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I. INTRODUCTION

ECR ion sources use a magnetic mirror geometry to trap charged
particles. It is well known /1/. that the motion of a charged particle
in a simple mirror can be decomposed in three parts: i) Larmor
rotation around the guidung centre, placed on a field line; ii)
azimuthal drift of the guiding centre, caused by a radial gradient of
the taeld; 111) longitudinal oscillation along a field 1line, by
reflection between the “mirror points”, This fact is briefly reviewed
in Se—~, ITI,

Unfortunately, plasma confinement in a simple mirror geonmetry is
unstable. To i1mprove stability multipole fields are commonly used. The
erfect of sextupole field is considered in the present paper.

The purpose of this paper 1s to calculate the energy gain of an
electron when it passes through a resonance zone. It was shown in our
recent paper"z'.’ that the amplitude growth in the case of fast passing
through resonance is inversely proportional to the sgquare root of the
passing rate at exact resonance. In Sec. IV we just apply a formula
derived in 2/, and study the effect of sextupole field on plasma

conf inement.

1I. THE MAGNETIC FIELD AND TE: RF FIELD OF ECR ION SOURCE

The static magnetic field of an ECR ion source is rotationally

symmetric, so that in cylindrical coordinates the magnetic vector

-
potential Ao has only one nonzero component - Anp' Substituting the
expression
w
— n+aA
AOP(r.z)— an(z)r
n=o0
into the equation
2
2 o acra,) L Acp_
A =eIJ= ———]t———= (2.1)
ap ar|r Ir azZ

it is easy to obtain A=1 and



-1»H"8!2M (5,
pAsl

2n = 2n+1 : a2n+1(7‘)50

where Bzo(z) is the axial component of magnetic field evaluated aloung
the axis of the machine, and upper index denotes ditferentiation with

respect to z. Therefore one has

® (.g)PgtZn o,
(rom= § oo P20 (2
né 2™ nintre

Let us define now the magnetic field Bzo(z) along the axis by the

A L2ntt .
op

expression

422
B, (2)=B [uu ?-J (2.2
where
Bnax L
u= "bo— -1 H 8 X=BZD[£ 5 (2.4)

and L is the length of the system (the distance boetween the "mirror
points”). The quantity g usually satisfies the inequality O<u<1,

-

Next we calculate the magnetic vector potential Am of the
multipole magnetic field, used for plasma confinement. Noting that the
only nonzera component is Amz(r.p) one limmediately obtains the

solution of the equation

2
ELY A
Pa__=rd. r~—-lz-]+--——"‘3 =0 2.5
mz Jr ar 2
I
in the form
w
- <] n )
Ap (T8 --nzic,nr costmpty, ). z.m
For a pure multipole field of muttiplicity m the coefficient Gul 1S
given by
2 bl 12
- lerlrp)+Bnp(rP)l ~ Bl(rp)
6= — P ¥ F o =.= 2.7)
.} m-1 n-1
nr nur
34 P

where rp is the pole radius of muitipole magnet. Here we study the
effect of sextupole magnetic field on plasma confinement.

Further we assume that the RF field is a TED mode. The electric

fi1eld has only an Err(r.z,t) component, which can be written in the

rorm/3/
rf “Eo
E "(r,.z,t)= J,(k_r)coskz cos(wt+y ) z.8)
P kr 1" "c (=]
where
2 4
2_w 2 in .,
k= -5 ~ K= -5 2.9
c r
res



oo

Jn(w) 1S a Bessel function of the trirst kKind, Fres is the resonator
radius, F.U 1s the amplitude of electric fi1eld and r-“ is the n-th root
1

.t .J‘(\-;) [ I WA .11(:-1“1 =01, Thais tield can be derived from a vector
potential

rt ED

A,z b= T (K r)CcoskEZ sinletiy ). t2.10)

f c 1 ¢ [¢)

sclor potentiat should be a <um ot (2.2), 2.6) and

Thu-  general

.

(2.1 =<0 that A-“(O.Ap..ﬂ\_,) where

2 3
. B v 2uB z uB T
A A ralTa D U L Yk rcoskz sin(otty ) (2.11a)
p oy 2 a2 . k 1 [ o
L 21 c
B‘Lr"l
AZ=A3Zf~-: o cus(J-{Hy-;J), (2.11b)
Jl‘p

11T, HAMILTONLAN FORMULATION OF MULTIPERIODIC PARTICLE MOTION IN

A MIRROR FLELD

The non-relativistic Hamiltonian function ot a pairticle of charge

q and mas<s m, moving in the field (2.11) as:

2
P r
PR I ]2 1 . 2
H 3n 4 2alf q:\r + Zm”'z qu) . (3. 1)

Let us introduce a canonical transformation, given by the penerating

e %
funct ron

2z 2.2 2
Ty .
l-” (x.y.X.Y)=[sgn(q)a,\'Y—;--—‘—2}-- ]mx XY H.-gn(q)g-x\' (3.2)
wvhere
-~ (MR
sgn(q)= a B a= (mw )1": H (A RN (3.3
Ta71 o o n
This ranonical transtormation  represents the part o le moat 1o 1N

carte<ian coordinates X, v wilh canonical nomenta p P, tnorerms of

guiding contere motion given by

x=1r tsgnep 2Py ' Fsinxt L yeltsgnopyraze )P Foosx (3.4a)
X7 Il tsgniq) (2P sin) ¢y lsentg 2 osX 3.

12

a 172 . a
=1 -Y4 s =.1s - > WX . .
Py 2[ Y sgn(q)(ZPx) cosX|} py 2l<ﬂl’l(q)Py (zrx) sinXl (3.4b)

Defining new canonical variables q,. qz. Pl‘ pz by
. ts2
—(dpz) rosqz {3.5a)

=p1 (3.50)

= 12_. .
Y—(sz) sing, B
X=q1 i
and making use of the relations

P
v

P
x
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2_2, 2 _ LY 1
rosx" 4y B z;'—ar'ctg:—‘; O L (\p e pp:xp,\'"'\'px (3.6}
one obtains
2.2 1.5 .
ro=S5lp, tp, tangnta) (o p,) 't.lntqi t ) (. 7ar
rp_s2sgnigq)( )"Qcoe-(« teg,) {4 1))
r Nty (pyp,, sta g, K2
.
(zp )1£cnsq +sgn(q)(dp 1 d§|nq?
PEAPCLE e e - GEy (3.7

SEN(A) (2p ) /?saniucp )‘ ‘)r;(nsq.)
2

=sgn{ Y " . 1.1

pf SEn q)(p2 pl) { Feh)
In order to proceed turther we sugzgest two assumptions. Figwt we
presume that (plfpz)ild 1, wvhaich 1mplies that the particle Larmot

radius 1s much smalier than 1ts gurding centre radius. This condition
15 satistied for particles apart f'rom a small regilon npear the axis,
and from (3.7c) one finds approximately -p--sr._:n(q)qz. The «econd
assunption 1= that the effect of RF fietd and sextupole can b treated
as perturbation and only terms of first order 1in E.‘0 and Bl are kept ain
the Hamiltonian (3.1).

Insert now expressions (3.7) into eg. (3.1) and average over fast

osciliations arround the guiding centre. The new Hamiltonan is:

H-H +e£H__+teH (3.4
[a] rf s
where
4
2 4z
+ 2w
’-dp p )+ l‘luopz’-
’. 2 1 P
pyt L,_HP ) :,] (3.9a)
L=
H _=-2 ' [£:3] f - ] )‘/?'cu"l"' ol g —wt - )
rt ! sgn q u A g 8 = SR ‘1 '12 #n
(3.9b)
3
w e
H_--p, S, sgnOp cusi3sgnCpda, by |} (3.9c)
< Z 4.4 2ot
P
|, jajs s Kk k r 2k
© 1 < {-1) C ,
R ER 7.1  aconst (3.10
v i P a G %y E k__z k‘(ldl)'( A cons 10)

and « 15 a rormal parameter, scrving as account of perturbation.
In order to complete the multiperiodic representation of particle

notton in the mirror trield we perforn one nore canonical

A
tran~taormation given by
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T e e i aii bk ¢

2P

U - ' 3 _ 2112
Fota,.q,.2.F P,.P) q1P1+q2P2+nuzjdz( 5w, " ] (3.11)
kP, .
ul?qt+'ii__;i 51n£Q3 H p1=P1 H Q2=q2 3 pz=P2 (3.12a)
ZPB 1/ 1.2
N (3. 126
wher e
pw P 12
_ 2 o1
w,= 2 [2 = J ) (3.133
The transtormed Hamiltonian averaged over fast longitudinal
nucillations reads as
2
. P, v, P
u e bove Pk S 1+-—‘- Fesintq -.2 (P +2P P ~——-—[P +4P +—3]P sin u3+
2] 2 P 3 3 2 1 2 P 3
mL 1 mL mu L 1
I 3,.3 X
+ Tgn———lP1+F2+9P1P2(P1+52)l (3.112a)
LI L
g HP +P2) 2uPy
w72y [P —-F sinfo, |senc VT, rep, Py
ma L mw L
icos(Qi+Q2-wt—wo) (3.14b)
.‘Zl.ol @, 1.2
xm—ty ()R 1P sencare
3nw r (=]
op
!lcoslssgn(q)Q2+Q3+w31+cosl353n(q)QZ—Q3+w31) (3.14c)
where
¥2P, P
_ 3 3
fepy P § 3 s{k T J‘st[F] (3197

58 1 Vi 1

~
The next step is to introduce resonant canonical variables ai'Pi

by a canonical transformation with the fellowing generating function:
Fz(oi’Piit)=(01+Q2_wt-wo)P1+Q2P2+Q3P3. (3.16)

The new canonical variables are:
QO —wt-w ; P.=P. ; a.=0. ; P.=P +P. : a.=qQ. ; P.=b_ (3.
a, =QtQ,-wt-y  ; P.=P, ; a,=Q, ; Py=P +P, ; a,=Q, ; Py=P;. (3.17)
For the resonant Hamiltonian one finds

~

P
~ ~ 2u 2Y\N2_ . 4 20 a2 _aoa
¥ —aub +u B +Eh(r 2)BEsin%a —2hableef B

mL P mL
1
a2
ue, =4 ~ P2 ~ 2
- 6P _+6P_+— P _sin a,+. .. (3.18a)
2 1 2~ 3 3 .
nwDL P1

5
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¥ 1 2 L2 A2 A A
x =20 [——————————-+-——~—sxn a ]sgn(q)(P +P P,) i(P N )co>a
rf 4 e 12 nw L2 3 11 2 1
o 4
(3.180)
. 20, 12, . 12
W = ee— [ J P (P_P_ ) Sgniglx
S ane rd v, 223
o p
#(cos(3sgn(q)a2+a3+w3l-lcoslSsgn(q!a2—33+q131 )} (3.18c1

and .dw=wo-'w is the actual frequency depart {(resonance detuning).

IVv. MAXIMUM ENERGY GAIN OF AN ELECTRON, PASSING THROUGH

RESONANCE
. -4 . .
Here we apply our previous results about fast passing through
resonance in order to calculate the maximum energy gain of an
electron, passing through resonance zones 1n FCR ion source. The

unperturbed resonant frequency @, is found from eq. (3.183) to be

. uu P F,
— sin1a “(JP +P )+-——-« -?——1—[_—-6]31n2a3 (1. 12

3 mL2 12 2nme L l?'2 P
[a] 1} 1

The resonant frequency @y exhibits fast oscillations for given f‘j.;z

and 53. Solving equation wj =0 one can find the resonant values of a1

(aj;\:w t+¢ ). This equation has in general four roots, which define

faur resonance zones placed symmetrically in couples on both sides of
the mirror plane.
Foilowing -2~/ we define a canonical transformation (al,Fi) -

(ai“?i, by

O
n aGn(ak“k‘ )
ai=ai+ 25 B ; =g
n=1 i

The functions Gn(ak,i 3 t) should be determined so that ‘?i become exact

3(: (a .‘?. i

da .
1

(4.2)

|
lef

invariants of motion. For the maximum energy gain of an electron

passing through m-th resonance zone we obtain [see formula (3.19) in

~2/1
4E (m) —w AP (m)=2w w 2x 12 !_-L_‘(_Zm _21-‘_{3_ sinza »
imax o 1imax o EY 2 2 3m
mw L mw_L
|w1(a3m)| ) z
12 -
*‘ﬁ*":“’z’ £0F,, &) (4.3)

A



where o 15 the m th root of equation o (aq)=0 and

3m 1
. le
w tay a=e G [ (4.4
3 3m .
Noter that given the i1nvariants ,'ll the equation lwl(a3)]5 _g O
iy
mav  po<Less onlyvy two real roots for some values of _.'?-l. By the

o
cancenical perturbation theory it can be easily seen that ZX_S in eq.

(3.18¢) provides slight modulation of lt’;‘2 and P according to

3

l'2= ,._‘}z-bal x»_cns(.faz ~ay "’3’ +x+cos(daz+a3—y13) 1 t4.5a)
F'3=jf3—x‘c«)s(:iaz—a?'-wa)+x*cos(332+aa--w3) {4.5b)
where -
?.wl Uz‘ 172 e
#_=SENLG) o g e ———] VIR (4.6a)
- 2 w 2 “2v3
3me r (3w,-«.) ' 0
op 2 3
2wl "‘z 172 ~
x, =sgniq) -y e |2 K2 £ (4.6b)
+ . w e YeYs
3me r (3w, vw,) * O
> o 2 3
Ks 5 2,
w2=_~3_l-f_é ?_3 _‘fg‘?i-f. .. i mq:mz+'«3—”—2- [2+?—2] Fato (4.6¢C)
4nl” Y1 mlL b 2ml e SO

The enquation [“'1(33'JF g =0 has four real roots with account of
i

':‘“1283.‘.1 if the 1nequalities

dml,z’,’i mszd"Fl 2}.’?
; O m ooy e Do - (B8 47,040 (1.7a)
! A 2 "
2uGyy, WISy I,
w, ¢ ?2
o &mo]sa (4. 7Dy
'3

hold. The ineq. (4.7b) is fulfilled for a wide range of 4w, g and ,?1.

' 2 2 2
mw mw_r mo_z
Iff one assumes that # p—g a2 PL and # -2 wvhere ¢ is
g R Tl v T2t T2 T3tz ' i L7
the Larmor radius of electron, r is the radius of plasma border and

pl
zm is the maximum deviation from the mirror plane, a simple criterion

for scaling the ECR 1on source can be obtained.

Let us consider the following example: energy of electrons - 1

(Al
keV, cyclotron frequency at minimum B - 2—2—=9 GHz, distance between
“mirror points® - L=35 cm, radius of plasma border - rplle cm and

w=1.1. For the frequency of RF field one finds %%313.933734 GHz.

s &



V. CONCLUDING REMARKS

As a result of the wnvestigation performed a formula for Lhe
maximum energy gain [formula (4.3)1 of an electron passing through
Electron Cyclotron Resonance has been derived. From eq. (4.1) 1t 1%
clear that the resonance zone position depends on the resonance

detuning, as well as on u and on the amplitude of tongrtudinatl

ascitlations.
The energy gain for one perwad uof tongitudipat oscitlation wiilt
be the sum of energy gains when passing the resonance zones ofL ofee

51de of the mirrar multiplied by a factor af four.
The author wishes to thank A.A.Efremov and especiatly Dr.

V.B.Kutner for nany 1tluminating di1scussi1ons and interest LLe

suggestions,
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llesos C.H. E9-90-520
BblcOKOUACTOTHBIN HarpeB 3JIeKTPOHOB
B ECR HOHHOM HCTOUHHKe

IlpyupocT 2HepruH 3JIeKTPOHa NPH IPOXOXIEHHH uepes pe3so-—
HaHcHYW0 30HY B ECR HMDHHOM HMCTOuUHHMKE paccuUHTaH [IpH [MOMOUH
KaHOHHuecKo# TeOpHH Bo3MyumeHUs, PaccmorpeH 3ddexT cexeTy-
[OJILHOTO MATYHTHOTO MOJIA Mo YOEPKAHHI [J1a3Mbl,

Pa6oTa BbinonHeHa B JlabopaTopHu sigepHbX peakuuit OUAH.

Coobuenne ObbennHeHHOro0 HHCTHTYTa ACPHBIX HCclenoBaHmil. [y6ua 1990

.in ECR Ion Sources

Tzenov S.I. E9-90-520
High-Frequency Heating of Electrons

The energy gain of an electron, passing a single
resonance zone in ECR ion source has been calculated,
using canonical perturbation technique. The effect of
sextupole magnetic field on plasma confinement has been
studied.

The investigation has been performed at the Laboratory
of Nuclear Reactions, JINR.
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