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Abstract

S.M.Sergeev. Spectral decompositions of R matrices for exceptional Lie algebras:
IHEP Preprint 90-163. — Protvino, 1990. — p. 7, refs.: 5.

In this paper we present spectral decompositions of R matrices for vector repre-
sentat ons of exceptional Lie algebras.

Аннотация
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В настоящей работе мы представляем спектральные разложения R матриц
для векторных представлений исключительных алгебр Ли.
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1.Introduction.

Quantum group structures are playing an important role in many
branches of mathematical physics. They have been a key to understand
the intimate relations among the resent developments in conformal field
theories, operator algebras, link invariants and exactly solvable models.

Historically quantum group appears in the quantum inverse problem
as a specific structure of L operator, obeying

Ru{xly)Lx{x)L2{y) = L2(y)L1(x)R12(x/y) (1-1)

for the given intertvining operator R (six-vertex R matrix). Here R itself
was found from the Young-Baxter equation that is the associativity condi-
tion (Jacoby identity) for (1.1)

Д12(х/2/)Д13(х)Д23(2/) = R22(y)Riz(x)Ri2(x/y) (1.2)

Under some simplifications of L operator (with a loss of generality)
quantum deformation appears to have a simple form. So it is convinient
to solve the linear problem of type (1.1) instead of cubic relation (1.2) in
order to find R matrix, associated with the given Lie algebra.

Now R matrices for several representations for An,Bn,Cn, Dn and G2

algebras have been build [1,2,3]. The aim of our paper is to complete the
list of known spectral decompositions by exceptional fundamental ones.

The well known constructions for the quantum group and R matrix
are described in section 2. In section 3 we describe briefly the exceptional
algebras of type En and F± and present spectral decomposition for their R
matrices.



2.Quantum group and R matrix.

Let QW be an affine Lie algebra and Q be its classical part with a
Cartan subalgebra 7i; {a} = По be fundamental system of Q^\ and, cor-
respondingly, {Ha} be set of co-roots, so that Aap — ot{Hp) be Cartan
matrix. It is convinient to choose H* = H so that ot{H) = {a,H), where
(.,.) being the Killing form. Also let r(A) mean irreducible representation
of G with higest weight A. Che valley basis of QW is given by

We adopt the convention so that \long root\2 = 2. Let

m(a) = J2£ ) m = r ^ — (2.1)
(aa) (ata)

as -short root. Then quantum group Uq(Q^) can be described by defor-
mation of Che valley basis:

[HEa] = a(H)EQ

[HFa] = -a(H)Fa (2.2)

\F P l - Л И ^ 1 Щ
[EaFp]-6*p [ m ( e ) ]

where a, /3 belong to the fundamental system of roots. Hereafter we adopt
the conventional notation:

Formally one can introduce the co-multiplication of the following form:

Aq(HQ) = Ha ® 1 + 1 ® Ha

Aq(Ea) = Ea® q-ma + qma <g> Ea

Aq{Fa) = Fa® q-ma + qma ® Fa (2.4)

= tME0 ® q~mao + Uqmaa ® Eo
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= t~lF
0

Here fi, v stand for higest weights of corresponding irreducible representa-
tions and the ratio x2 — t^/tv is the spectral parameter.

The first part of (2.4) is a Hopf algebra homomorphism, that allows
one to build theory of representations.

The most essential problem is to build the affme generators for irre-
ducible representations of quantum groups, where EQ and Fo do not co-
incide. It is easy to show that for adjoint representations of all algebras
(except An) EQ and Fo do not exist, and irreducible adjoint representation
of deformed affine algebra is equivalent to direct sum of adjoint and trivial
representations of deformed semisimple algebra. Investigations for every
semisimple algebra show that affine generators for fundamental representa-
tion (i exist iff (fi, в) = 1.

The Yang-Baxter equation is the associativity condition for the linear
equations

R^(x) A? (Ea) = де;д(Яв)Д„„(*) (2-5)

x2 = tjtv; a e {По}

An obvious solution for (2.5) reads

where r(X) 6 r(/x) ® r(v) (2.6)

Неге |Л,тпл >, and |А,тл >i/q are the vectors of r(A), constructed
with a help of &q(G) and Av/q(G) comultiplications.

Functions p\{x) are to be found by treating equation (2.5) for the affine
generator. Namely, let |WJ > q and x/q < u>i\ are some vectors of r(o>j)g

and r(wj)i/9. Taking the matrix element of (2.5) between two appropriate
vectors of such type one obtains

\ { ) \ >q

i / ,



where numerator and denominator of (2.7) are implied to be nonzero.
In case of exceptional algebras Ей and FQ don't depend on q, so rela-

tions (2.7) are of the form, providing the unitarity:

рш. z~ V ' J ~ xq~Pii '

and the set of {pij} determines all the functions p\ uniquely.
We have found all these sets by direct calculations of quantum Clebsh-

Gordon coefficients for every case involved with the help of analytical cal-
culation system.

Note, that in all cases constant R matrices agree with Reshetikhin's
formula [5]:

where pj" are the asymptotic values of p\{x) under x —> +00, and

1

a>0 a>0



3.Exceptional Lie algebras.

In this part we follow notations of [4]. r(fi) means an irreducible rep-
resentation of weight ft. Representations r(/i) such that (/i,#) = 1 we shall
call as vector representations. We use notation £i,i = 1 ...n for R n or-
thonormal basis. Also we use a spectral parameter и instead of x = qu.

3.1 The F4 algebra.
We choose the fundamental system of roots of the form

O!l=£2-£3? «2 = ^3-^4, a3 = £4,

«4 = 2^1 ~e2 ~£з ~£i)

Decomposition of the tensor product the for vector representation is

= r(0) ф r(w4) ф г(ш\) @ r(o/3) ®

and a corresponding spectral decomposition for the fundamental R matrix
is

[1 - «][4 + u][6 - u][9 + u]

рШ1 = [1 + u][4 - u][6 + u][9 + ti] (3.1)

= [1 - u][4 + u][6 + «][9 + «]

= [1 + «][4 + «][6 + ti][9 + u]

3.2 The EB algebra.
The fundamental root system is of the form

«г = -^(ei + e8) - -(£2+£з + £4 + е5

«2 = £i + £2, <*з = £2 - £ i , «4 =

«5 = ^4 - £3, «6 = e 5 - £4

For the vector representation:



= г(шв) ф r(w3) ф

= [l-tt][4 + «] (3.2)

= [1 + «][4 + u)

For the product of condjugated representations we have:

г(ш6) = r(ui + o>6) Ф r(w2) Ф r(O)

(3.3)

3.3 The E7 algebra.
The fundamental root system is

X(ei + £8) 2(£2 + £з + 4̂ + 5̂ + ее + е7)

<*2 — £\ + ^2, <*3 = 62 — S\, a 4 = £3 - e 2

a s = £4 - £3, a 6 = £5 - £4> «7 = ее - £5

For the vector representation we have:

г(ш7) <S> г(ш7) = r(0) ф r(w6) Ф r(^i) Ф

(3.4)

3.4 The Es algebra.
There axe no vector representation, so the R matrix in standart diag-

onal form does not exist.
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