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I. INTRODUCTION 

The most commonly used approximation In the study of beam-beam 
Interaction Is the "strong-weak" case, namely, the case where the 
particles In one of the beams (called the weak beam) are perturbed by 
the beam-beam force. This force usually causes blowup of the 
transverse beam size with consequent loss of luminosity, and Imposes 
severe limitations on the performance of a colliding beam storage 
device. The synchrotron radiation In ее storage rings may, however, 
Improve the situation, for particle distribution Is determined by the 
balance between the quantum fluctuations and radiation damping on the 
one hand and the beam resonant terms on the other hand. 

In the present paper we study the dlsslpative particle dynamics 
In ее storage rings in the presence of linear synchro-betatron 
coupling, via nonzero dispersion at the interaction point. In a real 
machine there Is an absorbing boundary, such as the vacuum chamber. 
Mathematically such a boundary Is expressed by the equality between 
the beam size and the aperture of the vacuum chamber. Particles 
diffusing as a result of the stochastic photon emission would be 
absorbed at the walls. Much attention Is paid in Sec. IV to the exit 
(escape) time, needed for the above process, called the beam lifetime. 

II. CANONICAL TRANSFORMATIONS AND THE FOKKER-PLANCK EQUATION 

Our starting equations are the following stochastic equations of 
motion 

dt <№ dX ан +<Пи>*Т?и?(в), (2.1b) - ds" - W •• s "" ?TTT " V ' V 
where the Hamlltonlan of an electron with rest mass я and charge e is 
taken In the form HJi 
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H=-(l+xK) (й-еф)' р -еА. -(1+хК)еА (2.2) 

with the curve length s as an independent variable. The curvature of 
the design orbit is denoted by K; # being the total energy and 
A- A ,A ,A Is the vector potential of electromagnetic field. The 
quantities <П >, <П >, П,. and П in formulae (2.1) are defined in 

и п и п 
terms of the original Hamiltonian H and the mean and fluctuating parts 
of the radiated power as follows [2): 

<n u>. <П >=co t d» (2.3a) 

2 V, CJ~ 

V" 3H_ 
dp и 

3 ttH 
V P УС2Г W (2.3b) 

where p is the total momentum, ?" is the Lorentz factor and [3] 
2r 7 55r tic 

с = К"(в1 : с = 
1 

К ( s ) 
im с 

2 24V— 3 

3 К ( s ) ( 2 . 4 a ) 
КЗ m 

4TIE m с о е 

( 2 . 4 b ) 

Furthermore ?(s) is a centred, Gaussian Markov process having the 
formal properties: 

<£(s)> = О ; <?(s)?(s)> = S(s-s'). (2.5) 
the bracket <...> means the expectation value of the expression 
enter ing it. 

Here we consider the horizontal motion of an electron, where the 
contribution from synchrotron motion is realized via non-zero 
dispersion. Applying the non-canonical scaling transformation 

=4 -0 ct=t h= (2.6) 
*,E, 

one can write eqs. (2.1), taking the azimuthal angle ^ as a new 
independent variable instead of s, in the form: 
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ah 

р.=- §7 + < п > + п Е ш , 

•JLJ 

( 2 . 7 а ) 

( 2 . 7 b ) 

where (3 , р and E are the relative velocity, momentum and energy of 
the synchronous particle respectively, and 

4 
<П > = -
P 
r 

c l p 3» 

П = — 
p IT 

с p лр 
os :•: 

p" 3H_. 
C~P„ №. 

<nh>= 

V 

C 1 P Po, 3H 
„I-2 t9h ' В Е 
5 5 

<=,rJ p V 
Й 2 

0 E <»n 

( 2.8a) 

(2.8b) 

H= RH (2.9) 

The dot in eqe. (2.7) means differentiation with respect to $ and R 
stands for the mean machine radius. 

We are rnady now to perform four canonical transformations 
successively, from the variables (2.6) to the action-angle variables 
I ' i i J ,ci i and J ,oC i. Three of them are linear in the old and new 
canonical variables, so that there are no serious difficulties in the 
utilization of the basic rules of Ito calculus. We first write down 
1П: 

( i ) The f i r s t canon ica l t r a n s f o r m a t i o n w i t h a g e n e r a t i n g f u n c t i o n 

(Hi x.p .-co;-* =xp..+< n* — 
о! 

•nR.fr ( 2 . 1 0 ) 

P.=P o=t+R* n=h- — ( 2 . 1 0 a ) 

dF, 
H H 

a* 
( 2 . 1 0 b ) 

(ii) The second canonical transformation given by the generating 
funct ion 
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F ^ ' [ x , p v , 0 , n ; * ) = p v ( x - 4 i n ) * ^ - Ш г , Ч б Г ) ( 2 . 1 1 ) 

p. =p -
V) 6=0+ jjp -фр_ ; 0 = т) . (2.11а) 

H = H + J * 
( 2 . 1 1 b ) 

where Ф i s t h e d i s p e r s i o n , s a t i s f y i n g t h e d i f f e r e n t i a l e q u a t i o n 

, - о _ '58." d Ш 2 
— Z ( Gi|l = KR G=K R +R 

o f 
£x 

(ill) The third canonical transformation, whose generating 
funcrion is 

F, |x.P.d,n;*j= _ • _ - • „I, (2.12) 

v& 
' л/-- Bx 

p.p„V 0 - - H -
2 R K 0 

(2.12a) 

iff. 
H = H < 

,?* 
(2.12b) 

The w e l l - K n o w n j j - f u n c t j o n i s a s o l u t i o n of t h e e q u a t i o n [ 1 , 3 ] : 

? f " £ * ̂  R2 

2 4 

Fquat i o n s ( 2 . 7 ) a r e t r a n s f o r m e d s t r a i g h t f o r w a r d l y t o g i v e 

x . £ . JU„ >- JE n^ut) 

<n >-
p 

ф «Ф 
R * (3 

: V •Vc 
R Q 

( 2 . 1 3 a ) 

; < + ) , ( 2 . 1 3 b ) 

o= - - -Ф<П >-ФП Е.ш 
JD p p 

( 2 . 1 3 c ) 



r j = - £S +<П.>+П.5и) . (2.13d) 
n h 

da 

- - h 
The l a s t c a n o n i c a l t r a n s f o r m a t i o n needs some more work f o r i t i s 

n o n l i n e a r i n t h e c a n o n i c a l v a r i a b l e s . From t h e g e n e r a t i n g f u n c t i o n [ 1 ) 

we f i n d 

S 1 ( x > < K , A c ? ( o t 5 ; ^ j = - jj-tg4> -\ ^ f ^ - t g a s ( 2 . 1 4 ) 

X = V 2J cosij) ; P = -V 2J sinq> . ( 2 . 1 b a ) 

ДО = у -—• cosoi_ ; Г) = -V 2AJ_sin.:i_ , ( 2 . l i b ) 
\ 

<Р=Й +Х - v . . * 

ft = H + - — , ( 2 . 15c) 

R _ R_ i d ^ 
0 

, ^ ° *< 
A = -=— - -, с о э ф ; tio=0-<i 

* 2m3V?-
The q u a n t i t y UE i s t h e t o t a l ene rgy g a i n per r e v o l u t i o n , U i s t he 

° > _2 
ha rmon ic a c c e l e r a t i o n mode and ^-~X-y *" (ot.. b e i n g t h e momentum 

M i M 

compaction factor). Next we represent the action and angle variables 
as functions of X, P, ur, 'i and utilize Ito formula for the change of 
variables (see e.g. [4]). Note that 

i I 2 ; i . . - . . , _ „ . _ „ „ . „ I P ) J . = г ! х * p I • K - = v-* _ x.~ a r c t g l x i 
and t h e r e f o r e 

1 2 1 2 
dJ = XdX • PdP + - ( d X ) + - ( d P ) ( 2 . 1 6 a ) 
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{ \ P X XP 2 XP ^ X -P 
d« =|v -X ) ^ + J,-<1X" 5 F < I P ^ ( d X ) * ~ ~ ^ < d F > ) " + 5 ^ x d P • (2.16b) 

>: :•: 4J~ 4J~ 4J 

Substitute now eqs. (2.13a,b) into the last two equations and use the 
basic rules of Ito stochastic differential calculus [4]: 

?d^" = 0 ; H'd*' = d* . (2.17) 
The calculations are straightforward but tedious, giving the following 
f mal r esu It : 

J - Иг •<п'У>>*п!1<,?(« , ( 2 . 1 B a ) 

v g- +<K X )^> • ( 2 . 1 8 b ) 

where 

<П. t|i у — совф - l> 20J^ 1 • Ш. 
R В 

sin<)> < Л > - V 2 0 J э т ф < П ~ + h •. p 

ш 2 0 
+ i - n + -

20 h 2 

ф «Ф 
R + 0 

Ф I/' - ^ совф - V 20J^ Ф + «Ф 
R 0 япф 

( 2 . 1 9 a ) 

Л -V 20J s i n * П , ( 2 . 1 9 b ) h x p 

< п й >= 
|1в1Пф 

УгвГу У 

Ф Х 

/ 2 J 
Ф + ЙФ 
R 0 

совф / 6 „ в!п2ф 
<П.> - / ~- созф<П > + ._ v 

h у 2J р 4J 

-о п _ * • « * 
р R 0 

фсов2ф 
2J 

Ф Лф 
R + 0 n h , ( 2 . 1 9 с ) 

. (>:> фв!пф 

W i t h t h e e q u a t i o n s 

V 0 
2J 

Ф «ф. 

I + г | с о з ф 

ft 
П. - / 5Г - c o s ,' > п • (2.i9d) ]/ 2 J

y P 

J = 
2 - 2 "2 X (АО) +0 

2Я ol =-arctg (2.20) 

in hand one can obtain exactly in the same manner similar stochastic 
differential equations for the longitudinal action-angle variables. 
They are: 
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0 <J) d ) t 

J =- 1— *<П. > + П ч Ш ( 2 . 2 1 a ) 

0. <s> <s>t 

I (JJ <* ОС 

where 

(2.21b) 

( i ) i / / i 
<П. > = -l|)K2AJ cose* <fl >- l / - r - s i n * <П.-> + 

л * л n 
i h 

h 
2\ 

П.* =-i(iI/2AJ cosrt П - 1/ - r 1 sintf П. , 
j s s p К A * Ь 

(2.22a) 

(2.22b) 

<П , >= Ф / =z- sintf <П >-ot l/ 2J i p 

AV Jl sin2« n,sin2« 

VnT h 

s 
фП П cos2o! 

p h I 

I-. 

(2 27c) 

П « = ф - / 2J sine: n 
p V^TJ- h 

(2.22d) 

I t i s well-known (.4] that the s tochas t i c process, governed by the 

equations ( 2 . I B ) and (2 .21) may be equ i va len t l y descr ibed by л 

corresponding Fokker-Planck equation for the t r a n s i t i o n p r o b a b i l i t y 

p -a ,J , i , ,J ;i\, which reads as 

JL 2*. •<„«>>],]• i _ а 1 _ [ п " > п " > , 1 , 
дА. j J J 2 ,9o( ,9tf. I oi * 

l l * 

5 lii'WN l '? 

2 < J J . < ? J V 

I <i> H> 
П П. P 

1 J .1 
(2.23) 

da . ЭJ t. '• й 

where i=(x,s), k=(x,s) and summation over repeated indices is implied. 

We recall that each of <П >, <TI >, П and П may be found explioitely 
p h p h 

from (2.8), (2.9) and (2.2), using the canonical transformations 

(2 10-12) and (2.14) with the result: 

<П > = 
F 

3 
с р R 

1 OS 
/ 2J_ • -. 

^ V2AJ= s inrt s + у —^- [ s i n t • йсоэф] ( 2 . 2 4 a ) 
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o p R , 
( 2 . 24b ) 

I c,r"R p ' , 2J 
— L _ ^ _ i i * У 2 ? , л s i n « * ,.' - ^ 

!R 5 i f f : 
|sinij> + (хсоэф (2.24C) 

,J" В P , 
.-_L__.°-i|lH5-ein« (2.24d) 

Since we ai e interested mainly in trie establishment of 
<?qu 11 ibr ium on the scale of the damping times, we may average over the 
f t'l.il lvcly r.hor t tevolul ion time scale as well as the phase of 
r.yin hi '»ti on and bet at i on os'.:illat ions. In the averaging procedure we 
i ft.il" tei tns with slow variation in the angle variables (the resonance 
terms) in the original Hamiltonian Я and drop such terms arising from 
t tie diffusion part of the FoUker -Planck equation (2.23). After some 
simple algebraic manipulations one obtains the result: 

i* 
,irj. 

-2tf J +2q F + 
О 1 1 I J 

1 
+ — 2 dm: 

- - 4q;J P (2.25) 

where t he app rox ima t i on П = 0 and II 
p <• 

V с ./"в p̂  

E~ 
has been 

used and the f o l l o w i n g n o t a t i o n s : 

3 it 
° 1 R P " 

•l~"-
II 3 6 
\\cj- Rp 

X = 

С Rp 
1 oj фф 

it 3 6 
K>" R P- . 

= 4 Я , 

ф + «ф 
R 0 

( 2 . 26a ) 

( 2 . 26b ) 

( 2 . 2 6 c ) 
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c l R p

O I I - 2 * 
U ° 

(2.26d) 

211 
have been introduced II- •11,= — Jd^...|. The Hamiltonian ?f with 

account of the linear synchro-betatron resonance via nonzero 
dispersion щ at the interaction point is well-known to be (1] 

jf= V +Д- ' | j " | v +UV Ь + 2 Й уГ3 5 C o s j« +0i -Ш<Г*Ф, , ( 2 . 2 7 ) 
\ >: *.} >: I. s s i s s V • s • •: s lr .' 

where 

1 + 0 * t uv =-
l + 0 = A4<~ 

Я = 
n-o" VTV 

Vo 

( 2 . 2 8 a ) 

( 2 . 2 8 b ) 

' . 1 
a n d ч i s t h e w e l l - k n o w n b e a m - b e a m p a r a m e t e r [ 1 0 ] . The r e s o n a n c e 

c o n d i t i o n i s w r i t t e n a s 

m + e ' l 
U • <) 

One can remove t h e e x p l i c i t e ^ -dependence i n e q . ( 2 . 2 5 ) a p p l y i n g t h e 

c a n o n i c a l t r a n s f o r m a t i o n [ 1 ] 

E lot ,ot , J ,3 \%\ = a +oi -mt+ф \3 -ft J I -
' I lr ( 2 . 3 0 ) 

J =J 

The r e su l t is 

M da 

J =J -J 

^ 3 F 

lj+ —-—cosa 

a-e. + a -fibj+cf a =-a ( 2 . 3 0 a ) 
X 5 

<?J. 
^— !|G + Fsma|p j - ^— [G Р|*В A * 
ЯЗ u J 3J ;?a 

+ a__ | 2 q^pj + — -t'—-
аз" ' ' ' 3J dJ 

U q J P 
9J 

I B /J ( 2 . 3 1 ) 

G J \ = -2& J +2q 
:•: V :•:..' D ж ж 

F ( J . . , J j=22) V J | j - j j , ( 2 . 3 2 a ) 

G | j =-2oi J +2 q -q , (2.32t>) 
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8 JJ ,J = -
a I .' i.' 2 

q.. 
J J - J J 

B j | J . ' J J = 2 [ l q . + q
I . ) J , " q

I
J

I ] • < 2 - 3 2 c > 
We really want to obtain an equation for the particle 

distribution function 

"'IJ ,J ;* = — '• >. s } 2-П da F a,J ,J ;$[ , (2.33) 

holding in the limit, when the machine working point v ,v J Is far 
enough from the linear synchro-betatron resonance examined here. 
Hecently a brilliant renormalization method has been developed by 
Y H.Chm [b] in which the problem of small denominators does not 
exist. For our purposes, however, it will be sufficient to utilize the 
projection operator technique [4], which is just an abstract 
formulation <_>f Haken's principle of adiabat 1С elimination [6}. 

111. ГНЕ PROJECTION OPERATOR TECHNIQUE 

Let us now rewrite eq. (2.31) in the form 

§= l w s l p • t 3 i ) 

where the differential operators L ,L, and L are defined as follows: 

L, = -U |r + В %—z , (3.2a) 
1 $a а 2 

i' a 

L,=- ^-cosa Fsina ^ - , (3.2b) 
:< x 

2 9 ? 

4 - ^ - v *=-v ^ A * -^-^%K+ ^ 3 - < 3- 2 c ) 

3J 3J 5J 3J 3J ЭЗ~ 

x i >: x i i 

Given an arbitrary function of the angle a f(a;^) the projection 
operator ¥ may be introduced according to the equation 
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H ( a ; J ) = i - fda f(a;$) . (3.3) 
27T 

о 

Next we b r i e f l y sketch out some usefu l p roper t ies of the operators , 
def ined above 

f L = i , f = О ; Н , Ь 0 ; ? L , = L j . ( 3 . 4 ) 
a l i a a 2 a a 3 „•< a 

Ihe eigenfunctions and the eigenvalues of L are g IJ ,J e 
and -v|iy+vB respectively, where g and .• are arbitrary functions 
of the actions J and J , so that 

>: s 
. ivo • iva 
L ge =-vlit.»vB ge <3."i) 
1 a * 

'he distribution function '(' [see eq. (2.33)) with account of (3 3) may 
be wr 111 en as 

V = ? p ; V - jl-? |p = f-"V . (3.6) 
The p ro jec t i on of the Fokker-Planck equation ( 3 . 1 ) , using eqs. (3 .4) 

•41№B 

^ = P l-V * Ц ? , ( 3 . 7 a ) 

£ 
M L • l - * , I . . + L , V * L j - . (3 7b) 

i ound m a convenient fotm, applying the Laplace transform, which 
easily lends itself to perturbation expansion. 

The l лр1аср transform for an arbitrary function Z(^), defined 
according to 

00 
Г -S-t 

Z(S) = U u ) e d-fr (3.8) 
О 

may be disseminated without any effort to operators and abstract 
vectors. Thus eqs. (3.7) take the form 

S7><3) = ? L„^(S) + LJ4S) + ?(0) , (3.9a) 
a £. J 
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ST(S) = |L + i l - ? J L ^ L J ^ S ) + l j ' ( S ) * T'(0) . (3.9b) 

For t he sake o f s i m p l i c i t y we presume t h a t 

7 ( 0 ) = О . ( 3 . 1 0 ) 

The meaning o f t he l a t t e r e q u a l i t y i s t h a t t h e i n i t i a l d i s t r i b u t i o n 

does not depend on the a n g l e var i a b l e a . One can i m m e d i a t e l y o b t a i n 

t h e fo i iri-4 t -r.cilut 1 on of eq . ( 3 . 4a ) , w h i c h r e a d s as 

T''(S) = -? I. |L,+ \\-"-t ) L 0 * L , - S | L J / ( S ) * L J ' ( S ) - « - 7 ' ( 0 ) . (3.11 

It w.H5 pointed out at the end of Sec. II, that the working point is 
tal en to be far enouqtt fi urn the exact resonance, i.e. 

t L. *B (3.12) 

г г 1 

Therefore we are allowed to expand the expression j j in eq. 
-1(2 2 L\ -1 L ' 

(3.11) in a power series in v ы +, В . . Up to the first or del we 

ST'(S)--f L.L. L,"'(S)<-L..'i''(S)*'T'(0) ( 3 1 3 ) 

The s t r a i g h t f o r w a r d ea 1 eu 1 a t i o n g i v e s 

( 3 . 1 4 ) 

1 0 
2 '.T~ 

si; 
fi F 

Substituting (3.14) into (3 13) and carrying out the inverse lap lace 
transform one finally obtains 

1 

-; - V > G м- ̂ -и|- ^ M 4 q л -вы* -^-4q J 

* 2 Sl 2 B ^i ^ 5 . l b ) 

Note that the FokUer-Planck equation (3.16) describes the long­
time behaviour of the dies ipat ive dynam1ca1 system under 
considerat ion. 
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IV. THE HORIZONTAL 8EAM LIFETIME 

To proceed further in our study we revert to the old action 
variables J and J and represent the Fokker -Planck equation (3.1t>) as 

. I £[kv»>]- n̂ -M* I £[kv'j 
Next we note that 

J ,J \ a 2U q J +q J 
V :< s.J о l >: I 5 • 

(4.1) 

(4.2) 

M = (4.3) 
u +ot 

Moreover the stationary point of the deterministic part of eq. (4.1) 
is given by 

J = — + q +q J = _- * — - iq + q (4.4) 

Substituting the expressions (4.4) into the diffusion tensor of eq. 
(4.1) and introducing the new variables 

u = J -J v = J -J J 
S id 

(4.5) 

we f i n d tha t the standard two-dimensional Ornstein-Uhlenbeck process, 

def ined by the equation 

—̂ = - ^ - -2« ui ' - -v- -2a vT' + -— ^—. 
" " 5u 

t ^T 22 <j"P 

av' 12 3uc?v 2 
( 4 . 6 ) 

is the first approximation to our problem. Here we have used the 
following notations: 

V 4 q A d + B k d ' j J = « - K + 2 M o % i v 3 q J + M o k + 4 J 2 J • ( 4 7 a ) 

о 
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г M q j * f { j J j = i-UqSeu.qJ3q +q i V | q *qJ ' 
о 

The search for an or thogonal t r a n s f o r m a t i o n 
I! II || || [| 
II C O S H s i n * u 

1 

( 4 . 7 c ) 

( 4 . 8 ) 
- s inx cosx 

diagonaliгing the diffusion tensor of eq. (4.6) gives the result: 
2812 . ̂ K : V M. Ч..+Ч. 1' tg2x = !й—ГТГ 

The transformed Fokl- er -Planck equation reads as 

3V л i „ 1,1 д I „ i) B n < ? " " 2 2 d^i 
=— = - —=— - 2 K U ' - — - -2K v '' + + -
>i ju. ! = 1 I 3v I o i l 2 , 2 2 , 2 )u. 

(4.9) 

(4.10) 
t-v. 

П 2 

B. 22 2 

3 •; 11 

W К 

4.Г -IS -3 J 12 I. 11 ...:' 

4 Г + г -в , 
12 ! 11 2 

(4.11a) 

(4.lib) 

One is given the opportunity to learn almost everything about the 
particle distribution, governed by eq. (4.10) for the theory of 
Ornstein-Uhlenbeck process is well developed. Details may be found in 
the excellent guides on stochastic methods [4,7] available. 

Here we concentrate our attention on the beam lifetime problem. 
The separation ansatz for V in eq. (4.6): 

- Л * 

leads t o 

-!\0 = 

T' '(u,v;$) = 0 ( u , v ) e 

». 
t9u 1. о .) $v V a ) 2 2 12 t?ut?v 

В 22 j)~t> 

(4.12) 

(4.13) 
3u " " 3* 

Obviously Л is inversely proportional to the lifetime 8 for a certain 
eigenvalue problem of pq. (4.13). The boundary conditions and the 
geometry of the domain й are specified as follows (see the Figure 
below) : 
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Ч" 
2 A 

2?Л'- - J , d 

~ J:<d 
\ ^ d ( 5 u 

Q 4 1 A2 

\ l 20 " J >:d 

- J s d 

" J >:d 

1 . The p r o b a b i l i t y c u r r e n t s : 

S =-2« u,- Ш & +* f j 
u о 2 1 11 jju 12 ;?v I 

v о 2 '• 12 flu <:! ,;)v' 

( 4 . 1 4 a ) 

( 4 . I 4 b ) 

should vanish at the boundaries u=-J . and v---J (reflectinq 
:-.d id 

boundar ies). 
2. The probability density 0 vanishes at the boundary 

и * ?,lf — -j - bOLj 
2(3 ..d p id 

(4.lb) 

(absorbing boundary), where A is the horizontal aperture of the vacuum 
chamber. 

Integrating eq. (4.13) over" the domain Q, having in mind the 
boundary conditions (4.14) and (4.15) we obtain 

[Ij5 £1 .2 <*£]du • h ^ *P ^ j d v l LI 11 flu i: flvj I I : ,iu г: flvl J 

1 _1 !L 
2 

( 4 . 1 6 ) 

Odudv 

It has been proved by MatkowsWy and Schuss [8], that the stationary 
distribution 

V ! u , v ! = А e x p j - 2 c < u V ' u i , ( 4 . 1 7 ) 
S t V ' с V о ' 

i6 



may he used as an approximat ion to (. m formula ( 4 . 1 6 ) , n e v e r t h e l e s s 

i t does not s a t i s f y the boundary c o n d i t i o n -.' = 0 at dfj. Moreover 

Wentr<l and F r e i d l i n have shown [ 4 ] tha t i f t h e r e i s a point on the 

boundary d' , whei e 1 hi' raaxiinum of the s t a t i o n a r y d i s t r i b u t i o n >' . i s 

a l t . l i n e d , p a r t i c l e s escape from that po in t w i t h almost u n i t 

pi o b a b i l i t y In our case such a point does e x i s t and i t i s e a s i l y 

oheol- t4l that l i s ccor d inat es нге: 

f +r 3, _ S +r-58„, 
U "- — ж - " ; V =• m 2 , ( 4 . 1 4 ) 

о Х- о .с 

г - Л - ' - , £ -.? *2 r3 , * г " ? . . , ( 4 . 2 0 ) 
it •• Л i'~ 

and obviously u >rv =C. This fact allows us to carry out the 
г о 

i n t e g r a t i o n of the numerator of the r . h . s . of expression (-1.16) by 

L a p l a c e ' s method. Not ing (hat the denominator of ( 4 . 1 6 ) i s 

p r o p o r t i o n a l to л>*й /bii. by a factor- q u i t e c lose to u n i t y , we o b t a i n 
8,* 

Л = 
• • ... * - i - a Г i 

:- -Циг 'Н 'Г* s/ --ж--- I !? •JB,_ \r*l\. |i*r" |- ;•' 
r -O I, '• П L^ I 1 - I j 

2o( J 
* e x p •I . ( 4 . : ч ) 

V. CONCLUDING REMARKS 

We have studied the dissipative particle dynamics in ее storage 
rings in the presence of linear synchro-betatron coupling. A 
systematic method for adiabat IC elimination of the angle var iables, 
using the projection operator technique has been presented. 

The effect of the linear synchro-betatron coupling is quite 
apparent from eq (4 4), showing th;;t the stationary transverse and 

17 



longitudinal emittances are enlarged by a value of Ц iq *q /2a . 
Moreover, the synchrotron radiation has a stabilizing action on the 
resonance, for the effective resonance detuning is ы-^ *S *6 [see 

i • s 

eq. (2.32a)]. 
Finally we have derived an expression [see eq. (4.21)J for the 

horizontal beam lifetime. It is worth noting, that an exact formula 
for the beam lifetime may be obtained, using the eigenfuncttons for 
the boundary value problem (4.13), which are expressed in terms of 
Hermite polynomials [details may be found in Ref. 4]. 

The author wishes to thank Dr. I.B.Enohevich for permanent 
encouragement and support and Prof. E.A.Perelstein for very 
careful reading of the manuscript and for many stimulating 
discussions. 
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