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I Introduction

In our previous ?azpers gyroinvariant drift velocities have been obtained for non-uniform
magnetic fields A general treatment is presented here for non-uniform and variable
electro-magnetic fields. As in the mentioned papers we Introduce complex variables and
non-analytical functions, combined with sucessive integration by parts. There is no need lo
use non-canonical variables in Hamiltonian or La 8rag|an treatments®: 2. Some preliminary
ideas of this work were presented some time ago~'/ . Here we define suutable quasiperiodic
functions T(t) and a continuous averaging procedure in order to obtain the gyroinvariant
drift velocities: Guiding center is defined in a general way, extending our previous
definitions 2, The guiding center position is found as a function of the instanteneous vector
position to the second order. This allows us to perform the averaging integrations. Our results
for guiding center position are coincident with those of previous authors. In relation to drift
velocities they are coincident in the first order, but there is not way to compare them in the
second order, since our resuits are gyroinvariant and the previous ones are not.

. THEORETICAL TREATMENT

In this paper we are considering the non-relativistic motion of a charged particle under
non-uniform and variable magnetic B (r,t) and physical electric field, Eph (r.t)
1] - -

3 S =
tﬂ,‘ Eph + VvV x B(r() £ = m/q @.n
where q and m are respectively charge and mass particle.
As previous authors have done we are denoting by ph the physical electric field, which wnll

be assumed to be of orders.. To simplify the ordering in the perturbation analysis we define E
as in Ref. 5, by Eph-bE

The unitary magnetic field vector?: (7:t), perpendicular velocity W, and paralle! velocity u
are defined as usual
v=ub+w ;W.b=0 {2,2)
N

We choose a reference frame in such a way that the unitary vector b will be parallel to the
Z; axis at any time. That can be done if the reference frame rotates with the angular velocity
w, sych that Y oA
(-bxdh idéy —rkey by xe, (2.3)

dt dt dt :

We introduce complex functions associated with every vector function in such a way that
the real and imaginary parts of the complex functoon will be respectively equal to the
components of the vector in the directions ‘eq and 92 In our notation we use the same letter

for the complex function as for the vector but without the circumflex. This will be clearer
looking at the equa Aons that follow.
W-—wx 8y + wy o wo=w, 4wy, (2,4)

4 A
., A /\ ~- ’
V= agb + 3 ey + d ey ; V= ox +ayt  (25)
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The *.ore equation is wntten as
€(ub+u S_F+QJXW =, E +BWxb (2,6)

Wher / Ji is the relative derivative and d/dt is the absolute derivative,that is,
didt=<2 /3t +uix
The projection of Eq. (2.6) in the plane perpendicular and paraliel to b can be written using
complex vanables as

w+tJ3w-E udb ;u=E +W. dh E~+J__(wd_h_+wdb_) (2,7)

dt di 2 dt dt

where the pomt and the bar over a letter denote relative time derivative and the complex
conjugate function respectively.

The absolute derivative can also be written in another form which is very convenient for our
treatmen t.

d=D + 1 wWVwh); LL=‘ +Uu 5) 2.8 )
dat Dt 2 Dt Jt s '

Returning now to Eq. (2.7) for w, that equation can be formally considered as a
non-homogeneous first order differential equation, whose solution is

t
w-wyS+S [ SE-uDpjat-s] swiba (2.9)
Dt

as in previous papers we define

s=eop{--L It Bt . g1 oy} (2.10)

We aiso denote by Q (7.t) the reciprocal of the function B (r.tiyRef. 1 , Q (i) = 1/B(.t)
The quasi-periodic functions T (+) ), T(')(t) and T(t) will follow as a result of the
periodicity of exponential function {or) arguments a muitiple of 2 =. Thus its definition is

t+ THH

[ By 1 atr = f  BRPe). 41 dy =2 @211
tT ) t

2T =T @ +T® ’ (2.12)
For the particular time t = 0, the preceding functions are denoted by T , (+), T, () and T,
Our results for the first and second order drift velocities are

wp() =i Q(E-uD_b,)-i |w_0|2VQ (2.13)

2 A
wp@ =22 E44Q% ( 2b+2u ) - £ wpl2Q” . bldb+2u _3b)
at as 2 at as

2 o[pépﬂ_-ugr(oap-u{&(oggn

‘e u202[(E-qu,) .Y1b-€2 |w0|2u07(0 Vo)
8
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-€2wg2 @2 Vb - &2 wyl2<ViQpa)» (2.14)
8 Dt 2 Dt

-£2lwg? <Q 29 D> - Zwgl2< Q?Db Vb
2 a Dt 8 Dt

+£2 wgl2 < @2DbV b> - £2 |wyl2<uV( @V b)>
4 Dt 8

+E2wol2 < UV (Q2V b)>+ +_2wg2 <V10< DQ >]>
4 2 Dt

+L52 < Q(E-u B,P)<%§P_>>

Where the notation < > means

T°(+)

<F>=_1_ I F dt (2.1%)
2To -TO(-)

lil. GUIDING CENTRE

As in our paper Y we consider a fictitious particie whose velocity is just thg, drift velocity
and to zeroth order of approximation is just the instantaneous vect% portion 7 . The vector
position of that particle is what we called the guiding center position H .

4

dt . .

PO e X R ETX ()
+ . A - ~ .,

X/= Fia +fj c+gqb {(3.3)

~ N A A
Where c is the unitary velocity vector v and 8is b x ¢.
The procedure is an extension of our previous papers 1.2 The results are:

(& “ /d . Y A
Rer wQa+& 2 [ w? aVo?-w D2 +3uwqac:Vb

2 2 Dt
A . Ve AN A

~6uwQ? caVbla+ £2[3uwQ2aavb-uwa? cc:Vbjc

)

L

A A A A ,/ p
+E2[2wQ%c.Db +w202€c:Vb]b+ o(£?) (3.4
2 Dt
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Using the guiding center position and the average procedure we obtain for second order
drift velocities the following results.

» A
Vp ~—e0h E - ubh) - w? bx7Q+<ubs>
Dt 2

+

A A ~ s
£ w2 Q@ (beVxb)b-g? QZ(E’+12;7.3)(QI2+2uab,)
2 "2 a as

+&2Q[B{QEJ_‘U _B[_( Qaeg_)-uz_&_(oa%a)]
+g2 u @2 (E*-DB ‘ 4—-52w2 292 D_fz
Ot

Jgs Dt

_“,2 2 A ~ ~ ) A 2 2 ‘.../‘
L2w a? bx{(bx ) Vb]+_E_4_ w2u (VQ2)Vb

- Z.2w2u bx[(b xVQ?) Vb]+ 2 DQ?(E-uDb )
4 . 2 Dt Dt

2 w2 (‘V"Qs), Q‘E /l; +&2 w2 pQ? 17'53

6 Dt 2 Dt
. U A V‘\ A 3
+° . w2 uQ®wby(fb) b+ 0d) (3.5)
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