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ABSTRACT

A relativistic two—particle rudial equation describing 4 particle-antiparticle system with
a Dirac osciilator interaction is written and solved by means of the 1 /N expansion. The emerging
picture of Dirac-oscitlator mesons seems to be in qualitative agreement with meson phenomenol-
ogy. The spectrum of excitation energies, the strong interaction radii, and the decay widths of
states in our model are calculated and compared with the corresponding experimental magnitudes
for mesons with a pure quark composition and total momentum J = L.
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L INTRODUCTION

At the present time we expect hadrons 10 be the asymptotic scattering states of Quantum
Chromodynarnics, the field theory of strong interactions. However, we are not able o compute
the S—mawix of QCD. As a consequence, the existing approaches ¢ - obtain hadron properties are
cither very qualitative (for example, the 1 /N —~expansion in QUD [1,2]), or approximate numerical
{lattice calculations [..,, for instance,}, or phenomenological QCD-based approaches. The latter

constitute in fact the basis for the current classification of hadron resonances and computation of
static properties of hadrons (see, for example, Ref.[4]).

In the present paper, we study a relativistic model in which the properties of mesons
may be explicitly computed. The aim is not to describe real mesons, but to gain in the qualitative
understanding of meson properties. In fact, some aspects of the model are very unrealistic: the
interaction is local and not field—mediated, the spin—crbit coupling is excessively strong, and there
is not mixing between mesons with different quark composition.

Our starting point is a relativistically covariant two—particle equation obtained previously
in Refs.[5,6] for the particle-antiparticle system with a Dirac—oscillator interaction. The conserved
quantum numbers in the theory are J - the total momentum, and the parity. Besides, there is only
one free parameter in the model: the oscillator frequency, w (1 nits of the quark mass). For
states with parity (—1)% = (— 1)’ the above mentioned equation may be reduced to one radial
Schradinger-like equation with an eigenvatue—dependent potential [7].

The solutions of this radial equation exhibit many of the properties of real mesons. In-
deed, all states are shown to be resonuances, with decay widths that decrease with the increasing of
quark mass, strong interaction radii for light mesons are proportional to the inverse quark mass and
show a very soft dependence on w, eic.

In this paper only a brief description of the model and the resules is given. A more ex-
tended version witl be published elsewhere [7].

2. THE MODEL

As mentioncd above, our starting point is the radial equarinn obtained ‘n Ref.[7] for the
quark—antiquark system with a Dirac oscillator interaction. In states with total momentum J = L
this equation takes the form

{(uz - 2ur) (4 - 207) - (2p £ w /T + 1))2};:, =0 . (n

The conventions are the following. We use units in which h = m = ¢ = 1, w is the oscillator
frequency, and y - the relativistic energy (eigenvalue of the mass operator). & = —Jy — 224 +
2D and ¢ is one of the four components of the wave function of the system.
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The key i1gredients for the derivation of Eq.(1})are {7]): (i) write free Dirac Hamiltonians
for the particle and the antiparticle; (i) introduce a Dirac oscillator interaction according to the
replacement  — p — twif3, with a frequency w for the panicle and —w for the antiparticle; (iii)
change to the centre of mass frame and use the prescirption of Refs.[8,9] to obtain an explicitly
covariant relativistic equation; and (iv) use straightforward Racah algebra to reduce the obtained
equation to radial equations. As the parity ( —1) ¢ is a conserved quantity, the sectors with J = L
orJ = L + i may be considered separately. When J = L we obtain Eq.(1), while when J = L & |
we obtain a coupled pair of second order differential equation which are left for a further analysis.

Eq.{1) muy be rewritten in the following Schrodinger—like form (¢ = ¥/7)

{2 [ ¢ JI+DT, 26+ w/TT+ 1)

dr? r? ul = 2wl

¥=ply . (2)

Let us mention some interesting propertics of Eq.(2). In the first place, we shall stress that there are
no bound states. In Fig. | the effective potentia! thatenters Eq.(2) is schematically represented. This
potential supports no bound states. Nevertheless, it is intuitively evident that there are metastable
states confined to the region r® < p? /2w (the mesons). So, the second interesting property of
Eq.(2) to be stressed 15 that it predicts strong interaction radii of mesons to be of the order of
%'r = ;—mifyv& (in ordinary units). Using that e == 0 2GeV — fm and giving m in GeV we get
the radius
L0

Rafr ~ m \/E;
The spectrum of metastable levels in Eq .(2) could be obrained by requiring the wave function
inr > 72_‘.; to be an outcoming wave and looking for solutions in the complex p—plane. This
is, however, a complicated procedure. We will make use of a non- perturbative analyncal method
consisting in writing formally in D dimensions the Laplacian entering Eq.(2) and using { D+2 J) !
as an expansion parameter (see, for example, Ref|10] and references therein for applications in

fm . (3

non—relativistic quantum mechanics, and Ref[11] and the cited literature for the computation of
energy eigenvalues from the Dirac equation in an external potential). We shall mention that using
this method we get in first approximation a very localized wave function. It means that in fact we
are neglecting the coupling to the disintegration channel and, consequently, we will obtain a real
valued u. The decay widih may be obrained by computing the probability of tunnelling along the
barrierat r < j;—u

In the present papes, we will use a refined version of this method known as the shified
1/N-expansion [12]. We start from the equation

{ A U I U S O } v

TNTgE "t 472 - [YTTY 4

which may be 1aken as an extension of Eq.(2) to [0 dimensions, which coincides with it at the
physical dimension D = 3. The notations are as follows. N = D+ 2 J + g, where the magnitude
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o will be specified below. No = N at D = 3, visrelaredtop as p = VNuww, 7% = %zz and & v)
is defined as

2y 1
= —_ 1
b(1) mi ND\/J(J+ ) (5)

The solutions of Eq.(4) may be looked for as a power seriesin 1 /V. le. v = + v /N +.. ¢ =
Yo + P1,2/NV? + . We briefly quote the results.

In the leading approximation, /3 /4 is determined as the minimum of a potential

. 2
G B
L = min U(z) = min {4:2 T _Iz)} (6)

This leads to trascendental equations for 1y and the position of the minimum, zg, which may be
solved explicitly. One obiains the following positive solutions for g at the physical dimension
D = 3 (-ug are also solutions of Eq.(4)),

Bﬂ "1+J1+W[Nu+\/.f(]+])] . all values of w, I, (N
(-) 4 Ny
b =1+\/1+N[Nu—\/1u+1)} W< —2 and (8)

JJ+ '
P 4 Ny
fo=-1+ l+w[No+\/J(,]+1}} ,w>m (9)

The square distance between g and g in this approximation is given by

1 Now
= 5= — (10)
o o

or, in ordinary units,

(1)

m 2

One shall note that v defined in Eq.(11) is obtained from an improperly defined wave function. In
ahigh energy scartering experiment we expect the whole region + < 7& to be tesied by the probe.
So, Eq.(11) may be tuken as an estimate of the meson diameter only if it is of the same order of
magnitude as 420 = fm Hoieifzg = 1.

2 (0.2ch - fm)2 No
o = A e —_

The parameter o so far has not been determined. 1t is fixed by the requirement that the
next-to-leading corrections give no contribution to the energy. In other words, Egs.(7)-(9) are
required te be exact up to corrections of order 1 /N2,

The next—to-leading corrections to vy are easily computed by writing € = o + J¥ and
considering the small (harmonic) oscillations around the equilibrium distance zo. o and 1 are
determined from the equation

d? 1., 2 2a-4 o) 3
—_— =0 + = 12
{ Iy2 + 3 (zo)y* + 41% '_No (1 Xg)}wo vpthy , (12
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leading to

1 2a -4 blmg )iy 3
— + = phb (13)
(n+ 2) At 413 VIow(! - 13) o

where X is the nomal frequency,

2
1\=\/2U“(Iu)=2—-ﬁ~T}' (14)
21 - 1})
If we require v, = 0. then after some simple algebraic manipulations we are led 1 the following
equation for a,

2 ¥
Y —_
2 c: [( 2 u] 1 R Ha (15)
Hn+ 5) L\d(n+§ Now
and the energy of the leve! with n radial quanty is obtained from one of the Eqs.(7)-(9), with a
determined from Eq.{15).

7

Once obtained the energy v ¥, we may estimaie the level widih in the quasiclassical (in

1/N) approximation
1
F':mexp—Zn[ doyfUtz) ~vg/d (16}

where /(1) is the potential defined in Eq.(6). Let us note that for Eq.{16) to hold we shall obtain
I' << 1. The integral in Ey.(16) may be explicitly evaluated out to give

Lo o + 1,’;’16 - Nuw
F = exp— j\/,uﬁ - Now - Nuln—-ﬂ\/ﬁrr—— (17

We shall discuss below the meaning of the widths of the levels computed from Eq.(4). An alterna-
tive estimation of the width of states with J = 0 may be obtained by computing the transmission
probability of the effective Couloml varrier at r = \—/P2=“ This has been done in Ref.[13].

3. COMPARISON WITH REAL MESONS

Let us brietly describe the properties of mesons following from Eqs.(7)-(10). (15) and
{17), and compare them with the properties of real mesons.

The Frst point 1o notice is that in our model there is no mixing between quarks. A flavour
is defined by a value of the mass, m,, and of the frequency, w,. This may be takenasan approximate
description of bb, cz and light isovector mesons in states with J = L.

So, we will consider the analogues of these mesons in our model. Let us start with the
bb. There is almost no uncertainty in the value of mass one may assign to the b quark. We take
it from Ref.]4), ms ~ 4 977 GeV. The frequency may be chosen to fit the value of + physical
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magnitude, for example, the energy gap to the first excited state in the subsector with J = (. This
gap is expected to be 0.58 GeV [4]. 3o, from

AB(n T) = my {pny (W) — poolwe)} (18)

and particularizing to n = |, J = 0, one obtaing wy = 0 .062. It means that the bb system is
contained in the frequency region w < < 1 (perturbative}. In this region, a may be looked for as a
power series in w. One obtains

a=dn+ O(w) (19

and the mass spectrum coincides with the perturbative resuli found in Refs (5,61
#(i’:2+;[3+24’+4ni\/.](‘]+1)] + O (20

Energy differences computed from Eq.{18) and the ‘") branch of Eg.(20) reproduce qualitatively
the first two expected [4] (and panially observed [ [4]) Regge trajectonies in bottonium in the sector
with J = L, ie. those corresponding o= = ¢ and n = 1. The splitting of the two levels
corresponding 10 a definite J is not, however, given by the differc ce ¢t — 4. In our model,
this is a very strong spliting caused by a strong L — § coupling, white in bottonium the splitting
is supposed to be insignificant [4},

The experimental data availuble for ¢ mesons in states with J = L are the following.
Three lines with their corresponding widths have been reported [4]: 7.(2980), I = 10 MeV;
n.(3950), " = 8 MeV; x4 (3510),T = 1.3 MeV. On the other hand, one can get an idea of
the expected radii of these mesons from the measured strong interaction radius of the J/4, B* =
0.04 fm? [15] { the J/+ 1s not a state with J = L).

In Fig.2, excitation energies computed from Eqs.(7) and (15) are compared 10 the o%-
served [14] (expected 14]) values for ct states with J = L. The mass m, = 1.628 GeV has
been taken from Ref.[4], while the frequency w, has again been chosen to fit the energy gap in the
subsector with J = 0 (0 61 GeV ). We obtained w, = 0.235.

The radius of the 7.(2980} computed from Eq.(3) is <hown wo be Ry, = 021 fm, a
very reasonable value. One shall note that for charmonium (and also for bottonium), zg defined in
Eq.(10) is a very small magnitude as compared with the diameter of the region where the meson
lives until it decays, i.e. o << 1, and thus this value cannot follow from the total cross section
measured in a high energy scattering experiment [ 15].

The law (17) does not give the experimentally observed widths of ¢z states, but it leads to
a qualitanively correct dependence on the quark flavour, », and J. Indeed, according to Eq.(17) we
obtain that bb levels have smaller widths than cg, and that 10 excited ¢z states correspond smaller
widths than to the ground state 7,{2980). The lauer is simply a consequence of the fact that for
excited states of the ' branch it is harder to tunnel through the barrier at z < 1. This statement,
of course, must be understood as referTing to states below the DD threshold.
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The experimental excitation energies of J = L isovector resonances are represented in
Fig.3 [14]. The width of the level in GeV is given when available. Missing states (thin lines) are
taken from Ref [4]. Dashed lines are the results of our calculations.

In the present case, the uncertainty is the mass of the u quark 1s very high, and we 100k it
as a free parameter, together with the frequency w,, 1o fit two experimentally observed magnitudes:
the energy gap in the subsector with J = ¢, 1.162 GeV . and the pion radius e = 0 64 fm. We
estimated the radius as half the ry given in Eq.(11), as this value follows from an xp =~ 1. One
obtains

m, = 0 242 GeV . (21)
wy, =748 (22)

As may be seen, light mesons are contained in the highly non-penurbative region w >> 1. Inthis
frequency range some it wresting phenomena take place. For example, the branches 37 and p¢
change their relative disposition, i.e. now i =) ix higher inenergy than u'*. Something analogous
to this is experimentally observed at leastin J = 1 states, in which JFC = 1"~ states are lower in
energy than 1** states |14}, contrary to what Is expected in charmonium: 177 > 1** [4]. So,in
Fig.3 we drew the ¢ ¥ branch except for the doubletin J = 1,5 = 0 for which both branches are
represented.

The level widths, calculated from Eq.(17), zre also given in Fig.3. The agreement is not
good, but some qualitative propenties are reproduced. For example, the widths of light mesons
are several orders of magnitude higher than for ¢¢ mesons, the widths of excited ut states do not
decrease with increasing J, ete.

Concerning the radit of light mesons, we shall inake an interesting remark. We choose
m, to fit B, but Eq.(11) contains more information than a simple number. From Eq.(11) we obtain

for the radi s 001 /3027
2 . +2 aN .,
Ry = 2 ( A 3) fm 22

Eq.123) reproduces qualitatively the kno'vn properties of strong interaction radii of light mesons
[15]. The main contribution to H%a (i.e. the term 3‘2“ ) 15 independent of the interacilion potential
{ofw). In non-relativistic potential models, an analogous term is usually interpreted as a relativistic
smearing of quark coordinates. A soft dependence on w comes from a. We shall stress that Eq.(23)

follows from Eq.("} in the w > 1 limit. The latier is a nawarai definition of the meson radius.

4. SUMMARY AND DISCUSSION

The main result of the present paper is the qualitative picture of mesons following from

- . . . : 2
Eq.(2): mesons are metastable states Living in a region of squared radius O—f;:?f— f=fm”.
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We compared the properties of our bb, <& and v model mesons with the properties of real
mesons. To achieve this goal we determined the quark parameter w, as 1o fit the value of an ob-
servable magnitude, for example the energy gap in the subsector J = 0. This i3, of course, a rough
procedure because we are working in a zeroth order approximuiion, withoul realisuc hyperfine
and other forces. Nhovertheless, we obtained reasonable values Fror the radii of the siudied mesons.
For light mesons we obtained an expression for the radius, which reproduces what is known about
strong interaction radii of hadrons [15].

Excitation energies of states with J = [ were caiculated by using mass formulae obtained
by means of the I /N—expansion. The agreement with experiment is only quatitative due to the fact
that the forces acting in the model are not realistic. In particular, the splitting of the doublets in
subsectors with J > 0 isexcessive. However, some qualitative properties are correctly reproduced.
For example, the fact that the branches ' * and 1, =" change their relative disposition as we go from
w << | (heavy quarkomia) 10w >> 1 (Jight mesens) seems 10 have its analogue in the specira of
real mesons.

We estimated the level width by computing the quasiclassical {in 1/N) transmission
probability of the barmier at ¥ = 1. This leads w qualitative  correct predictions, for example
that heavy mesons have smaller widths (according to the faw 1" =~ mexp — E where w decreases
as mm is increased). But the values we obtain for T uare far from the real ones. This is due to the
major role played by the vacuum in the decay of a meson, which is not taken into account in the
two—particle equation (2). In particular, we obtain an instable m meson {against to its disintegration
into u and &), while in reality the 7 is stabilized because of the lack of final states for its decay to
proceed.

We see that further developments of the present work may go along 1wo directions. The
first is to carry out the zeroth-order analysis for / = L+ 1 staes, and the second to include realistic
forces. Both seem to be very promising.

Acknowledgments

One of the authors (A.G.) would like 0 thank Professor Abdus Salam, the International
Atomic Energy Agency and UNESCCO for hospitality at the International Centre for Theoretical
Physics, Trieste. Useful discussions with Professor A.Q. Barut are gratefully acknowledged.



REFERENCES

[11 Hooft. G.: Nucl. Phys. B72 461 (1974); B75, 461 (1974)
[2) Wiuen, E.: Nucl. Phys. B160, 57 (1979}

13} Woloshyn, R M : Preprini TRIUMF TRI-PP-92-1. To appear in the Proceedings of the
13t% Conference on Few-Body Problems in Physics. Adelaide 1992

(4

Goditey, S.. Isgur, N.; Phys. Rev. D32, 189 (1985).

[5] Moshinsky, M., Loyola, G.: To appear in the Proceedings of the Workshop of Harmonic

Oscillators. Maryland 1992

(6

Mashinsky, M., Loyola G.: Found. Phys. (1992) (10 appear)

[7] Gonzalez, A., Loyola G., Moshinsky, M.: 10 be published

&

Barut, A, Komy, §.: Fortsch. Phys. 33, 6 (1985)

|9} Barut, A, Strobel, G.: Few-Body Systems 1, 167 (19863
[10] Gonzalez, A.: Few-Body Systems 10, 43 (1991)
[11] Roy, B., Roychoudhury, R.: J. Phys. A: Math. Gen. 23, 3555 (1990}
[12] Imbo, T., Pagnamenta, A., Sukhatme, U.: Phys. Rev. D28, 1780 (1983)
[13] Moshinsky, M. submitted to Am. . Phys.
{141 Panticle Data Group: Phys. Lett. B239, 1 (1990;

[15] Povh, B, Hufner, J.: Phys. Lett. 8245, 653 (19%0)

FIGURE CAPTIONS

Fig.1 Effective potential entering Eq.(2). The Coulomb-like barrier at r = j;— is transparent.
™}
It means that this potential supponts only metastable states (the mesons).

Fig.2 Excitation energies of c& mesons. The bold lines are experimenially observed levels, thin
lines correspond to calculations by Godfrey and Isgur [4!, while our model levels (the
u'*? branch) are represented by dashed lines.

Fig.3 The same as Fig.2 for uu mesons, but in this case dashed lines represent levels calculated
from the w'~" branch, except that the two terms of the n= 0, J = 1 doublet are drawn.
Level widths are also indicated when available {in GeV).
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