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I. INTRODUCTION 

When two bunches pass through one another at the interaction 
point in a colliding beam storage device the particles of each of them 
experience a localized force. In the linear approximation when the 
dispersion at the interaction point is zero this force produces a 
small tune shift from the unperturbed tune and causes parametric 
beam-beam resonances. In the case of non-zero dispersion the beam-beam 
force excites nonlinear resonances of betatron motion (this takes 
place in the case of zero dispersion as well), as well as synchro-
betatron resonances. 

In the present paper we analyse the linear synchro-betatron 
resonance due to a non-zero dispersion at the interaction point, 
acting together with the standard beam-beam parametric resonance. 
Using further the single linear synchro-betatron resonance model we 
calculate the amplitude beating in the stability region. Finally we 
show that the square of projected emittance on the horizontal phase 
subspace oscillates around a mean value, proportional to the square of 
the synchro-betatron coupling strength. 

II. HAMILTON FORMULATION OF THE SYNCHROTRON AND BETATRON MOTION, 
TREATED SIMULTANEOUSLY 

In order to be self-explanatory we begin this Section by 
summarizing some well-known facts. The motion of a particle with rest 
mass m and charge e is governed by the Hamillonian 

• 

* = C { V 2 + Ьх-е\)2+ <Р г-еА 2) 2* ^ K | ( \ z K -еА ж) 2} 1 / 2
+е» , (Z. 1) 

x г 
written in the natural coordinate system, defined by the triple 

t) along the design orbit. The quantities f and A=(A , A ,A ) are 
as usual the scalar and the vector potentials of electromagnetic 
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field and К , K^ being the curvatures of the design orbit in 
horizontal and vertical plane respectively with К К =0 
[(К ,К )*(0,0)]. A new Hamillonian can be constructed From (£.1) in ж z 
a new independent variable s - curve length of design orbit, instead 
of time t 

H=-P =-(l+xK + ZK )-\-—=r m с - <p -eA v - (JP -eA i \ -
s x z I 2 о ж ж z z i С 

- (l + xK +zK )eA . (2.2) 
ж z i 

I n t r o d u c t i o n of new v a r i a b l e s 
~ p * " p z * 

x 4 v - ; z 4 p - ; - 0 c t = t =» h= -г— , ( 2 . 3 ) 
K P г Р » „2„ 

r o i r oi 0 E 
s I y i e l d s t h e new Hami l ton ian 

,-^ \ 2 , .,2 , - , 2 4 l / 2 

P o i - , • - " J - J - 0~}<-~ 

- f l + xK +zK ) — A , ( 2 . 4 ) 
ж z p i 

2 
where p and E =m у с a r e t he momentum and energy of synchronous 

O I i о i г _ 1 / 2 

p a r t i c l e , and 0 =v / с , У = Я - 0 ) 
i i I I 

The e l e c t r i c * and magnet ic В f i e l d s a r e g iven by 

- 1 r g ( h o A ^ f M 
ж h I dZ 3S J ' 

о 
- Г#А 5 \h A ) l „ = L 1 _ ° * 

D z h o L t9s 3x J ' 
3t\ dA 

и = i * 
i 3x 3z ' 

- 'here h = l + xK +zK . For v a r i o u s l a t t i c e s t r u c t u r e e lements in 
о ж г 

p a r t i c u l a r we have : 

1. RF-cavi t у: Z Л ( s ) s i n f ^ - f 0 ] ; S r t = o 
* о V0 с о) ж г 

and t h e r e f o r e 
e i ( s ) „ , е о ск lu t 1 R-^-A = - - 5 - = — — cos Ь ^ Ф ; A -A -0 , ( 2 . 5 ) 

p i p E u 43 с о.) ж z 
r o i i i i 
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where R is the mean radius of the ring, E is the peak value of 
о electric field, и=ки is the freguency of RF-generator (k being the о 

harmonic acceleration mode.и being the angular freguency of particle 
D 

revolution) and Ф is the initial phase of RF-field. 
о 

2. Cuadrupole: 
,3B 

A = 

s o t h a t 

#Х ..'>:= = =o 

-(z--x~) 

A = A =0 

,ав g =R* - S - И о p ^ Зк •''~z-1 
( 2 . 6 ) 

3 . Ske . / g u a d r u p o l e : 
,t?B 3b /t 'D OB 4 

A = l-r - -r) -
i V dx dzJx-z=o 

N 
e a 

R — A = — 
p i R 

OS 

4 . S e x t u p o l e : 

N =R' e I 

A -A =0 , 

ав . ав , 
г р . Ч вк dz)x=z=°' 

„ е о,• з „ : 
R—-А vx - Э х г 

P o i * 6R" 
Л =R 3 е .3 В 

P O J ^ х 

5. Octupole: 

R^-A 
Р о« * 

° / t „ 2 2 4., —- ix -6х z *z у 
>4R ol Зх 

6. Synchrotron magnet 

1 , , 

where 

К = е _<о) 

-А =-£-Cl+xK + zK ) + — v 2 ~ - x " ) s 2 * г 2R 
s 

and К К =0 

( 2 . 7 ) 

( 2 . 8 ) 

( 2 . 9 ) 

( 2 . 1 0 ) 

( 2 . 1 1 ) 
р г г р х 

OS OI 

Next we s u b s t i t u t e e x p r e s s i o n s ( 2 . 5 ) - ( 2 . 1 0 ) i n t o the HamilIonian 

( 2 . 4 ) and expand the r e s u l t in a power s e r i e s in the v a r i a b l e s 
P /Г , р /Г and еф/Е to obta in 

X Z S 

H = V V H 2 + H 3 + ' - + H b b 
where 

H = - r + 
it ( s ) 

¥ , 
- cos ^ nt> 
и 43 с o.J 

H = - ( Г - 1 ) (xK, + zK z > , 

( 2 . 1 2 ) 

( 2 . 1 3 a ) 

( 2 . 1 3 b ) 

.4 



л/ 7 л» <? о г 

р " + р " G х +6 г ' 

2R 
ЫО Л/О 

" , , Р * + Р = 9 о , 2 2,1 \ , 3 2 Ч 

1 2R J 6R 

( 2 . 1 3 с ) 

( 2 . 1 3 d ) 

1 + 0 . ei(i 
Н = Я + кК +гК J bo х г" Х " Г 5 ь ( 5 ) ( 2 , 1 3 e ) 

Here we have used t he n o t a t i o n s : 

Г 
2 2 1 

0 h ? ? ov 
9 ? 

G --Ч + R~K г о 
M oo 

( 2 , 1 4 a ) 

( 2 . 1 4 b ) 

V 1 V V 
S . ( s ) = ) S (* -* . ) = — ! ) e 

l i = l k = l n = -oo 

i"(-a-* k) 
( 2 . 1 4 c ) 

assuming that there are M interaction points, placed at azimuth ^ 
(V-1,2, . . . , H) . The quantity cp. in eq. (2.13e) is the beam-beam 

/3/ interaction potential for a Gaussian bunch, which reads as 

oo exp 
Ne 

Ь 4тге R 
20 +» 20 +?J 

2 2 
(го^+ч) (го +ч) 

1/2 d* , (2.15) 

where N is the total number of particles contained in the partner 
bunch and a , 0^ are the horizontal and vertical standard deviations 
respectively. The definition of the classical chargred particle radius 

2 
e 

4яе m с о о 
h e l p s us to r e w r i t e t h e Hami l ton ian H.. as 

oo e x p 
„ Nr 
H b b = " F 

1 + 0 f \ Za +ч 2o +ч) 
- " Г ^ « V * * A < S > \ h 2 " 2 J l / 2 *«" « • " 

The d e s c r i p t i o n of p a r t i c l e dynamics in terms of 
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independent variable azimuth ^ instead of s means a simple 
Multiplication of the Hamiltonian (2.12) by R. 

Me perform a canonical transformation with a generating function 

F,{u,Pu,T;Jnj*)=>iP)(+zpi+t[i)tB~ j + DR* , 
defining new canonical variables 

* _" u-u. ; p -p 
u u 

and the new Harniltonian 

RO 

iFh-(3 

cR fui 
J~ С 0 5 Щ " 

eZ ( s ) 
О 

H =-R (xK + zK ) o , 
1 X Z 

0=R$+t=5+t 

0 0 * * • . ) 

H =R (K X + K Z ) 3 >: г 

нг = г ( V + P > 
P x + P z *„ /-2 - 2 , 
—«— + —«Vx -z у 

AJ 2 л» 2 
G x +G z 

2R 

2R 

o/"3 ~~2, 
+ —J\M -3xz )+. 

. 6R 

( 2 , 1 7 ) 

( 2 . 1 8 ) 

( 2 . 1 9 a ) 

(2 .19b) 

( 2 . 1 9 c ) 

( 2 . 1 9 d ) 

oo exp 
Nr 1 + P 

Sbb=~F " Г V s } 

1 0 . 

o 2 о Z 

20 +q 20 +5 

[ 2 2 

feo^+q) <2o.+4t 
5 ] 1 7 5 di , ( 2 . 1 9 e ) 

where we have represented the quant i ty Г as a power s e r i e s in 0, and 

assumed that К =К =0 at the i n t e r a c t i o n p o i n t . 
X Z 

The next step is to define the dispersions Ф and Ф by the 
canonical transformation 

мл ' ' 
~ л л . ri Гл « л """i ™u*u лг1 л 

G 2(u,P u Jd Ji);*) : : I |P11ti*-,)«Mu)+ -j 2j- D J+OD , (2.20) 
U = < X j Z ) 

which c a n c e l s N.. Furthermore we have 

« л л 
u=u+W P u = P u + ~ F ; u = t x - 2 ) , 

A ' 
uf 

= I l'.V-ГГ ; 0 = , ) ' 
u=(x,z> 

( 2 . 2 0 a ) 

( 2 . 2 0 b ) 



where the dot means differentiation with respect to $ 

The new Hamiltonian 
eC (s) 

о ел |ui 
-r-z— — cos i— с 

H о 2 x x i i 2 Q E Ii) 
r• ; s i 

cR (uO , _ . I cos ij-;- -к*+Ф_| , 

V \6У>> 
„ л 2 ~ л 2 

6 x +G z ж z 
2R 

(2.21a) 

(2.21b) 

has been obtained by the utilization of the definition of dispersions 
4> , satisfying equations 

,2 
d Ф 
d* 

-z- + G ф = R К 2 u u i u-(XjZ) . (2.22) 
с Ue replace now the coefficient of i) in (2.21a) by its average over 

one revolution and note that ( К Ф +К ip >=oi„j where oC„ is the momentum 
x x г z п И 

compaction fact or . Thus we have 

where 

И =- £ ?• 

4 i 
r. 

ДЕ 

M , 
-— c o s I - — ( ф i 2 TO) Vfl с a) 

$ - a r c t g 

О О О 

<eR^ U ) s i n U > 

(2.23) 

( 2 . 2 3 a ) 

( 2 . 2 3 b ) 
< e R c ( ^ ) c o s k * > 

о 

The quant i ty ДЕ =(eRt (.J) > i s the t o t a l energy gain for one r e v o l u t i o n . 

The p a r t i c l e ' s phase uo /0 с i s usua l ly q u i t e c l o s e to the synchronous 

phase uo /(3 c, thus one i s al lowed to expand the c o s i n e term of ( 2 . 2 3 ) 

in a power s e r i e s in До=0-о . Supposing that there i s no energy uptake 

in the c a v i t i e s ( the energy gain provided by the RF compensates for 

the r a d i a t i o n l o s s ) we drop the term proport iona l to До and get 
RX UE 

G E „ 2 С 0 5 ф 
(ДО)' (2 .24) 

where Ф - - — +Ф . i 0 с о 
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It should be mentioned he re t h a t Ф -Ф -0 fo r R F - c a v i t i e s , i n 
u u 

order t o avo id s y n c h r o - b e t a t r o n r e sonances in them. This fact has 
a l r e a d y been used in t h e d e r i v a t i o n of eg . ( 2 . 2 3 ) as a-a ( e q u i v a l e n t ly 

Лс-йсО for Ф -Ч =0. 
и и 

The f i n a l s t e p of our s y n c h r o - b e t a t r o n fo rmal i sm i s to c a s t t he 

Hanu.lt on ian H to a c t i o n - a n g l e v a r i a b l e s . Let us i n t r o d u c e t he l a s t 

c a n o n i c a l t r a n s f o r m a t i o n , g iven by t h e g e n e r a t i n g f u n c t i o n 

S, Си,« , utf,« ;*.)= / ~ 
1 и i *-< 2 0 

Г5Г "l9f '•« + X - v $/ !R и и и - Л ^ ~ - t g r t , ( 2 . 2 5 ) 

with nev c a n o n i c a l v a r i a b l e s o< , J de t e rmined from the e x p r e s s i o n s 
и и 

u= 20 J "cos vol +% -v *.l 
1 и u.V и и и 

( 2 . 2 6 a ) 

[2 J '11/2 

и 0 
rrrcos voC +X -v $ ; - s i n (« +X -v $i ; R и и и и и и ( 2 . 2 6 с ) 

where t h e well-known 0 - f u n c t i o n s and the phase advances % s a t i s f ; 

и и 
the equ.at ions 

C A К r 2 2 • „ 
— ~ г + G A = R ; v г • 

и 
For t h e l o n g i t u d i n a l deg ree of freedom one i s ready to o b t a i n 

( 2 . 2 7 ) 

Ha­
l/2 

cosot 
л ( 11/2 
r/=- [2XJ t J s ino( i , ( 2 . 2 8 ) 

, AE, 
E 2 2„ 

% 2n0 R X 
созф ( 2 . 2 9 ) 

The u n p e r t u r b e d by the beam-beam i n t e r a c t i o n Hamil lonian i s 

t r a n s f o r m e d now as f o l l o w s : 

H =H +ii =v J +v J - v J , ( 2 . 3 0 ) 
o o o Z x * z z s x 

where 

2 . й Е о ЪХ 

' *" E s 2*0* 
С05ф ( 2 . 3 1 ) 

http://Hanu.lt


In what follows we examine the case of Ф -V -0 at the interaction 
z z 

p o i n t and s tudy the motion in h o r i z o n t a l and l o n g i t u d i n a l d i r e c t i o n s 
only . 

I I I . LINEAR SYNCHRO-BETATRON RESONANCES 

In o r d e r t o p roceed f u r t h e r with our s tudy of s y n c h r o - b e t a t r o n 

r e s o n a n c e s due t o beam-beam i n t e r a c t i o n we must f i r s t r e p r e s e n t t h e 

Harni l tonian ( 2 . 1 9 e ) as a s e r i e s of homogeneous p o l y n o n u a l s in the 

v a r i a b l e s x and г . Doing so up to t h e f o u r t h o rde r in x and z we have 
2 M 2 

I ~2 ~2 т\ Г 

i k = l 

1 + 0 
H 

bb ,<k> 2л? < H Nr 
, (у >: 

2 d - d d - d 
к к г ; 

3 d ( d - d ) 

.. w га -a a -d „ к r f ' t > t i t > x " z £ . - , ^ - " - ' 
* < k > 2 C^y. 4 <k><k> S 3d ( d - d ) „<k>2 

P.. 0„ 0 z * z 0 

1 
+ . 

where the index k denotes k-th interaction point and § 
horizontal and vertical beam-beam parameters, respectively; 

Nr 

6 <k>_ 1 1 Л 

( 3 . 1 ) 

a r e t h e 

( 3 . 2 ) 
ZTT г о +o V a ) 

ж х z x , z 

I n s e r t now е « , ( г . г О » ) , ( 2 . 2 Б а ) and ( 2 . 2 8 ) i n t o t h e e i u - i i o n ( Э . 1 ) . 

After some s i m p l e a l g e b r a one can pick out t h e r e s o n a n c e Hami l ton i an , 

which i s t h e sum of H and t h e q u a d r a t i c in x and г t f m s of H., 
Do bb 

t h e form: 
i + 0 ; н

 ш 

H= (v + Av ) J + (v + Av ) J - vv + fiv ) j + — ^ / t, J c o s feet - п * + ф . ) + 
X > : X Z Z Z S I S „ 2 £ J X X x kn 3 k = 1 

+ 2КЯ -

in 

v/h e r e 

k = 1 l 0 x J 

UV 
0 k = l 

s 

Ф. =X + vm-v ) i *-km у. ж k 2 

. „ 2 M 2 
1 + 6 Ф 

p i V t ( k ) *k 
UV'*=~* Tz~ A * » I"» ' 

Ф. =ZX • ( n - Z v j * . . kn x x k 

(3 .4 ) 

( 3 . 5 ) 
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The r e s o n a n c e c o n d i t i o n s a r e w r i t t e n as 

v +Av - v -Av =m+E. ; 2 (v +Ду j = n + E„ . 
x x 2 

( 3 . 6 ) 

The q u a n t i t y e i s t h e r e s o n a n c e d e t u n i n g f o r t h e l i n e a r 

s y n c h r o - b e t a t r o n r e s o n a n c e , whi le s , r e f e r s t o t h e s t a n d a r d beam-beam 

p a r a m e t r i c r e s o n a n c e . 

For t h e sake of s i m p l i c i t y we c o n s i d e r one i n t e r a c t i o n p o i n t and 

omit t e r m s , r e s p o n s i b l e f o r t h e motion in z - d i r e c t i o n . 

Our aim now i s t o remove t h e e x p l i c i t $•-dependence in t h e 

Hami l ton ian ( 3 . 3 ) by t h e c a n o n i c a l t r a n s f o r m a t i o n 

J =J ; J =J ; к =« * (v +iv -% )*-{; ; « =ot - (v +uv +Я. )*-£ (3.7) 
x x s i x x x x x ж s i x s i s 

with a g e n e r a t i n g f u n c t i o n 
F „ (of , oi , J , J ; }j -

2 x s >: I 
of + (A, - v - u v 

у x ж м]\ * ot * (Л +v +Av )*+C [ i i i i i 

where 

J , ( 3 . 8 ) 

С, 
ф In 

г 

i 1 2 

С - Ф * 1 п 

The t r a n s f o r m e d Hami l ton ian r e a d s as 

i-y. J 4 » J +2B Vj J cos (Jc +« ) + B J co52oi 
XX S I P « 

with t he n o t a t i o n s 

1 + 0 1Тф 

к к: » < 
1 + В 

( 3 . 9 ) 

( 3 . 1 0 ) 

( 3 . 1 1 ) 

(3 .1Z) 

Next we u t i l i z e t h e more s u i t a b l e f o r i n v e s t i g a t i o n of t he ca se of two 

r e s o n a n c e s combined a c t i o n r e c t a n g u l a r c a n o n i c a l v a r i a b l e s 

X=V2J~ cosoi ; P =-VzT~ s i n * , ( 3 . 1 3 a ) 

b-Wi~ cosct P =-VzT si not ( 3 . 1 3 b ) 
d e f i n e d by a new c a n o n i c a l t r a n s f o r m a t i o n wi th g e n e r a t i n g f u n c t i o n 

( 3 . 1 4 ) 
2 2 

ш м м ч X W S " 
S l ( X , « x , S , « s ) = r t g V r t g « s . 

The Hamillonian (3.11) is now cast to the form 
Я „ „ Я „ „ Я 

К " ^ < Р 2

+ Х 2 ) + ^ { p ' * S 2 ) * l t e - P F > ^ ( X Z - P 2 ) 2 " ж " ' ' 2 " *"" ' " s " " " х' « ' ' 2 
The c h a r a c t e r i s t i c e q u a t i o n of Hamilton equat ions of motion 

X= (A -J> )P - » t , 
к p x s % 

( 3 . 1 5 ) 

( 3 . 1 6 a ) 
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P =- (А *Ъ )Х-Я S , (3.1Gb) 
x >: p s 
S=-B P +A P , (3.lGc) 

P =-S X-A S (3.16d> 
s s s 

governed by (3.15) is easily calculated to jive 
. Л (я 2+А 2-» г-гВ 2"!н 2+в 4-гя A B 2 + A 2 ( A 2 - D 2 } - о . n . m 

:•: s p s I у s J s « p 

The mot ion , d e s c r i b e d by the sys t em ( 3 . 1 6 ) i s s t a b l e , provided a l l the 

r o o t s of еч . ( 3 . 1 7 ) a r e pure i m a g i n a r y . This means tha t the f o l l o w i n g 

i n e q u a l i t i e s 

Ъ -2А А В + А " ( А ' - Я ' } > Q , ( 3 . 1 8 a ) 
s > * I s r p 

А^+А 2 -В'-2Й' > О (3 .18bJ 
к -• p I 

must hold. Note that the quantities A and A are linear combinations 
У. S 

Csee eqs . ( 3 . 9 ) 1 of t he t v/o r e s o n a n c e d e t u n i n g s e and F_. I hus 

c o n d i t i o n s ( 3 . 1 8 ) de t e rmine t he s t a b i l i t y r e g i o n in t he e - E„ p l a n e . 

F u r t h e r ue assume t h a t t h e h o r i z o n t a l b e t a t r o n f r e g u e n c / i s 

s u f f i c i e n t l y f a r from the p a r a m e t r i c r e s o n a n c e v a l u e . This means tha t 

the s t a n d a r d beam-beam p a r a m e t r i c r e s o n a n c e l e m i in е ч . ( 3 . 3 ) may be 

neg l ec t ed. /4/ Choose now a generating function of the form 
E,(oc , л ,J ,j ;*)-((« • « -nvj+ф. JJ -« J , (3 IS) 2 -: s v i * s lr » ъ s 

defining new canonical variables 
J =J ; J =J -J ; л =ot +o( -т*»ф. , « - « (3.C0) 
>: >: s >: s x x j In s s 

and t he new Hamil ton ian 

H = E , J + (v +uv )'j +2D V J (J - j ) cosot ( Э . Г 1 ) 
l x s s s s x x s к 

Note t h a t t he Harm 1Ion ian ( 3 . 2 1 ) does not depend on the new ang le « 

I t means t h a t J - J - J =C must be c o n s t a n t . From t h e Hamilton e q u a t i o n s 
••• % * * / 5 / 

for J and ot one e a s i l y o b t a i n s 

" ' Л 2 . 
—=- +E J -В , ( з . г г ) 
л * 2 

E 2 - E 2 - 4 B Z ; &Е,Л-гВ 2с , ( з . г г г ) 
I s I s 

where 
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Jfcii- (v +uv )C . ( 3 . 2 2 b ) 
i i 

The s o l u t i o n of eq. ( 3 . 2 2 ) i s s t a b l e , p r o v i d e d t h e f o l l o w i n g 

i n e q u a l i t y 

E 2 > 0 ( 3 . 2 3 ) 
h o l d s . Note t h a t eq . ( 3 . 2 2 ) fo l l ows from an e f f e c t i v e Hami l ton ian 

2 
P~ 

* - — + V (J ) , ( 3 . 2 4 ) 
e 2 e x 

\/h e r e 
2 2 

E J 
V (J )= - r - ^ - Bj . . ( 3 . 2 5 ) 

Using t h e r e l a t i o n 

= J =- ^ - =2» V J (J - c ) sinrt . ( 3 . 2 Б ) 

i t i s e a s i l y checked t h a t 

* e = - ^ - 1 0 . ( 3 . 2 7 ) 

The motion t a k e s p l a c e in t he p o t e n t i a l w e l l , d e s c r i b e d by the 

e f f e c t i v e p o t e n t i a l ( 3 . 2 5 ) , p rov ided Я ) 0. Moreover t he l i n e of 

c o n s t a n t energy X [ s e e eq . ( 3 . 2 7 ) 3 i n t e r s e c t s t h e curve V (J ) i f 
r e x л 2 2 2 Z T - E # ) С, One can check t h a t t h e s e two i n e q u a l i t i e s a r e 

a u t o m a t i c a l l y s a t i s f i e d , p r o v i d e d ( 3 . 2 3 ) h o l d s . The o s c i l l a t i o n 

a m p l i t u d e of J i s g iven by 

Amp ( J v ) = * % = =-j V Й ' - Е ' Л ' , ( 3 . 2 8 ) 
E 

v/here J . and J „ a r e t h e minimum and t h e maximum v a l u e s of J 
xl x2 x 

r e s p e c t i v e l y , so t h a t 

V (J , J = - — . ( 3 . 2 9 ) 
e xl,2 2 

The solution of eq. (3.22) can be obtained directly from (3.24) using 
(3.26). We have: J 

*-*. 
. V'z|x-v (i)\ 

l\ 



J -Amp (J ) s m E (>-£ } + ДФ 
>: ": L о i 

1 * ( 3 . 3 0 ) 

where 

ДФ - a r c s i n Amp(J ) 13 .31) 

IV. THE EFFECT OF SVNCHRO-BETATRON COUPLING ON PROJECTED 

EMITTANCES 

The t r a n s p o r t ma t r ix of a l a t t i c e s t r u c t u r e , de f ined by the 

e q u a t i o n s of mot ion , f'ol lowing frow a Harai l tonian H^H.+ H [ s e e eqs . 
t. о 

( 2 . 2 1 b ) and ( 2 . 2 4 ) 3 i s g iven by 

(LS) 

where 

И =R 

c o s M v 6 > 1 s m M v 
0 0 

sinM_. 
0 0 

0x1 
0 0 

0 0 cosH -psinM 

0 0 
s i nM 

s cosp 
s 

0 0 e cosp 
s 

4 
6Л' 

0(V) ; M ,=V S £ * - * ) 
О •• °-f 

( 4 . 1) 

( 4 . 1 a ) 

and. 0 = 0. The t r a n s p o r t ma t r ix for t h e i n t e r a c t i o n p o i n t ( 0 -1 ) i s xl i 
[ s e e eq. ( 3 . 1 ) ] 

*rt*vl 

( I P ) . 

1 0 0 

X 
1 0 

0x1 
1 0 

8 п Е Л 

B x i 
0 1 

0 0 0 

x l 

* < x » l 

( 4 . Z ) 
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The total transport matrix H.. of a system consisting of a lattice 
structure and an interaction point will be the product of (4.2) and 
(4.1). Thus we have 

4 

M.. = > ( I P ) , . (LS) L . IJ ^ lk kj 
/ 6 / 

(4 .3 ) 

Fol lowing K.L.Brown and R .V.Servranckx we write the matrix M in the 

Form 

И -
В 

(4 .4 ) 

where А, В, С and D are 2x2 matrices. Let 2 be a positive definite 
/6/ matrix called the beam envelope matrix 

7- T 
2 = , (4.5) 

and T is the transpose of T. The relation between initial Z and final 
о 

Z is given by the equation 
S = M Z M 1 a (4.6) 

If we assume that the ini t ia l beam is uncoupled T =0 ( i . e . there is no 
synchro-betatron coupling) a simple matrix manipulation yields the 

, . / e / 
result 

E =AS A + B2 В , xl xo so ( 4 . 7 a ) 

Z =CZ С + DZ D si xo so ( 4 . 7 b ) 
л л л 

Using the definition of beam emittance projections on x - p and uo 
л О subspaces 

det Ы •* = i , i K) 
and the symplecticity of the transport Matrix M one obtains 

2 2 
e =e + 
xl xa 

K»J so . 2 2 
0 E x o | — S l n V « b B O i 

pxi V g ">•)• 

(4.8) 

(4.9a) 

(4.9b) 

where о is the bunch length and d_ is the relative bean energy 
spread. In deriving egs. (4.9) we have assumed that the initial beam 

13 



ellipses are upright because of 0 - 0. 
Z E is The first formula (4.9) expresses the fact that E - e is an 

X S 
invariant. The most remarkable feature of formula (4.9b) is that the 
л л 
x - p p r o j e c t i o n of the beam emit tance does not depend on the 

Z 
betatron phase advance. It shows that E e x p e r i e n c e s s low o s c i l l a t i o n s 

around the mean value 

2 2 
E = E + 

XIT- MO 

32 Ы 2 

xl 

fa 
Eo ( 4 . 1 0 ) 

V. CONCLUDING REMARKS 

Ue have analysed linear synchro-betatron resonances due to a 
non-zero dispersion at the interaction point and obtained the 
stability conditions for the combined action of a synchro-betatron 
resonance and parametric beam-beam resonance. The beating amplitude 
for an isolated linear synchro-betatron resonance is calculated in 
invariant form. 

Note that the invariant C = J -J , derived in Sec. Ill may be 
X * % 

written in the form С = Е -E for the action variable is proportional 
* * * 

to the beam emiltance. One can see the consent in principle'between С 
and the exact invariant (4,9a). From eg. (4.9b) it is evident that if 
there are no betatron oscillations initially ( E - 0) the projected 

xo 
emittance E V w i l l be zero a l l the t ime . This means that the p r o j e c t i o n 

л л 
of the 4-dirnensional beam ellipsoid (see e.g. Ref.7) on x - p plane 
vail be a rotating segment and there will be no longitudinal emiltance 
pumping over into transversal emittance. 

The author wishes to thank Dr. E.A,Perelstein for careful reading 
of the manuscript and Dr, Yu.I.Alexahin for helpful discussions and 
support. 
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