.00 0.929842 0.0012768 0.035732 

37 350.00 0.934896 0.0011037 0.033223 

38 400.00 0.938988 0.0009724 0.031184 

39 450.00 0.942389 0.0008693 0.029484 

40 500.00 0.9l，5274 0.000786? 0.028038 

41 550.00 0.947762 0.0007176 0.026789 

42 600.00 0.949938 0.0006602 0.025695 

43 650.00 0.951860 0.0006114 0.024726 

44 700.00 0.953576 0.0005693 0.023860 

45 750.00 0.955119 0.0005327 0.023080 

46 800.00 0.956517 0.0005006 0.022373 

47 850.00 0.957792 0.0004721 0.021728 

48 900.00 0.958960 0.0004467 0.021136 

49 950.00 0.960035 0.0004239 0.020590 

50 1000.00 0.961030 0.0004034 0.020085 
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Fig. 1 Probability density function of Uppuluri's model, 

f W ^ v ^ ' f l - v ) exp{a.(1-w)} , X >0, 0<w<l. 

-26-

JAER卜M 91・025

DENSITY F'UNCTJON OF UPL DISTRIBUTION 

4 

0.8 

W 

~'i g・ Probabil ity dcnsity function of Uppuluri's modcl， 

λーl
f(w)=λw" '(I-w) exp{λ (I-w)} ， λ> 0， 。〈町<1.

-26-



JAERI-M 91-025 

1.0 

0.8 

O 
O 
§0.6 

o 
£9 
CE 
£2 0.4 
Q 

o 

0.2 

0.01 

UPL PROBABILITY DISTRIBUTION FUNCTION 

• ; -

X - 0 . 0 ? 7 

•]'• — • • ' • 

i --1 / X -1 T^
 

f 
/ / 

/ 

A A / J 
/ 

/ J / \ J, -- - '.| 
i i i i 1 

0.0 0.2 0.4 0.6 0.8 1.0 
W 

F i g . 2 Cumulative d i s t r i b u t i o n function of (Jppulur i ' s mode], 

F(w)= w exp{3 . ( l -w)} , 1>0, 0<w<l, 

- 2 7 -

91・025]AERI-M 

UPL PHOsA8ILlTY DlSTI~IBU 'l'lON F'UNCTION 

〉'
d

 

)
 

{
 

-u 主

0.8 

0.0‘1 

0.0 

6

4

 

nu

内

u

zo一」
F
U
Z
2
L
Z
O一
ト
コ
由
一
氏
」
「

ω
5
.
2コ
O

0.2 

W 

Cumulative dislribution function of Uppuluri's model， 

。<11'<1.λ>0， 、、，，、.a'M 
'
E
A
 

r-
、

内ん，，、.、nv 
vA e

 

内ん
耐

=
 

、.，w
 

，，E

、
円

F

-27-

2 Fig. 



J A E R I - M 91-025 

MEDIAN OF UPL DISTRIBUTION 

0.8 

0.6 

0.4 

0.2 

0.0 1

i i = ^ - r — ^ — . . , ,.-t , — i i — — • — i • — r 
0.01 0.10 1.00 10.00 100.00 1000.00 

LAMBDA 
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F i g . 4 Mode of IJppuluri d i s t r i b u t i o n , I - X 1 / z , for X from 0.01 to 
1000. 
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Fig. 6 The enlargement of the graph shown in Figure 5 to see the 
minimum of the maximum of the probability density function, 
for X from 1 to 16. 
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F i g . 7 Mode of IJppuluri d i s t r i b u t i o n l-X i y 2 , for X from 1 to 16, 
coresponding to Figure 6. 
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Fig. 8 Mean of Uppuluri distribution for X from 0.01 to 1000. 
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Fig. 10 Standard deviation of Uppuluri distribution for X from 0.01 to 
1000 (linear-scale). 
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Fig. 11 Change in distribution of breeding value with selection (hoz=0.5, 
P=0.5). [ref.7] 
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Fig. 15 Bone sarcona incidence in radium-224 patients and leukeaias in 
the atonic bomb survivors. The distribution of appearance times 
is remarkably similar for leukemias, following prompt radiation, 
and for bone sarcomas, following relatively brief radiaum-224 
irradiation, [ref.ll] 
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APPENDIX 

SOME FORTRAN FUNCTION SUBPROGRAMS FOR SAS FUNCTIONS 

1. FORTRAN FUNCTION SUBPROGRAMS 

1.1 Inverse co-hybrid function with smaller solution: INC0H2(Y) 
(Median of Uppuluri distribution: INCOH2(l+LOG(2)/X ) ) 

A function of y=w-&iw is defined as y=coh(w), and then the inverse 
co-hybrid function is expressed as w=coh ' (y), y*Sl. There are two 
solutions Wi and w 2 (w2<Wi) for a given value of y above 1. Kumazawa, et 
al. z l defined the hybrid function of y=w+#nw as y=hyb(w) and its inverse 
function of w=hyb~'(y), -oo<y<+oof whose solution is always determined 
uniquely. Because of the relationships of w={hyb(w)+coh(w)}/2 and 
&2W={hyb(w)-coh(w)}/2, the name of co-hybrid function has been selected. 

The inverse co-hybrid function is required to solve the reference 
dose distribution1s', proposed by the United Nations Scientific Committee 
on the Effects of Atomic Radiation (UNSCEAR) in 1977, if we use the 
hybrid lognormal distribution in stead of the lognormal distribution used 
by UNSCEAR. In this case both solutions are important. However, to 
calculate the median of Uppuluri distribution, only the smaller solution 
«z ( 0 < w 2 ^ 1) is used. 

The inverse co-hybrid function is numerically calculated by the 
Newton-Raphson method. The starting point was appropriately determined 
based on the numerical analysis. The relative error is less than 10 6. 
If one gives a value of y below 1, there will be an error message. For 
the value of y ^ l , one can obtain a good result. 

2. MEAN AND VARIANCE OF UPPULURI DISTRIBUTION: UPLAV(X) AND UPLVR(l) 

The mean and the variance of Uppuluri distribution are numerically 
calculated by the integral formula of Gauss-Legendre method by changing 
the integral interval according to the value of parameter X . The 
integral intervals for both mean and variance are from 0 to 1 for X 
below 100, from 0.5 to 1 for 1 above 100 and below 1,000, from 0.8 to 1 
for X above 1,000 and below 5,000, and from 0.93 to 1 for X above 5,000 
but no more than 10,000. The subroutines required to calculate the mean 
are the Gauss-Legendre integration function subprogram GAUSSA and the 
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¥. FORTRAN FUNCTION SUBPROGRAMS 

1.1 Inverse co-hybrid function with saaller solution: INCOH2(Y) 

(Median of Uppuluri distribution: INCOH2(I+LOG(2)1九) ) 

^ function of y=w-伽wis defined as y=coh(w)， and then the inverse 
co-hybr id function is expressed as w=coh-I (y)， Y孟し There are two 

solutions WI and W2 (W2<WI) for a given value of y above 1. Ku・aza刷a，et 

al.21 defined the hybrid function of y=肘伽 was y=hyb(w) and its inverse 

function of w=hyb-I (y)，ー∞<y<+∞， whose solution is always deterained 

uniquely. Because of the relationships of w={hyb(w)+coh(w)}/2 and 

Onw={hyb(w)ーcoh(w)}/2，the naae of co-hybrid function has been selected. 

The inverse co-hybrid function is required to solve the reference 

dose distribution1SI， proposed by the United Nations Scientific Coaaittee 
on the F.ffects of Ato田icRadiation (UNSCEAR) in 1977， if we use the 
hybrid ¥ognormal distribution in stead of the lognoraal distribution used 

by UNSCF.AR. In this case both solutions are i掴portant. However. to 

calculale the median of Uppuluri distribution， only the smaller solulion 
W2 (0<W2~ 1) is used. 

The inverse co-hybrid function is nu・ericallycalculated by the 

Newton-Raphson周ethod. The starting point was appropriately deterained 

based on the nu・ericalanalysis. The relative error is less than 10-6. 

If one gives a value of y below 1， there will be an error aessage. For 

the value of y孟1，one can obtain a good result. 

2. 阿EANAND VARIANCE OF UPPULURI DISTRIBUTION: UPLAV(λ) AND UPLVR(λ} 

The mean and the variance of Uppuluri distribution are nuaerically 

calculated by the integral for・ulaof Gauss-Legendre aethod by changing 

the integral interval according to the value of paraaeter λThe  

integraI intervals for both aean and variance are froa 0 to 1 for λ 

beJow 100. fro. 0.5 to 1 for λabove 100 and below 1.000. fro. 0.8 to 1 

for λabove 1，000 and below 5，000. and froa 0.93 to 1 for λabove 5，000 

but no田orethan 10.000. The subroutines required to calculate the ・ean
are the Gauss-Legendre integration function subprogra・GAUSSAand the 
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integrand function subprogram WFUNC calculating the integrand function of 
the first moment of Uppuluri distribution, X (l-w)exp( X (l-w+ logw)). The 
subroutines required to caluculate the variance are the function 
subprograms GAUSSA and WFUNC, and another integrand function subprogram 
WWFNC calculating the integrand function of the second moment of Uppuluri 
distribution, 2, w(l-w)exp( X (1-w+logw)). 

3. HOW TO USE THESE FUNCTION SUBPROGRAMS 

3.1 Median of Uppuluri ditribution UPL(LA) 

The median, UMED, is yielded by the 1NC0H2 function: 

UMED = INCOH2(l+LOG(2)/LA) 

3.2 Mean of Uppuluri ditribution UPL(LA) 

The mean, UMEAN, is yielded by the UPLAV function: 

UMEAN = UPLAV (LA) 

3.3 Variance of Uppuluri ditribution UPL(LA) 

The variance, UVAR, is yielded by the UPLVR function: 

UVAR = UPLVR (LA) 

4. LIST OF FORTRAN FUNCTION SUBPROGRAMS SUITABLE FOR SAS FUNCTION 

4.1 Inverse co-hybrid function with smaller solution to calculate the 
median of Uppuluri distribution 

4.2 Mean of Uppuluri distribution 

4.3 Variance of Uppuluri distribution 

4.4 Gauss-Legendre integration 

4.5 Integrand function of the first moment of Uppuluri distribution 

4.6 Integrand function of the second moment of Uppuluri distribution 

Using these function subprograms in pure FORTRAN, we delete the 
statements from "CALL SASFUN" to "••• CALL SASFMS" . 
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integrand function subprogram WrUNC calculating the integrand function of 

the first moment of Uppuluri distribution，λ(I-w)cxp(λ(I-w+]ogw)). ・hc

subroutines required to caluculate the variance arc thc function 

subprograms GAUSSA and WFUNC， and another integrand function subprogram 
WWFNC calculating the integrand function of the second moment of Uppuluri 

distribution，λw(l-w)exp(λ (l-w+logw)) • 

3. HOW TO USE THESE FUNCTION SUBPROGRAMS 

3.1 Median of Uppuluri ditribution UPL(LA) 

The median， UMEO， Is yicldcd by the INCOH2 function: 

UMEO = lNCOH2(I+LOG(2)1しA)

3.2 Mean of Uppuluri ditribution UPL(LA) 

The mean， UMEAN， is yielded by the UPLAV function: 

UMEAN = UPLAV(LA) 

3.3 Variance of UppuJuri ditribution UPL(LA) 

The variance， UVAR， is yiclded by the UPLVR function: 

UVAR = UPLVR(LA) 

4. LIST OF FORTRAN FUNCTION SUsPROGRAMS SUITAsLE FOR SAS FUNCTION 

4.1 Inverse co-hybrid function with smaller solution to calculatc the 

median of Uppuluri distribution 

4.2 Mean of Uppuluri distribution 

4.3 Variance of Uppuluri distribution 

4.4 Gauss-Legendre integratlon 

4.5 Integrand function of the first moment of Uppuluri distribution 

4.6 Integrand function of the second moment of Uppuluri distribution 

Using these function subprograms in pure FORTRAN. we delete the 

state.ents fro. "CALL SASFUN" to "... CALL SASFMS" • 
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4. 1 Inverse co-hybrid function with smaller solution to calculate the 
median of Uppuluri distribution 

c oooooioo 
C 00000200 
C . .00000300 
C . FUNCTION INC0H2CARG) .00000400 
C . MADE BY S. KUMAZAWA 1/31/86 .00000500 
C . MODIFIED BY S. KUMAZAWA 8/08/90 .00000600 
C . ** PURPOSE ** .00000700 
C . COMPUTATION OF INVERSED FUNCTION OF Y=T-LN<T) .00000800 
C . MEDIAN OF UPPULURI DISTRIBUTION : INC0H2Cl+LN(2)/LA) .00000900 
C . UPL P.D.F.: F(W)=LA«W**CLA-1)»<1-W)*EXP(LA*U-W)> .00001000 
C . .00001100 
C . ** PARAMETERS ** .00001200 
C . ARG - A VALUE OF 1, NOT LESS THAN 1 .00001300 
C . .00001400 
C . ** REQUIRED SUBROUTINES ** .00001500 
C . .00001600 
C . ** METHOD OF COMPUTATION ** .00001700 
C . NEWTON-S ITERATION METHOD IS USED. .00001800 
C . .00001900 
C 00002000 
C 00002100 

DOUBLE PRECISION FUNCTION INC0H2CARG) 00002200 
REAL*8 Y ,T2 ,E ,DEPSyARG 00002300 
INTEGER IY 00002400 
DATA DEPS/l.D-12/ 00002500 
EQUIVALENCE (Y,IY) 00002600 
Y=ARG 00002700 
CALL SASFUN 00002800 
IF(Y.NE.O.ODO) GO TO 1 00002900 
IF(IY.NE.O) CALL SASFMS 00003000 

1 IFCY.LT.l.ODO .OR. Y.GT.1.050) CALL SASFER 00003100 
IF ( Y.GT.l.DO ) GO TO 10 00003200 
INC0H2=1.D0 00003300 
GO TO 80 00003400 

10 IF ( Y - 1.2D0 ) 15 / 15 , 20 00003500 
15 T2 = 0.7D0 00003600 

GO TO 25 00003700 
20 T2 = DEXP(-Y) 00003800 

IF < Y .GE. 27.66D0 ) GO TO 30 00003900 
25 T2 = T2 - (T2-DL0G(T2)-Y)*T2/CT2-1.D0) 00004000 

E = l.DO- (T2-DL0GCT2))/Y 00004100 
IF ( DABS<E) .GT. DEPS ) GO TO 25 00004200 

30 INC0H2=T2 00004300 
80 RETURN 00004400 

END 00004500 
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00000100 
..........00000200 

.00000300 
FUNCTION lNCOH2CARG) .00000400 

MADE BY S. KU阿AZA凶A 1/31/86 .00000500 
MODIFIED BY S. KUMAZAωA 8/08/90 .00000600 

布市 PURPOSE ** .00000700 
COMPUTATION OF INVERSED FUNCTION OF Y=T-LNCT) .00000800 
MEDIAN OF UPPULURl DISTRIBUTION INCOH2(1+LN(2)/LA) .00000900 
UPL P.D.F.: F(W)=LA ・w事事 (LA-1)・(l-W)事EXP(LA*(l・W)) .00001000 

.00001100 
事* PARAMETERS 事場 .00001200 

ARG - A VALUE OF Y， NOT LESS THAN 1 .00001300 
.00001400 

** REQUIRED SUBROUTINES ** .00001500 
.00001600 

**阿ETHOD OF COMPUTAT10N *車 .00001700
NEWTON-S 1TERAT10N 例ETHOD 1S USED. .00001800 

.00001900 
...00002000 

00002100 
00002200 
00002300 
00002400 
00002500 

00002600 
00002700 
00002800 
00002900 
00003000 
00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
00004100 

00004200 
00004300 
00004400 
00004500 

median of Uppuluri distribution 
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、 DOUBLE PREC1Sl0N 
REAL率8 Y ， T2 ， E 
INTEGER IY 
DATA DEPS/1.0-121 
EQUIVALENCE (Y，IY) 
Y=ARG 
CALL SASFUN 
IFCY.NE.O.ODO) GO TO 1 
IFCIY.NE.O) CALL SASF阿s
IF(Y.LT.l.0DO .OR. Y.GT.l.050) CALL SASFER 
IF ( Y.GT.l.DO ) GO TO 10 
1NCOH2=1.DO 
GO TO 80 
IF C Y - 1. 200 ) 
T2 0.700 
GO TO 25 
T2 DEXP (-Y) 

IF ( Y .GE. 27.66DO 】 GO TO 30 
T2 T2 - CT2-DLOG(T2)-Y)*T2/CT2-1.00) 
E 1.00- (T2-DLOG(T2))/Y 

IF C OABS(E) .GT. OEPS ) GO TO 25 
1NCOH2=T2 
RETURN 
ENO 

FUNCTION 1NCOH2CARG) 
，DEPS，ARG 
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4. 2 Mean of Uppuluri d i s t r i b u t i o n 
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FUNCTION UPLAV(LA) 
MADE BY S. KUMAZAWA 8/08/90 

** PURPOSE ** 
ARITHMETIC MEAN OF UPPULURI PROBABILITY DISTRIBUTION 
P.D.F.: F<W)=LA*W**<LA-l)*Cl-W)*EXPCLA*a-W>> 

** PARAMETERS ** 
LA - PARAMETER OF UPPULURI DISTRIBUTION < W UPL(LA) > 

** REQUIRED SUBROUTINES ** 
GAUSSA-GAUSS LEGENDRE INTEGRATION 
WFUNC -W*F<W) 

** METHOD OF COMPUTATION ** 
GAUSS-LEGENDRE INTERATION METHOD IS USED. 

DOUBLE PRECISION FUNCTION UPLAV(LA) 
DOUBLE PRECISION LA,AL/WFUNC 
INTEGER LL 
EQUIVALENCE CAL/LL) 
EXTERNAL WFUNC 
COMMON/UPL/AL 
AL = LA 
CALL SASFUN 
IFCAL.NE.O.DO) GO TO 1 
IFCLL.NE.O) CALL SASFMS 
IFCAL.GE.1D2) GO TO 10 
CALL GAUSSACWFUNC/ODO/IDO/48/UPLAV) 
GO TO 40 
IFCAL.GE.1D3) GO TO 20 
CALL GAUSSA(WFUNC/0.5D0/1D0,48/UPLAV) 
GO TO 40 
IF(AL.GE.5D3> GO TO 30 
CALL GAUSSACWFUNC/0.8D0/1D0/48/UPLAV) 
GO TO 40 
CALL GAUSSACWFUNC/O.93D0/1D0/48/UPLAV) 
CONTINUE 
RETURN 
END 

00000100 
..00000200 
.00000300 
.00000400 
.00000500 
.00000600 
.00000700 
.00000800 
.00000900 
.00001000 
.00001100 
.00001200 
.00001300 
.00001400 
.00001500 
.00001600 
.00001700 
.00001800 
.00001900 
.00002000 
00002100 
00002200 
00002300 
00002400 
00002500 
00002600 
00002700 
00002800 
00002900 
00003000 
00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
00004100 
00004200 
00004300 
00004400 
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00000100 
•••••••••••••••••••• .00000200 

.00000300 

FUNCTION UPLAV(LA) .00000400 

MADE BY S. KUMAZAWA 8/08/90 .00000500 
*噂 PURPOSE 本車 .00000600 

ARITHMETIC MEAN OF UPPULURI PROBABILITY D1STR1BUTION .00000700 
P.D.F.: F(W)=LA*刷樽本 (LA-1)噂 (l-W)*EXPCLA本 Cl-W)) .00000800 

.00000900 

** PARAMETERS 事* .00001000 
LA - PARAMETER OF UPPULURI DISTfilBUTION < W UPL(LA) > .00001100 

.00001200 

** REQUIRED SUBROUT1NES ** .00001300 
GAUSSA-GAUSS LEGENDRE INTEGRATION .00001400 
WFUNC -W事F(W) .00001500 

.00001600 
定* METHOD OF CO州PUTATION 本軍 .00001700 

GAUSS-LEGENDRE INTERATION METHOD lS USED. .00001800 
.00001900 

・ ・・・・ ...00002000
00002100 
00002200 
00002300 
00002400 

00002500 

00002600 
00002700 
00002800 
00002900 

00003000 

00003100 

00003200 
00003300 
00003400 

00003500 
00003600 

00003700 
00003800 
00003900 
00004000 

00004100 
00004200 

00004300 
00004400 
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DOU8LE PRECISION 
DOUBLE PRECISION 
INTEGER LL 
EQUIVALENCE (AL，LL) 
EXTERNAL WFUNC 

CO阿MON/UPL/AL
AL=LA 
CALL SASFUN 
lF(AL.NE.O.DO) GO TO 1 

IF(LL.NE.O) CALL SASFMS 

1 IF(AL.GE.1D2) GO TO 10 
CALL GAUSSA(WFUNC，ODO，lDO，48，UPLAV) 
GO TO 40 

10 IF(AL.GE.1D3) GO TO 20 
CALL GAUSSA(WFUNC，0.5DO，lDO，48，UPLAV) 
GO TO 40 

20 IF(AL.GE.5D3) GO TO 30 
CALL GAUSSA(WFUNC，0.8DO，lDO，48，UPLAV) 
GO TO 40 
CALL GAUSSA(WFUNC，0.93DO，lDO，48，UPLAV) 
CONTINUE 

RETURN 
END 

FUNCTION UPLAV(LA) 
LA，AL，WFUNC 
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4. 3 Var iance of Uppulur i d i s t r i b u t i o n 
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10 

20 

30 

40 

FUNCTION UPLVR(LA) 
MADE BY S . KUMAZAWA 8 / 0 8 / 9 0 

* * PURPOSE * * 
VARIANCE OF UPPULURI PROBABILITY DISTRIBUTION 
P.D.F. : F(W)=LA*W**(LA-1)*<1-W)*EXP(LA*(1-W>) 

** PARAMETERS ** 
LA - PARAMETER OF UPPULURI DISTRIBUTION < W UPL<LA> > 

** REQUIRED SUBROUTINES «« 
GAUSSA-GAUSS LEGENDRE INTEGRATION 
WFUNC -W*F(W> 
WWFNC -W*W*F(W) 

** METHOD OF COMPUTATION ** 
GAUSS-LEGENDRE INTERATION METHOD IS USED. 

DOUBLE PRECISION FUNCTION UPLVR(LA) 
DOUBLE PRECISION LA, AL/ WFUNC/WWFNCr UPLAV/UPLVV 
INTEGER LL 
EQUIVALENCE (AL/LL) 
EXTERNAL WFUNC 
EXTERNAL WWFNC 
COMMON /UPL/AL 
AL = LA 
CALL SASFUN 
IF(AL.NE.O.DO) GO TO 1 
IF(LL.NE.O) CALL SASFMS 
IFCAL.GE.1D2) GO TO 10 
CALL GAUSSA(WFUNC/ODO/IDO/48/UPLAV) 
CALL GAUSSA(WWFNC/000/100/48/UPLVV) 
GO TO 40 
IFCAL.GE.1D33 GO TO 20 
CALL GAUSSA(WFUNC/0.SDO/1D0/48/UPLAV) 
CALL GAUSSA(WWFNC/0.500/100/48/UPLVV) 
GO TO 40 
IF(AL.GE.5D3) GO TO 30 
CALL GAUSSA(WFUNC/0.800/1D0/48/UPLAV) 
CALL GAUSS A(WWFNC/0.800/100,48/UPLVV) 
GO TO 40 
CALL GAUSSA(WFUNC/0.9300,1DO/48/UPLAV) 
CALL GAUSSA(WWFNC/0.94D0/lD0/48/UPLVV) 
UPLVR=UPLVV-UPLAV*UPLAV 
RETURN 
END 

00000100 
..00000200 
.00000300 
.00000400 
.00000500 
.00000600 
.00000700 
.00000800 
.00000900 
.00001000 
.00001100 
.00001200 
.00001300 
.00001400 
.00001500 
.00001600 
.00001700 
•0000180J 
.00001900 
.00002000 
..00002100 
00002200 
00002300 
00002400 
00002500 
00002600 
00002700 
00002800 
00002900 
00003000 
00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
000038C0 
00003900 
00004000 
00004100 
00004200 
00004300 
00004400 
00004500 
00004600 
00004700 
00004800 
00004900 
00005000 

- 4 9 -

91 ・・ 025 JAERI-M 

00000100 
...00000200 

.00000300 
FUNCTION UPLVR(LA) .00000400 

MADE BY S. KUMAZAWA 8/08/90 .00000500 
議宿 PURPOSE 期* .00000600 

VARIANCE OF UPPULURl PROBABILITY DISTRIBUTION .00000700 
P.D.F.: F(W)=LA*ω車窓 (LA・1>事 (l-W)*EXP(LA*(l-W)) .00000800 

.00000900 
事務 PARf.METERS 事擁 .00001000 

LA - PARAMETER OF UPPULURI DISTRIBUTION < W UPL(LA) > .00001100 
.00001200 

獄事 REQUIRED SUBRDUTINES *恕 .00001300 

GAUSSA-GAUSS LEGENDRE lNTEGRATION .00001400 
WFUNC -W事F(凶 .00001500

WWFNC -W事W*f(W) .00001600 
.00001700 

本車内ETHDD OF CD阿PUTATION *本 .0000180叫

GAUSS-LEGENDRE INTERATIDN METHOD IS USED. .00001900 

.00002000 

•••••• .00002100 
00002200 
00002300 
00002400 

00002500 
00002600 

00002700 
00002800 
00002900 
00003000 

00003100 

00003200 

00003300 
00003400 
00003500 

00003600 
00003700 

0000:3800 
00003900 
00004000 

00004100 
00004200 

00004300 
00004400 
00004500 
00004600 

00004700 

00004800 
00004900 
00005000 

4.3 Variance of Uppuluri distribution 
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FUNCTION UPLVR(LA) 
LA，AL，WFUNC，WWFNC，UPLAV，UPLVV 

DOUBLE PREClSION 
DOU8LE PRECISIDN 
INTEGER LL 

EQUIVALENCE <AL，LL) 
E)/TERNAL WFUNC 
EXTERNAL WWFNC 
CO阿川ON IUPLlAL 

AL=LA 

CALL SASFUN 
IFCAL.NE.O.DO) GO TO 1 
IF(LL.NE.O) CALL SASi-MS 

1 IFCAL.GE.1D2) GD TD 10 
CALL GAUSSA(WFUNC，ODO，lDO，48，UPLAV) 
CALL GAUSSA(WωFNC，ODO，lDO，4B，UPLVV) 
GO TO 40 

10 IFCAL.GE.1D3) GD TO 20 
CALL GAUSSA(WFUNC，0.5DO，lDO，48，UPLAV) 
CALL GAUSSA(WωFNC，0.5DO，lDO，4B，UPLVV) 
GO TO 40 

20 IF(AL.GE.5D3) GO TO 30 
CALL GAUSSA(WFUNC，O.自DO，lDO，4B，UPLAV)
CALL GAUSSA(WWFNC，0.BDO，lDO，4B，UPLVV) 
GO TO 40 

30 CALL GAUSSA(WFUNC，0.93DO，lDO，48，UPLAV) 
CALL GAUSSA(WWFNC，0.94DO，lDO，48，UPLVV) 

40 UPLVR=UPLVV-UPLAV*UPLAV 
RETURN 
END 
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4.4 Gauss-Legendre in t eg ra t ion 
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SUBROUTINE GAUSSA ( FUNC/' A/ B, N/ S > 

** PURPOSE ** 
INTEGRAL OF A FUNCTION OF FUNC IN A FINITE INTERVAL FROM 
A TO B BY GAUSS-LEGENDRE INTEGRATION METHOD 

** PARAMETERS ** 
LA - PARAMETER OF UPPULURI DISTRIBUTION < W U 

FUNC - A DOUBLE PRECISION FUNCTION TO BE INTEGR 
A - LOWER LIMIT OF INTEGRAL(DOUBLE PRECISION 
B - UPPER LIMIT OF INTEGRAL(DOUBLE PRECISIO 
N - NUMBER OF NODE POINTS FOR GAUSS LEGENDRE INTEGRATI0N00001400 

N MUST BE 24 OR 48. ON THE CONTRARY N WILL BE 48 
S - RESULTANT INTEGRAL. . 

JPL(LA) 
iATED 
i) 
1) 

OO0OO1OO 
00000200 
00000300 
00000400 
00000500 
00000600 
00000700 
00000800 
00000900 
00001000 
oooouoo 
00001200 
00001300 

** REQUIRED SUBROUTINES ** 

** METHOD OF COMPUTATION ** 
GAUSS-LEGENDRE INTERATION METHOD /REF.:JAERI-M-8479(1979) 

REALi 
DATA 

*3 A,B 
Z24/ 
12*0 

0 
0 
0 
0 
0 
0 

DATA W24/ 
12*0 

0. 
0. 
0. 
0. 
0. 
0. 

248/ 
24*0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

DATA W48/ 

,S,FUNC,Z24(24),W2 4(24),Z48(48>^W48(48),Z(48)*W(48) 

DATA 

.ODO 

.191118867473616309159D0 

.433793507626045138437D0 

.648093651936975569252DO 

.820001985973902921954 DO 

.9382 745 5 2002732758524D0 

.995187219997021360180D0 

.ODO 

.125837456346828296121 DO 

. 115505668053725601353DO 

.097618652104113888270D0 
,073346481411080305734D0 
.044277438817419806169D0 
.012341229799987199547D0 

ODO 
09700469920946269893OD0 
224763790394689061225D0 
348755886292160738160D0 
466902904750958404545DO 
577224726083972703818D0 
67787237963266390521ODO 
767159032515740339254D0 
843588261624393530711 DO 
905879136715569672822D0 
9 5 2987 7031604 3086072300 
984124583722826857745D0 
998771007252426118601DO 

, 0.064056892862605626085D0 / 
0.315042679696163374387D0 
0.545421471388839535638D0 
0.740124191578554364244D0 
0.886415527004401034 21300 
0.974728555971309498198D0 

, 0.127938195346752156974D0 , 
0.121670472927803391204DO / 
0.107444270115965634783D0 / 
0.086190161531953275917D0 / 
0.05929858491543678074600 , 
0.028531388628933663181DO , 

0.032380170962869362033DO 
0.161222356068891718056D0 
0.28736248735545557673600 
0.408686481990716729916D0 
0.5 2316097472223303367800 
0.628867396776513623995D0 
0.724034130923814654674 DO 
0.807066204029442627083D0 
0.876572020274247885906D0 
0.931386690706554333114DO 
0.970591592546247250461D0 

.00001500 
00001600 
.00001700 
.00001800 
.00001900 
.00002000 
.00002100 
.00002200 

. .00002300 
00002400 
00002500 
00002600 
00002700 
00002800 
00002900 
00003000 
00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
00004100 
00004200 
00004300 
00004400 
00004500 
00004600 
00004700 
00004800 
00004900 
00005000 
00005100 
00005200 
00005300 
00005400 
00005500 
00005600 
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• • • .00000100 
.00000200 

SUBRDUTINE GAUSSA(FUNC，A，B，N，S) .00000300 
.00000400 

*本 PURPOSE 本本 .00000500 
lNTEGRAL OF A FUNCTION OF FUNC IN A FINITE INTERVAL FRDM .00000600 
A TO B BY GAUSS-LEGENDRE lNTEGRATlON METHDD .00000700 

.00000800 
単本 PARAMETERS 場事 .00000900 

LA - PARAMETER OF UPPULURI OISTRIBUTION < W UPL(LA) > .00001000 
FUNC - A OOUBLE PRECISION FUNCTIDN TO BE INTEGRATEO .00001100 
A 回 LOWER LIMIT DF INTEGRALCOOUBLE PRECISION) .00001200 
B - llPPER Ll帆lT OF INTEGRAL(OOUBLE PRECISION) .00001300 
N - NUM8ER OF NOOE POINTS FOR GAUSS LEGENORE lNTEGRATION00001400 

N MUST 8E 24 OR 48. ON THE CONTRARY N WILL BE 48 .00001500 
S - RESUL TANT lNTEGRAL. • 00001600 

.00001700 
率* REQUIRED SUBROUTINES 本車 .00001800 

.00001900 
** 阿ETHOO OF COMPUTATION 本家 .00002000 

GAUSS白 LEGENORE INTERATION 阿ETHOO IREF.:JAERI-M-8479(1ヲ79).00002100
.00002200 

...00002300 
00(J02400 
000つ2500
0000~600 
00002700 
00002800 
00002900 
00003000 
00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
00004100 
00004200 
00004300 
00004400 
00004500 
00004600 
00004700 
00004800 
00004900 

00005000 
00005100 
00005200 
00005300 
00005400 
00005500 
00005600 

int.egration 4.4 Gauss-I.egendre 
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REAL*8 A ， 8 ， S ， FUNC ， Z24(24) ， W24(24) ， Z48(48)~W48C48) ， Z(48) ， WC48) 

OATA 2241 

1 12本0.000
2 0.19111886747361630915900 

3 0.43379350762604513843700 
4 0.648093651守3697556925200
5 0.82000198597390292195400 
6 0.93827455200273275852400 
7 0.99518721999702136018000 
OATA W241 

1 12*0.000 
2 0.12583745634682829612100 
3 0.11550566805372560135300 
4 0.09761865210411388827000 
5 0.07334648141108030573400 
6 0.04427743881741980616900 
7 0.01234122979998719954700 
OATA 2481 

1 24志 0.000
2 0.09700469920946269893000 
3 0.22476379039468906122500 
4 0.34875588629216073816000 
5 0.46690290475095840454500 
6 0.57722472608397270381800 
7 0.67787237963266390521000 

8 0.76715903251574033925400 
9 0.84358826162439353071100 
A 0.90587913671556967282200 
B 0.95298770316043086072300 
C 0.984124583722826B5774500 
o 0.99877100725242611860100 
OATA W481 

，，，，，，，.， 

0.12793819534675215697400 ， 
0.12167047292780339120400 ， 
0.10744427011596563478300 ， 
0.08619016153195327591700 ， 
0.05929858491543678074600 ， 
0.02853138862893366318100 ， 

0.06405689286260562608500 
0.31504267969616337438700 

0.54542147138883953563800 
0.74012419157855436424400 
0.88641552700440103421300 
0.97472855597130949819800 

，
，
，
，
，
，
，
，
 

，
，
，
，
，
，
，
，
 

0.03238017096286936203300 ， 
0.16122235606889171805600 ， 
0.28736248735545557673600 ， 
0.40868648199071672991600 ， 
0.52316097472223303367800 ， 
0.62自86739677651362399500 ， 
0.72403413092381465467400 ， 
0.80706620402944262708300 ， 
0.87657202027424788590600 ， 
0.93138669070655433311400 ， 
0.97059159254624725046100 ， 
0.99353017226635075754800 ， 

，
，
，
，
，
，
，
，
，
，
，
，
，
，
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1 24*0.ODO , 0.06>'.737696812683922503D0 , 00005/00 
2 0.064466164435950082207DO , 0.06392423B584648186624D0 / 00005800 
3 0.063114192286254025657DO / 0.062039423159892663904D0 / 00005900 
4 0.06070443916589388005300 ., 0.059114B39698395635746D0 , 00006000 
5 0.05727729210040321570500 , 0.055199503699984162868D0 , 00006100 
6 0.052890189485193667096D0 , 0.050359035553854474958DO , 00006200 
7 0.04761665849249047482600 , 0.044674560856694280419D0 , 00006300 
8 0.041545082943464749214D0 , 0.038241351065830706317D0 / 00006400 
9 0.03477722256477043889300 / 0.0311672278327980B8902D0 / 00006500 
A 0.02742650970835694820000 , 0.023570760839324379141D0 , 00006600 
B 0.01961616045735552781400 , 0.015579315722943848728D0 , 00006700 
C 0.01147723457923453949000 , 0.007327553901276262102D0 / 00006800 
D 0.003153346052305838633D0 / 00006900 
IF(N.NE.24) GO TO 10 0000/000 
DO 5 1=13/24 00007100 
2(1) =224(1) 00007200 

5 W(I) =W24(J) 00007300 
NN=12 00007400 
GO TO 20 00007500 

10 DO 15 1=25,48 00007600 
? U ) =248(1) 00007700 

15 W(l) =W48(1> 00007800 
NN=24 00007900 

20 NNN=NN*2 00008000 
DO 25 1 = 1,NN 00008100 
1I=NNN-I+1 00008200 
2(1) =-2(II) 00008300 

25 W(I) =+W(II) 00008400 
00008500 

S = O.ODO 00008600 
DO 30 1=1,NNN 00008/00 
S = S + W(I)*FUNCC(B-A)*Z(I)*0.5DO + (B+A)*0.5D0) 00008800 

30 CONTINUE 00008900 
S = S* (B-A)*0.5DO 00009000 
RETURN 00009100 
FND O000'z(~00 
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DO 30 !=l，NNN 
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5 Integrand function of the first moment of Uppuluri distribution 

00000100 
00000200 
.00000300 

FUNCTION WFUNCCW) .00000400 
.00000500 

** PURPOSE ** .00000600 
PRODUCT OF W AND FCW) : W AND F(W) ARE/ RESPECTIVELY/ A .00000700 
VARIATE AND P.D.F. OF UPPULURI PROBABILITY DISTRIBUTION .00000800 

P.D.F.: F(W)=LA*W**(LA-1>*(1-W)*EXP<LA*(1-W)) .00000900 
.00001000 

»* PARAMETERS ** .00001100 
W - A POINT OF UPPULURI DISTRIBUTION .00001200 
AL - PARAMETER OV UPPULURI DISTR1BUTION,LA .00001300 

.00001400 
. ** REQUIRED SUBROUTINES ** .00001500 

.00001600 
** METHOD OF COMPUTATION ** .00001700 

.00001800 
00001900 
00002000 

DOUBLE PRECISION FUNCTION WFUNCCW) 00002100 
DOUBLE PRECISION AL/W/YY 00002200 
COMMON /UPL/AL 00002300 
YY=AL*C1.D0-W+DL0GCW>) 00002400 
WFUNC=AL*(1.D0-W>*DEXPCYY) 00002 500 
RETURN 00002600 
END 00002700 
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.................... ..・........................................・・・・・・・・・・..................・ ..........00000200

.00000300 
FUNCTION WFUNC(W) .00000400 

.00000500 
*本 PURPOSE ** .00000600 

PRODUCT OF W AND F(凶 W AND F(W) ARE， RESPECTIVELV， A .00000700 
VARIATE AND P.D.F. OF UPPULURI PR06A6lLITV DISTRl6UTION .00000800 

P.D.F.: F(W)=LA*凶事 *(LA-1)市 (1-W)*EXP(LA窓【 1-W)) .00000900 

.00001000 
. 様車 PARAMETERS *本 .00001100 

W - A POINT OF UprULURI DISTRl6UTION .00001200 
AL - PARAMETER O~ UPPULURI DISTRIBUTION.LA .00001300 P 

.00001400 
. ホ家 REQUIRED SUBROUTINES 事事 .00001500 

.00001600 
旗本間ETHOD OF COMPUTATION 率* .00001700 

.00001800 
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00002000 
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FUNCTION WFUNC(W) 
AL，W，VY 

-52-

DOUBLE PRECISION 
DOU6LE PRECISION 
CO問問ON IUPL/AL 
YV=AL*Cl.DO-W+DLOG(W)) 
凶FUNC=AL*(l.DO-W)旗DEXPCVY> 
RETURN 
END 
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6 Integrand function of the second moment of Uppuluri d i s t r i b u t i o n 

FUNCTION WWFNC(W) 
** PURPOSE ** 

PRODUCT OF W**2 AND F<W> : W AND 
A VARIATE AND P.D.F. OF UPPULURI 
P.D.F.: FCW)=LA*W**<LA-1)*(1-W>*E 

. ** PARAMETERS ** 
W - A POINT OF UPPULURI DISTRIB 
AL - PARAMETER OF UPPULURI DISTR 

. ** REQUIRED SUBROUTINES ** 

. ** METHOD OF COMPUTATION ** 

DOUBLE PRECISION FUNCTION WWFNCCW) 
DOUBLE PRECISION AL,W,YY 
COMMON /UPL/AL 
YY=AL*C1.D0-W+DL0GCW>) 
WWFNC=AL*H*(l.DO-W)*DEXPCYY) 
RETURN 
END 

OO0O0100 
.00000200 
.00000300 
.00000400 
.00000500 

FCW) ARE, RESPECTIVELY/ .00000600 
PROBABILITY DISTRIBUTION.00000700 
XP<LA*C1-W>> .00000800 

.00000900 

.00001000 
UTION .00001100 
IBUTI0N,LA .00001200 

.00001300 

.00001400 

.00001500 

.00001600 

.00001700 
00001800 
00001900 
00002000 
00002100 
00002200 
00002300 
00002400 
00002500 
00002600 
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• • • • • .00000100 
.00000200 

FUNCTION WWFNC(W) .00000300 
.00000400 

** PURPOSE *本 .00000500
PRODUCT OF W**2 AND F(W) W AND F(W) ARE， RESPECTIVELY， .00000600 
A VARIATE AND P.D.F. OF UPPULURI PROBABILITY DISTRIBUTION.00000700 
P.D.F.: F(W)=LA本凶事事 (LA-1)・ (l-W)事EXP(LA*(l・W)> .00000800 

.00000900 
*事 PARAMETERS 噂取 .00001000 

W - A POINT OF UPPULURI DISTRIBUTION .00001100 
AL - PARA阿ETER OF UPPULURl DISTRIBUTION，LA .00001200 

.00001300 
*事 REQUIRED SUBROUTINES *本 .00001400

.00001500 
本* METHOD OF COMPUTATION 本車 .00001600 

.00001700 
....00001800 

00001900 
00002000 
00002100 
00002200 
00002300 
00002400 
00002500 

00002600 
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FUNCTION WWFNC(W) 
AL，W，YY 
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DOUBLE PRECISION 
DOUBLE PRECISION 
COMMON IUPL/AL 
YY=AL*(l.DO-W+DLOG 【刷)) 

WWFNC=AL本凶*(1.DO-W>本DEXP(YY】

RETURN 

END 
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II: Ĵ . I t y*J '•>• * A »/ Pa N/m 2 

x*;ly*-.f | ; ' j i , ft fit if n. - IV J N-m 
r. 4!- . tt w * •y h W J / s 

ss a id , va ffi 9 - a y C A-s 
«<*.. '«re. fejJE/j # 'iy h V W/A 
» VE » fa 7 r 7 K F C/V 

m a « K * - A n V/A 
^ y ?" ? ? y T. •y - > y T. s A/V 
m * 0 i - y ' Wb V-3 
{& * *i IS T 7. 7 T \ W b / m 2 

4 y 9' 9 9 y x y\ y i) - H \Wb/A 
* ;u -y •? x fi iff •klW) XIS t 

\Wb/A 

3t * yiy - > y 1m cdv sr 
lmXm! m BE ;ly 7 7. Ix 
cdv sr 
lmXm! 

ft <H ffi *< 9 \S IV Bq -A 
US |R « fil v i> -r Gy J / k g \ 

J /kg \ « til "I fit •> - *< IV h Sv 
J / k g \ 
J /kg \ 

X fo iii IJ-

I S , i > . W> 
IJ y (• /U 

h y 

min , h, d 

1. L 
t 

'tlj l" +' ' l - 1- eV 
u 

1 eV * 1.60218 x 10"*J 

1 u~1.66054x |0-" kg 

S 4 SliJI-lcMSi/ff-Jli 

r, m „'li ••) 

j- y 9" 7. 1- o -- i. A 

/< y b 
A JV bar 

*" iv Gal 
* a '; - Ci 
u- y l- f y R 
7 ¥ rad 
V A r e m 

1 A=0 . lnm=10-" 'm 
I b=100fm !=10-"'m* 
I bar=0.l MPa = 10'Pa 
l G a l = l c m / s 2 = 10- 2 m/V 
lCi=3.7x10'°Bq 
1 R = 2 . 5 8 x l 0 ' C / k g 
1 rad = l cGy=10 2 Gy 
>rem=1cSv=10 2 Sv 

m teiifi, K ,iii '•) 

10'" X 9 •<*• E 
1 0 " y ^ 9 P 
1 0 " T 7 T 
10" * * G 
10" / *' M 
10' * IJ k 
10' y ^ • > 1- h 
10' T 1) do 

10-' T •y d 
10 ' * y -r- c 
10"' ; 'I m 
10 " V -f 9 u /' 
io - + / n 
10 " t " o P 
1 0 " " 7 x A V f 
10"'" T h a 

(it.) 
1. i i i 5 i i rMB»iM4*j ffy5IK. um 

ISIitiJiW 1985*|-:pJir(c J : S 0 fcfc'L. 1 eV 
fc ± y 1 u ffltifi (i CODATA CO 1986 q:}t'j» 
f i lci-yT 1 ; , , 

2. £ 4 K ( i f t ; ' i l , / y I-, T-ii; ^9 9 

- * t f t i n t i ' j « i n f f i w ' l t f * . ' * - " c 

3. b a r f i , J I S T ( i « £ W : « M : ^ * ^ ) + * « 
ftlClWO W-OUST- 3'iJ - ICv)8 i3 i - lT l> 
5„ 

4. EClHUftffl'Jfftffrlj-plibar. b a r n i J j ; 
r>' rifnn:«lli('/.j mmHg^/<2 i»* f3 i | 

N(=10 s dyn) 

9.80665 

4.44822 

kgf 

0.101972 

1 

0.453592 

Ibf 

0.224809 

2.20462 

tt IS 1 P a . s ( N . s / m 2 ) = 1 0 P ( * T * ) ( g / ( c m . s ) ) 

ftttfS 1 mVs= lO'SU x f - W (cmVs) 

rt; MPa(=10bar> kgf/cm 2 atm mmHg(Torr) ll)f/in'(psi> 

1 10.1972 9.86923 7.50062 x 10 J 145.038 

. fi 0.0980665 1 0.967841 735.559 14.2233 

0.101325 1.03323 1 760 14.6959 

\ 1.33322x10-' 1.35951 x 10"3 1.31579 x 10-3 1 1.93368 x 10 •' 

6.89476 x 10"' 7.03070 x 10"2 6.80460 x 10"2 51.7149 1 

X J ( = 10'erg) kgf 'm k W - h c a l U t i a ; ) Btu ft • Ibf eV 

IV 
*' 
1 

1 0.101972 2.77778x10"' 0.238889 9.47813x10" 0.737562 6.24150x10'" IV 
*' 
1 9.80665 1 2.72407 xlO" 6 2.34270 9.29487 x 10-' 7.23301 6.12082x10" 

•A. 

m nt 

3.6 xlO 6 3.67098 x 10 s 1 8.59999 x 10s 3412.13 2.65522 x 106 2.24694x10" •A. 

m nt 
4.18605 0.426858 1.16279x10 - ' 1 3.96759x10 s 3.08747 2.61272 x l O " 

•A. 

m nt 1055.06 107.586 2.93072x10-' 252.042 1 778.172 6.58515x10" 

1.35582 0.138255 3.76616x10-' 0.323890 1.28506x10" 1 8.46233x10'" 

1.60218x10" 1.63377 x 10"" 4.45050x10-" 3.82743 x lO- 2 0 1.51857 x l O 2 2 1.18171 x lO"" 1 

l ea l = 4.18605 J (al!it«;) 

--4.184 J miffl 

= 4.1855 J ( 1 5 ' O 

= 4.1868J([K!K.«xiA) 

(I'|f4 ! 1 PS«mt)> 
- 75 kgf-m/s 

= 735.499 W 

(& Bq Ci 

1 

3.7 x 10" 

2 .70270x10" 

1 

« Gy rad 

® 1 

0.01 

100 

1 

C/kg 

2.58 x 10' 

3876 

1 

Sv 

1 

0.01 

100 

I 

(86r-l2>126naft) 

rt: IMPa(=10bar) kgf/cm' atm mmHg(Torrl Ibf/in'( psi) 

10.1972 9.86923 7.50062 x 10' 145.038 

j} 0.0980665 0.967841 735.559 14.2233 

0.¥01325 1.03323 760 14.6959 
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1.33322 x ¥0-' 1.35951 X 10-3 1.31579 x 10' 3 1.93368 x 10 
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f( 1 811占4:tttuZおよび補助tj¥似

Itl 名称 d子じ一， ιEJ a 

iて さ メート Jレ m 

質 lit キ ログ ラム kg 

H年 /lil 紗 s 

'ill 流 アンベア A 

熱 j}"tiluU皇 ヶ，レピン K 

物質 lil モ 'レ mol 

光 1lJ' 力ン子日ラ cd 
一一一一一- 一一一一一 一一一一

、1'. Ifli f内 7ー Vが一Y ン- rad 

¥'L 体 fll ステラジアン sr 

表 3 I司1iの名称をもっ 81制1i'L1¥¥1な

lit れ fll; Jt! ~・;- {也のS1J11U1現/，~ 
による

問 政 数. ，、 Jレ 'y Hz s ' 
/1 ニュートン N m・kglぷ

11: j) ， 』ιj) ，<スカ Jレ Pa N/m' 
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磁 ~ ウェ-，イ Wb V.s 
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線 1量叫 lit νーベルト Sv 

換
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h
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、.予丸、;
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Ibf 

0.224809 

2.20462 

粘度 1Pa.s(N.s/m2)= 10P(ポ7ズ)(g/(cm・s))

Jbf，占Ill' 1m勺s=10'8t(ストークス )(cmりs)

国際単位系 (81)と換算表
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<iU 
1 表 5は rr同際'11(な系j第5版. [Iq際
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9.80665 2.72407 x 10-' 2.34270 9.29487 x 10' 3 7.23301 6.12082x 10" . 

仕事
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捜4 81とJ'<IC判定的に

制H寺される'1¥似
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オングストローム A 
，、r ン b 
，、〈 Jレ bar 
ガー Jv Gal 

キ ユ リ Ci 
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